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Preface 



Since the beginning of the thirties a considerable number of books on func- 
tional analysis has been published. Among the first ones were those by 
M.H. Stone on Hilbert spaces and by S. Banach on linear operators, both 
from 1932. The amount of material in the field of functional analysis (in- 
cluding operator theory) has grown to such an extent that it has become 
impossible now to include all of it in one book. This holds even more for text- 
books. Therefore, authors of textbooks usually restrict themselves to normed 
spaces (or even to Hilbert space exclusively) and linear operators in these 
spaces. In more advanced texts Banach algebras and (or) topological vector 
spaces are sometimes included. It is only rarely, however, that the notion of 
order (partial order) is explicitly mentioned (even in more advanced exposi- 
tions) , although order structures occur in a natural manner in many examples 
(spaces of real continuous functions or spaces of measurable functions). This 
situation is somewhat surprising since there exist important and illuminating 
results for partially ordered vector spaces, in particular for the case that the 
space is lattice ordered. Lattice ordered vector spaces are called vector lattices 
or Riesz spaces. The first results go back to F. Riesz (1929 and 1936), L. Kan- 
torovitch (1935) and H. Freudenthal (1936). Any Riesz space provided with a 
norm such that norm and order are connected in a certain appropriate man- 
ner is called a normed Riesz space. If the space is then norm complete (i.e., 
every norm Cauchy sequence has a norm limit), the space is called a Banach 
lattice. Important standard examples are the space of continuous functions on 
an interval in the real line (or, more generally, on a compact Hausdorff space) 
and certain spaces of measurable functions (the Lp-spaces). There are several 
books available dealing with Riesz spaces and operators in these spaces, but 
nearly all of these books are written for experts and not very suitable for use 
as a textbook. 

In the present work an effort is made to facilitate the situation for the 
reader who is not already familiar with ordered spaces. It is sufficient that 
the reader has some knowledge about the simplest notions in functional ana- 
lysis and basic measure theory (Lebesgue integral for one or two variables is 
enough for most purposes) . In the examples dealing with continuous functions 
on a Hausdorff space the reader may restrict himself (herself) to continuous 
functions on an interval in the real line. The only exception is in the last 
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two chapters where a little more knowledge about compact sets and com- 
pact operators is required, although everything used without proof is first 
explained. The axiom of choice (in the form of Zorn’s lemma) occurs in one 
chapter only, where the Hahn-Banach theorem and several of its consequences 
are discussed. Proofs depending on so-called representation theorems do not 
occur at all. Direct proofs, although sometimes a little longer than proofs by 
means of representation, often reveal more about the situation under discus- 
sion. Some more expert readers may regret the absence of detailed (prime) 
ideal theory or the absence of the Dedekind completion. There is, however, a 
limit to the size of what can be done in an introductory work. The decision to 
include the last two chapters was taken because in these chapters it is shown 
clearly how relatively recent results about the spectra of positive operators in 
Banach lattices are related to classical results on matrices with non-negative 
entries which go back to the beginning of this century. 

It has been the intention while preparing the text to adhere thoughout to a 
patient expository style with attention for the details. Supplementary material 
has been included in the form of exercises, many with a hint for the proof. 

A brief survey of the contents follows. The first six chapters are devoted 
to the algebraic theory of Riesz spaces. In the first chapter some simple, but 
fundamental facts on partially ordered sets, lattices and Boolean algebras are 
collected, with proofs. Then, in the next chapters, Riesz spaces are defined 
(with examples), ideals and bands in these spaces are introduced, order com- 
pleteness properties, order convergence properties and projection properties 
are discussed and, finally, complex Riesz spaces are defined. In the next two 
chapters we deal with normed Riesz spaces. Spaces having an order continu- 
ous norm (such as Lp-spaces for 1 < p < oo) receive special attention. From 
chapter 9 on linear operators in Riesz spaces play a major part, in particular 
those operators that can be written as a difference of two positive operators. 
Order continuous operators get special attention. The order dual of a Riesz 
space is defined and (in the normed case) is compared with the norm dual 
space. Similarly, order adjoint operators are defined and compared with norm 
adjoint operators. Among the results proved are Freudenthal’s spectral the- 
orem, the Radon-Nikodym theorem and Synnatschke’s theorem on adjoint 
operators. In chapter 18 it is shown that in some Riesz spaces it is possible to 
define a multiplication (with the usual properties one expects from a multipli- 
cation), in chapter 19 the operator theory is complexified and in chapter 20 
the Hahn-Banach theorem together with some of its consequences is proved. 
Finally, in chapters 21 and 22, we discuss the spectral properties of operators 
in a Banach lattice that are positive, compact and irreducible. At the end of 
the last chapter the reader will find a short list of other books on the subject 
of Riesz spaces. 
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The end of each proof is indicated by a small black square (■) . 

My sincere thanks to my son Maarten who transformed the original doc- 
ument into a document. 

Delft, July 1996 Adriaan C. Zaanen 




Contents 



Chapter 1 

Lattices and Boolean Algebras 1 

1 Partially Ordered Sets 1 

2 Lattices 4 

3 Boolean Algebras 7 

Chapter 2 

Riesz Spaces 13 

4 Riesz Spaces 13 

5 Equalities and Inequalities 17 

6 Distributive Laws, the Birkhoff Inequalities and the Riesz 

Decomposition Property 21 

Chapter 3 

Ideals, Bands and Disjointness 27 

7 Ideals and Bands 27 

8 Disjointness 34 

Chapter 4 

Archimedean Spaces and Convergence 39 

9 Archimedean Riesz spaces 39 

10 Order Convergence and Uniform Convergence 46 

Chapter 5 

Projections and Dedekind Completeness 55 

11 Projection Bands 55 

12 Dedekind Completeness 61 

Chapter 6 

Complex Riesz Spaces 71 

13 Complex Riesz spaces 71 




X 



Contents 



Chapter 7 

Normed Riesz Spaces and Banach Lattices 83 

14 Normed Spaces and Banach Spaces 83 

15 Normed Riesz Spaces and Banach Lattices 85 

Chapter 8 

The Riesz-Fischer Property and Order Continuous Norms . . 99 

16 The Riesz-Fischer Property 99 

17 Order Continuous Norms 103 

Chapter 9 

Linear Operators . 119 

18 Linear Operators in Normed Spaces and in Riesz Spaces 119 

19 Riesz Homomorphisms and Quotient Spaces 124 

Chapter 10 

Order Bounded Operators 133 

20 Order Bounded Operators 133 

Chapter 11 

Order Continuous Operators 145 

21 Order Continuous Operators 145 

22 The Band of Order Continuous Operators 150 

Chapter 12 

Carriers of Operators 161 

23 Order Denseness 161 

24 The Carrier of an Operator 164 

Chapter 13 

Order Duals and Adjoint Operators 169 

25 The Order Dual of a Riesz Space 169 

26 Adjoint Operators 177 

Chapter 14 

Signed Measures and the Radon-Nikodym Theorem 183 

27 The Space of Signed Measures 183 

28 The Radon-Nikodym Theorem 188 

Chapter 15 

Linear Functionals on Spaces of Measurable Functions 193 

29 Linear Functionals on Spaces of Measurable Functions 193 




Contents 



XI 



Chapter 16 

Embedding into the Bidual 201 

30 Annihilators and Inverse Annihilators 201 

31 Embedding into the Order Bidual 204 

Chapter 17 

PreudenthaPs Spectral Theorem 209 

32 Projection Bands and Components 209 

33 PreudenthaPs Spectral Theorem 215 

Chapter 18 

Functional Calculas and Multiplication 221 

34 Functional Calculus 221 

35 Multiplication 228 

Chapter 19 

Complex Operators 233 

36 Complex Operators 233 

37 Synnatschke’s Theorem 240 

Chapter 20 

Results with the Hahn-Banach Theorem 243 

38 The Hahn-Banach Theorem in Normed Vector Spaces 243 

39 The Hahn-Banach Theorem in Normed Riesz Spaces 248 

Chapter 21 

Spectrum, Resolvent Set and the Krein-Rutman Theorem . . 253 

40 Spectrum and Resolvent Set 253 

41 The Krein-Rutman Theorem 269 

Chapter 22 

Spectral Theory of Positive Operators 277 

42 Irreducible Operators 277 

43 The Spectrum of a Compact Irreducible Operator 286 

44 The Peripheral Spectrum of a Positive Operator 295 



Index 



309 




CHAPTER 1 

Lattices and Boolean Algebras 



1. Partially Ordered Sets 

As observed before, order structures are, together with algebraic and topolog- 
ical structures, of fundamental importance in large parts of mathematics. In 
the present section we introduce some elementary notions concerning order. 

Let A be a non-empty set (i.e., X ^ 9), the points of X will be denoted 

by X, y, The set of all ordered pairs (x, y) with x and y members of X is 

called the Cartesian product of X and X itself; notation X x X. Note that 
we deal with ordered pairs, so for x ^ y the points (x, y) and (y, x) of X x X 
are different in general. By definition, a relation in A is a non-empty subset 
of A X X; we shall write xRy if (x, y) is an element of the subset defining the 
relation R. We mention two examples, the first one of which is well-known. 

The relation R is called an equivalence relation in X if 

(i) xRx for every x e X {R is reflexive)^ 

(ii) xRy and yRz implies xRz {R is transitive), 

(iii) xRy implies yRx {R is symmetric). 

If the subset of A x A defining the relation R consists only of all points 
(x,x), then R is the relation of equality. Obviously, this is an equivalence 
relation. 

Definition 1.1. The relation in A is called a partial ordering if 

(i) xRx for every x G A {R is reflexive), 

(ii) xRy and yRz implies xRz {R is transitive), 

(iii) xRy and yRx implies x = y {R is antisymmetric) . 

The set A, equipped with a partial ordering, is called a partially ordered 
set. 



If i? is a relation of partial ordering, we write x < y (or, equivalently, 
y > x) instead of xRy. If x and y are points of A such that x < y or x > y, 
we say that x and y are comparable. If neither x < y nor x > y, then x and y 
are incomparable. If every pair of points x and y of A is a comparable pair, 
the partial ordering is called a linear ordering or a strict ordering. The other 
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extreme occurs if every pair of points x, y satisfying x ^ y is an incomparable 
pair, i.e., x < y if and only if x = In this case we have again the equality 
relation. 

If X is partially ordered and F is a non-empty subset of X, then the 
partial ordering in X induces a partial ordering in F, i.e., if x and y are 
points of F, then x < y in F whenever x < y in X. If the induced partial 
ordering in F is a linear ordering, then F is called a chain in X. 

Example 1.2. (i) X = R (the set of real numbers) with the familiar linear 
ordering. 

(ii) X — (R^ is short for R x R) with coordinatewise ordering, i.e., if 

X = (xi,X 2 ) and y = (yi,y 2 ), then x < y if and only if xi < yi and X 2 < y2 
hold in R. There are many incomparable points, such as for example (0,1) and 
(1,0). Note that every straight line through two different comparable points 
is a chain. 

(iii) Let 5 be a non-empty set and let X consist of all subsets of 5, partially 
ordered by inclusion, i.e., if A and B are points of X (in other words, A and 
B are subsets of 5), then A < B if and only if A C B. In general, X contains 
many incomparable pairs of points, certainly if S is an infinite set. Note that 
the empty subset of 5 is a point of X. 

If X is partially ordered, F is a non-empty subset of X and the point 
xq £ X satisfies y < xq for all y € F, then xq is called an upper hound of 
F. The subset F is now said to be bounded above. If xq is an upper bound 
of F such that xq < x~ for any other upper bound x~ of F, then xq is called 
a least upper bound or supremum of F. If F has such a supremum, then 
the supremum is uniquely determined. Indeed, assuming that xq and x" are 
suprema of F, we have xq < x~ and x~ < xq by the definition of a supremum. 
Hence xq = x~ in view of the anti-symmetry of the partial ordering. We shall 
use the notation xq = supF or xq = sup(y : y G F) for the supremum of F, 
if it exists. The definitions of lower bound and greatest lower bound infimum) 
are analogous. 

Assume again that X is partially ordered. The point xq e X is called a 
maximal element of X if it follows from xq < x e AT that xq = x (i.e., there 
does not exist an element strictly larger than xq). If there exists an element 
Xq e X such that xq > x for all x G AT, then xq is called the largest element 
of X. In this case, xq is also a maximal element of X. In fact, the largest 
element, if it exists, is the only maximal element of X. Conversely, if xq is the 
only maximal element of X, then xq is not necessarily the largest element of 
X. All this is illustrated by the following examples. 

(i) Let X be the closed unit disc {(x, y) : x^ + y^ < 1} in R^ with coordi- 
natewise partial ordering. All points (x, y) with x > 0, y > 0, x^ + y^ = 1 are 
maximal elements of X and X does not have a largest element. 
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(ii) Let X be the union of the open unit disc {(x,y) : -hy^ < 1} and the 

point (1,0), again with coordinatewise ordering. The point (1,0) is the only 
maximal element, but it is not the largest element. 

The definitions of minimal element and smallest element are analogous. 

We proceed with some further definitions. 

Definition 1.3. Let X be a partially ordered set. 

(i) X is called order complete (or simply complete) if every non-empty 
subset of X has a supremum and and an infimum. 

(ii) X is called Dedekind complete if every non-empty subset of X that is 
bounded above (bounded below) has a supremum (infimum). 

(iii) X is called Dedekind a -complete (or countably Dedekind complete) 
if every non-empty finite or countable subset of X that is bounded above 
(bounded below) has a supremum (infimum). 

(iv) X is called a lattice if every subset consisting of two points has a 
supremum and an infimum. 

Remark. A lattice is called “un treillis” or “un ensemble reticule’’ in French, 
^‘ein Verband” in German and “een rooster” or “een tralie” in Dutch. 

For Dedekind completeness a one-sided condition is already sufficient, as 
shown by the following theorem. 

Theorem 1.4. The partially ordered set X is Dedekind complete if and only 
if every non-empty subset which is bounded above has a supremum. 

Proof. Assume that every non-empty subset of X which is bounded above 
has a supremum, and let T be a non-empty subset which is bounded below. 
We have to prove that inf Y exists. For this purpose, observe that the set L(F) 
of all lower bounds of Y is non-empty and bounded above, so p = sup L{Y) 
exists by hypothesis. Since every y € T is an upper bound of L(F), it follows 
that p < y for every y ^ Y (by the definition of a least upper bound). This 
shows that p is a lower bound of T, i.e., p is a member of L{Y). Summing 
up, we have proved now that p is a lower bound of Y and q <p holds for any 
arbitrary lower bound y of T. In other words, p = inf T. ■ 

Remark. If the partially ordered set X has a smallest as well as a largest 
element, then X is order complete if and only if X is Dedekind complete. 
Conversely, if X is order complete, then X has a largest and a smallest ele- 
ment. 
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Example 1.5. (i) M and (with coordinatewise ordering) are not order 
complete, but they are Dedekind complete and they are lattices. 

(ii) The closed unit disc in R^ with coordinatewise ordering is Dedekind 
complete, but not order complete and it is not a lattice. 

(iii) Let 5 be a non-empty set and let X consist of all subsets of S partially 
ordered by inclusion. Then 0 and S are the smallest and largest elements of 
X. Furthermore, X is a lattice with sup(A, B) = AuB and inf(A, B) = AoB. 
The lattice X is order complete: sup(Aq, : a G {a}) = UAa and inf(Aa : a G 
{a}) = nAa for any arbitrary “index set” {a}. 

(iv) We exhibit a lattice X which is not Dedekind cr-complete (and so X 
is not Dedekind complete). Let X be the set of all real continuous functions 
on the closed interval [0,2], partially ordered by defining that f < g in X 
whenever f{x) < g{x) for all x G [0,2]. The set JA is a lattice; sup(/, ^) and 
inf(/, p) are the functions obtained by taking the pointwise maximum and 
minimum of f{x) and g{x) respectively. The reader who is asking whether 
these functions are continuous (because otherwise these functions would not 
be members of X) should first observe that if / is continuous, then so is the 
function | / |. Hence, if / and g are continuous, then so are f + g and | f — g |. 
Note now that 

sup(/, 9) = ^{f + g) + ^\f-g\, 
inf(/,g) = ^if + g)-^\f-g\- 

For the proof that X is not Dedekind complete, let (/n : n = 1,2,3,...) 
be the sequence of functions in X, defined by fn{x) = 0 for all x such that 
0 < X < 1 — n~^^fn{x) = 1 for 1 < X < 2 and fn linear on [1 — n~^, 1], i.e., 
the graph of fn on this interval is a linesegment connecting (1 — n~^,0) and 
(1,1). The sequence {fn) is a countable set in X, bounded below. Assume that 
/o = inf fn exists in X. It is not difficult to see that in this case /o(x) = 0 for 
0 < X < 1 and /o(x) = 1 for 1 < x < 2. But then /o is not continuous, i.e., 
fo is not a member of X. Contradiction. Hence, inf fn does not exist in X. 



2, Lattices 

We present some simple definitions and theorems on lattices. First some nota- 
tions. Let X be a lattice. For x and y in X, it is customary to write sometimes 
X V y instead of sup(x, y) and x Ay instead of inf(x, y). This is the “cap and 
cup” notation. By induction it is immediately evident that every finite subset 
of X has a supremum and an infimum. The notations are sup(xi, . . . , x^) 
or xi V • • • V Xn or Vf^^Xi for the supremum. Similarly inf(xi, . . . ,x„) or 
xi A • ■ • A Xn or A'^^iXi for the infimum. 
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Observe now that x < w and y < w implies x\f y <w. Hence, since both 
X i\y and x A z are majorized by x A (y V z), it follows that 

(x A y) V (x A z) < X A (y V z). (1) 

Lattices with the property that there is equality in (1) for all x,y,z in X 
deserve a special name. This is done in the following definition. 

Definition 2.1. The lattice X is called distributive if there is equality in (1), 
i.e., if 



X A (y V z) = (x A y) V (x A z) 



( 2 ) 



for all X, y, z in X. 

Remark. The operation of taking suprema in a lattice shows some resem- 
blance with the operation of addition in the system of real numbers. Simi- 
larly, taking infima resembles multiplication. Keeping this in mind, we see 
that the equality (2) resembles the equality x(y + z) = xy + xz for ordinary 
numbers. This explains the use of the word “distributive” In a certain sense 
distributive lattices are even more distributive than the number system, be- 
cause (as will be shown in the next theorem) in the formula (2) it is permitted 
to interchange V and A, whereas interchanging addition and multiplication in 
^{y + ^) = xy + xz is certainly not permitted. 

Theorem 2.2. The lattice X is distributive if and only if 

X V (y A z) = (x V y) A (x V z) (3) 



for all x^y,z in X. 

Proof. Assume that X is distributive, i.e., (2) holds. Denote the left hand 
side and the right hand side of (3) by I and r for a moment, and let tc = x Vy. 
Then 



r = w A {x V z) = {w A x) y {w A z) = 

{(x V y) A x} V {(x V y) A z} = (x A x) V (y A x) V (x A z) V (y A z) = 

X V (y A x) V (x A z) V (y A z). 

Note now that y A x < x and x A z < x,so 

X V (y A x) V (x A z) = X 

Therefore, r = x y {y A z) = 1. The proof that (3) implies (2) is similar. ■ 
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Exercise 2.3. Let X be a lattice. Show that X is distributive if and only if 
it follows from x Ay < w and x A z < w that x A {yV z) < tc, and also if it 
follows from xV y > w and xV z > w that xV {y A z) > w. 

If the lattice X has a smallest element, this element is called the zero 
element and denoted hj 9. li X has a largest element, this is called the 
unit element and denoted by e. Every finite lattice has a zero element and a 
largest element. The lattice consists of one element only if and only if ^ = e. 
If X is a lattice with 9 and e and if the elements x and x' satisfy x Ax' = 9 
and X V x' = e, then x' is called a complement of x. Of course, x is then 
a complement of x' . In a distributive lattice with 9 and e complements are 
unique. 

Theorem 2.4. Let X be a distributive lattice with 9 and e. If the element x 
has a complement x' , then x' is uniquely determined. Hence, any x £ X has 
at most one complement. 

Proof. Assume that x' and are complements of x. Then 

x~ = x~ y 9 = x~ \f {x A x') = {x~ V a;) A {x~ V x') = 
e A {x~ V x') = x~y x' . 

Similarly x' = x' y x^. Hence x" = x'. m 

We mention some further notions that are useful in lattices with a zero 
element. Let X be a lattice with zero 9. Elements x,y in X satisfying xAy = 9 
are said to be disjoint. If F is a non-empty subset of X, the set 

= {x e X : X disjoint to all y €Y) 

is called the disjoint complement of F. A further important notion in lattice 
theory is that of an ideal. 

Definition 2.5. Let X be a lattice with zero element 9. The non-empty subset 
/ of X is called an ideal in X if 

(i) X € I and y e I implies x V y C J, 

(ii) y < X e I implies y E I. 

It is evident that every ideal contains 9. Also, {^} is the smallest and X is 
the largest ideal in X. It is easy to see that condition (ii) in the definition of 
an ideal is equivalent to the condition that x G / implies x A y G / for every 
y e X. This clearly shows the analogy with the definition of an ideal in the 
theory of commutative rings. Finally,it is also not difficult to prove that if F 
is a non-empty subset of the distributive lattice X with zero, then the disjoint 
complement Y^ is an ideal in X. 

Much more can be said about lattices, in particular about distributive 
lattices. The analogy between ideal theory (in particular prime ideal theory) 
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in distributive lattices with zero and ideal theory in commutative rings goes 
much farther than a coincidental resemblance between some definitions. We 
refrain from saying more because it would lead us far beyond our present 
purposes. It is appropriate to observe here that the modern theory of lattices 
goes back to the years between 1930 and 1940. Important contributions were 
made by G.Birkhoff and M.H. Stone. In the next section we briefly look at a 
special type of lattices, the Boolean algebras. 



3. Boolean Algebras 

Distributive lattices with zero 6 and unit e, having the property that every 
element has a complement, are called Boolean algebras. As before, the com- 
plement of the element x will be denoted by x'. 

Theorem 3.1. Let X be a Boolean algebra. 

(i) For any x £ X the complement x' is the largest element disjoint to x. 

(ii) X <y implies x' > yL 

(iii) {x V yY = x' Ay' and {x A y)' = x' V t/'. 

(iv) If X = sup(x« : a e {o}); then x' = infx'^. 

Proof, (i) We have x Vx' = e and xAx' = 6. Assume now that the element x~ 
satisfies xAx~ = 9. We have to prove that x~ < x', i.e., prove that x'Vx~ = x'. 
For the proof, let y = x' \f x". Then 

X V y = X y x' V x" = e, 

X Ay = X A {x' y x~) = (x A x') V (x A x~) = 9 y 6 = 9. 

Hence, y is a complement of x, so that (by the uniqueness of the complement) 
x' = y = x' y x". 

(ii) Let X < y. Then y'Ax<y'Ay = 9,soy'Ax = 9, i.e., y' is disjoint 
to X. It follows from (i) that y' < x'. 

(iii) It follows from x V y > x that (x V yY < x' . Similarly (x V y)' < y' . 
Hence 

(x V y)' < x' A y'. (1) 



Also • 



{x' A y') A{xy y) = {x' Ay' Ax) y {x' Ay' Ay) = 9y 9 = 9, 
so x' A y' is disjoint to x V y. It follows from (i) again that 

(x V y)' > x' Ay' 



( 2 ) 
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Comparing (1) and (2), we see that the equality sign holds in (1). The proof 
for {x A yY = x' V y' is similar. 

(iv) X = sxipxa implies that x' < x for every a, so x' is a lower bound 
of the set of all x^. Assume that y is also a lower bound, i.e., y < x'^ for 
all a. We have to prove that y < x' . From y < x'^ for all a it follows that 
y' ^ ^a~ for all a, so y' > supx^ = x. But then y — y" < x' . ■ 

If the elements x, y of the partially ordered set X satisfy x < y, then the 
non-empty set (z : z G AT, x < z < y) is called an order interval in X. The 
set is denoted by [x, y], similarly as for an interval in the real numbers. We 
shall prove now that every order interval in a Boolean algebra is a Boolean 
algebra on its own. 

Theorem 3.2. Every order interval [x,y] in the Boolean algebra X is a 
Boolean algebra on its own with x as zero element and y as unit element. 

Proof. As before, we denote zero and unit in AT by ^ and e respectively. 
Let [x, y] be an order interval in X. It is evident that [x, y] with the induced 
ordering is a distributive lattice with x as zero and y as unit. All that we have 
to prove is that every z € [x, y] has a complement in [x, y]. For this purpose, 
write z* = (z'Ay)Vx, where z' is the complement of z in X. Then 

z A z* = z A {{z' A y) V x} = {z A (z' A y)} V (z A x) = ^ V x = x, 

z V z* = z V (z' A y) V X = z V (z' A y) = (z V z') A (z V y) = z V y = y. 
This shows that z* is the complement of z in [x,y]. ■ 

Corollary 3.3. Let X be a distributive lattice with zero 9 such that every 
order interval [9,y] in X is a Boolean algebra. Then every order interval 
[x, y] in X is a Boolean algebra. 

It can be proved (although we shall not do so because it would lead us 
too far) that in a lattice as described in the last corollary it is possible to 
define an addition and a multiplication such that X becomes a commutative 
ring in the usual algebraic sense. The product xy is simply defined as x A y, 
but the definition of x + y is not so simple. For this it is convenient to denote, 
if y < X, the complement of y in [^, x] by x 0 y. Addition is now defined by 
X + y = (x V y ) 0 (x A y ) . To prove the distributive and associative laws is 
elementary but not wholly trivial. Any X of this kind is called a Boolean ring. 
Note that x^ = x and x + x = ^ for every x 6 X. Obviously, the Boolean ring 
X has a unit element e in the algebraic sense (i.e., x = ex for every x € X) if 
and only if X has e as its largest element, i.e., if and only if X is a Boolean 
algebra. 
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Example 3.4. (i) Let jT be a non-empty collection of subsets of the non- 
empty point set X. We recall that F is said to be a ring of subsets if A € 
FjB E r implies AU B E F and A\B G F (where A\B is the set of points in 
X belonging to A but not to B). Then it follows that also AoB € T, because 
AnB = A\{A\B). Evidently, finite unions and finite intersections of sets of F 
are sets of F. The ring F is partially ordered by inclusion; A < B it and only 
if A C B. This makes F into a distributive lattice with the empty set 0 as zero 
element. The ring F is called an algebra of subsets of X whenever the set X 
itself is an element of T. In this case T is a Boolean algebra having X as unit 
element; for A G jT the set X\A is the complement of A. Note that A and B 
are disjoint in the lattice (i.e., AaB = 6) whenever Afi^ = 0 , i.e., whenever A 
and B are disjoint point sets in the usual sense. It is convenient for further use 
to mention here still another Boolean algebra, closely connected with the one 
consisting of all sets in the algebra F. We recall the notion of the characteristic 
function of a subset A of X. This is a realvalued function defined for all 
X £ X and such that Xa{^) = 1 for every x G A and Xa{^) = 0 for every 
X G X\A. Let Fi be the collection of all characteristic functions of sets in 
the algebra T, partially ordered by defining for A and B in F that Xa ^ Xb 
whenever AC B. Then xa^Xb = Xaub and Xa^Xb = Xahb- Evidently, A 
is a Boolean algebra and the one-one mapping A ^ xa of F onto A preserves 
order, i.e., A C B if and only if xa ^ Xb- The Boolean algebras F and A 
are called isomorphic (more precisely, lattice isomorphic) . Note that the set 
(A\B) U (J5\A), called the symmetric difference of A and B and sometimes 
denoted by A{A,B), has the characteristic function | xa — Xb |* 

(ii) The reader is assumed to be familiar with the basic notions of measure 
theory. Let fi be Lebesgue measure in n-dimensional space and let F be 
the collection of the corresponding /x-measurable sets in R’^. Hence, (R’^, A m) 
is an example of what is called a measure space. The collection F is an algebra 
of subsets of R^; it is even a cr- algebra, i.e., any countable union of sets in 
F is again a set in F. Any set in F having measure zero is called a null set. 
Let Fq be the collection of all these null sets. The collection T is a Boolean 
algebra and Fq is an ideal in F. To see this, observe that A G Fq^B G Fq 
implies Au B £ Fq and C C A £ Fq implies C £ Fq. 

We introduce a relation in T by defining that A ^ B holds whenever the 
symmetric difference A{A,B) = {A\B) U (B\A) is a null set (equivalently, 
whenever the characteristic function | x.4 ~ Xb I differs from zero only on a 
null set). The relation ~ is an equivalence relation. To see that A ^ B, B ^ C 
implies A C, note that | Xa^Xc |<1 Xa-Xb | + | Xb~Xc I - The collection 
of all B £ F satisfying B ^ A fov a. given A £ F will be denoted by [A] and 
(as customary with an equivalence relation) [A] is called an equivalence class. 
It is clear that [A] = [jB] if and only if A ^ B. The collection Fq of all null 
sets is exactly the equivalence class [0]. The collection F/Fq of all equivalence 
classes is partially ordered by defining that [A] < [B] if and only if A\B is 
a null set, i.e., A is contained in B except for a null set. Prove that this is 
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indeed a partial ordering, i.e., [A] < [B] and [B] < [C] implies [A] < [C] and 
also prove that the definition does not depend on the choice of A and B in [A] 
and [B]. With respect to this ordering T/Tq is now a Boolean algebra (with 
[0] as zero and [M^] as unit). The Boolean algebra -T/Jo is called the measure 
algebra corresponding to the measure space In the terminology 

concerning these notions there is often a certain “abuse of terminology” , that 
is to say, sets in F belonging to the same equivalence class are identified. 
The collection F/Fq is then again denoted by F and an element in the “new 
F” is treated as if it were a subset of instead of an equivalence class of 
subsets. We shall see soon that something similar occurs in the discussion of 
measurable functions. As a final remark we observe that /i) may be 

replaced by a more general measure space. 

(iii) Let F be the collection of all open sets in the topological space X 
(if desired, the reader may think of the familiar open sets in or E^). 

If F is partially ordered by inclusion, then F becomes a lattice such that 
A V B = A U B and A A B = An B. The lattice is distributive with 0 as 
zero element and X as largest element. In general F is not a Boolean algebra. 
This occurs as soon as there exists at least one closed set F which is not at 
the same time an open set. Indeed, in this case the open set O = X\F fails 
to have a complement in F, because every open O* disjoint to O has to be a 
subset of F but cannot be equal to F itself, and hence O U O* ^ X. Similar 
arguments hold for the collection of all closed sets in X. 

Exercise 3.5. (i) If X is a lattice with the property that, for every subset 
{ya ' OL € {a}) for which supya exists and for every x G X, the element 
sup(x A ya) exists and satisfies 

sup(x Aya) = X A (sup (3) 

then we say that the infinite distributive law (3) holds in X. Similarly, if for 
every subset {ya : a G {a}) for which inf^^ exists and for every x e X, the 
element inf(x V ya) exists and satisfies 

inf(x Vya)=xV (inf ya). (4) 

then we say that the infinite distributive law (4) holds. 

In E, let X be the collection of all open subsets of the open interval E = 
(x : — 1 < X < 1). Show that X, partially ordered by inclusion, is a distributive 
lattice with 0 as zero and E as unit. For any subset (0« : a G {a}) of X 
we have supO^^ = UaOa and inf is the interior of FaQa- It follows easily 
that the infinite distributive law (3) holds. Show that the law (4) fails to hold, 
even for sequences. For the proof, let for example On = (x : —n~^ < x < 1) 
for n = 1, 2, . . . and take the union of inf On and O — (x : ~1 < x < 0) . 

(ii) Let X be a Boolean algebra. Show that if x Aya = ^ for all o G {a} 
and yo = sup ya exists, then x A yo = 6. 
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Hint: Denote the complements of and yo by and respectively. Use 
Theorem 3.1 to see that Ua ^ ^ Va every a. Then x < yo, so 

X Ayo = 6. 

(hi) Show that in a Boolean algebra the two infinite distributive laws hold. 

Hint: For the proof of sup(x A y^) = x A (supy^), set yo = supy^- It is 
evident that x Ayo is an upper bound of the set of all x A ycK. If x A yo is 
not the supremum, there exists an upper bound w such that w < x Ayo and 
w X Ayo. The complement z of w with respect to x A yo satisfies now z ^ 0 
with 2 : < X Ayo and z A {x A y^) = ^ for all a. Hence, by part (ii) above, 
z Ax Ayo = 0. But 2 < x A yo, so 2 A 2 = ^, i.e., z = 6. Contradiction. The 
second infinite distributive law follows by taking complements. 
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4. Riesz Spaces 

We assume the reader to be familiar with the basic definitions and simplest 
properties of real and complex vector spaces. In the present section and the 
next ones we restrict ourselves to real vector spaces. Elements in the vector 
spaces will usually be denoted by /, /i, . . . and the real numbers which act 

as scalar multipliers by a, /3, . . . (this choice for the notation is related to the 
fact that in many examples the space consists of realvalued functions). The 
null element (zero element, neutral element) with respect to addition will be 
denoted by 0; it will always be clear whether we speak about the null element 
or about the number zero. 

Definition 4.1. The real vector space E (with elements .) is called an 

ordered vector space if E is partially ordered in such a manner that the vector 
space structure and the order structure are compatible, that is to say, 

(i) f ^ 9 implies f h < g + h for every h £ E, 

(ii) / ^ 0 implies af >0 for every a > 0 in E. 

If, in addition, E is a lattice with respect to the partial ordering, then E 
is called a Riesz space or also a vector lattice. 

Observe that condition (ii) in the definition is equivalent to the condition 
that f < g implies af < ag for every a > 0 in E. We immediately present 
some examples of Riesz spaces. 

Example 4.2. (1) The n-dimensional space E’^ with the familiar coordi- 
natewise addition and scalar multiplication is a real vector space. If we 
define the ordering likewise coordinatewise, i.e., for x = (xi,...,Xn) and 
y = ^ y„) we define x < y whenever Xk ^ Vk for A: = 1, . . . , n, then E’^ 

is a Riesz space. Of course, we use here that in E itself (i.e., for n = 1) the 
order structure and the vector space structure are compatible. 

(2) The ordering in (for example) E^ can be defined differently. By defini- 
tion, let (xi,X 2 ) < ( 2 / 1 , 2 / 2 ) whenever either x\ < y\ or x\ = y\,X 2 < 92 - This 
makes E^ a Riesz space. The ordering is called a lexicographical ordering. 




14 



CHAPTER 2 Riesz Spaces 



(3) Let E be the vector space of all real functions on the non-empty point 
set X with addition and scalar multiplication pointwise, i.e., (/i + f2){^) = 
/i (x) 4- / 2 (a:) and (af){x) = af{x) for all x e X. The ordering is also defined 
pointwise, i.e.,/ < g whenever f{x) < g{x) for all x £ X. This makes E a 
Riesz space. 

(4) Let fi be Lebesgue measure in The set M{M^, p) of all real g- 
measurable functions on is a real vector space (addition and scalar mul- 
tiplication pointwise). Now write f ^ g fox f and g in M(E^, g) whenever 
/ and g differ only on a null set, i.e., on a set of measure zero. It is eas- 
ily seen that is an equivalence relation. Let Lq = Lq{W^, p) be the set of 
the corresponding equivalence classes. We denote the equivalence classes of 

/, ^, . . . by [/], [g], The set Lq becomes a real vector space by defining that 

[/] + [9] = [/ + p] and a[f] = [af] for a real. Observe that these definitions do 
not depend on the choice of / and g in their equivalence classes. The same is 
true for the partial order in Lq if we define [/] < [g] to mean that f{x) < g{x) 
holds for all x € E” except on a null set. The vector space Lq is now a Riesz 
space. In practice the elements of Lq = Lo(E’^,/i) are usually denoted by 
f,g,... and treated as if they were functions instead of equivalence classes of 
functions. Nevertheless, this matter should be treated carefully, as we shall 
see in the proof that Lq is Dedekind complete (in Example 12.5(iii)). 

(5) Let Lq be as in the preceding part (4) and let L\ = Li(E^,/i) be the 
linear subspace of Lq consisting of all fi-snmmable functions in Lq (also called 
/x-integrable functions in Lq sometimes), i.e., 

Li = if : f e Lq, [ \ f \ dp < 00). 

Jmrt 

The space Li, with the ordering inherited from Lq, is a Riesz space on its 
own. Precisely, for any pair f,g in Li the supremum f y g and the infimum 
f Ag are the same as in Lq. The space Li is called a Riesz subspace of Lq. In 
part (4) and the present part (5) Lebesgue measure in E’^ may be replaced 
by any (non- negative and countably additive) measure in an arbitrary point 
set. 

(6) Let C{X) be the vector space of all real continuous functions on the 
topological space X. The space C{X) is partially ordered by defining that 
f < g holds whenever /(x) < g{x) for all x e X. This makes C{X) a Riesz 
space. For f, g in C{X) the elements fVg and fAg are the pointwise maximum 
and minimum of / and g. The subset Ch{X) of all bounded functions in C{X) 
is a Riesz subspace. If X is locally compact (such as for example E^ with the 
usual topology), the subset Cq{X) of all functions in C{X) having a compact 
carrier is also a Riesz subspace. We recall that the carrier of a continuous 
function / is the closure of the set on which / differs from zero. 

(7) Let r be an algebra of subsets of the non-empty point set X and 
assume that to each A e F there is assigned a real number p{A) such that 
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fi{Ai U A2) = IJ^iAi) + f^{A2) for all disjoint Ai and A2 in F. The mapping 
from r into R is now called a (real) finitely additive signed measure or also 
a charge on T. If /x is such a finitely additive measure and if there exists a 
constant K > 0 such that | /x(A) |< K for all A e F, then /x is said to be 
bounded. The set of all bounded finitely additive signed measures on F 
is a real vector space with respect to the natural definitions of addition and 
scalar multiplication, i.e., 

(/ii + ^l 2 ){A) = + H 2 {A), {aii){A) = afi{A) 

for every A € T. If we define a partial ordering in Et by saying that /xi < ^2 
whenever fii{A) < fi2{A) for every A € F^ then E^ becomes a partially 
ordered vector space. We shall prove that Es is a Riesz space. For this purpose 
we shall denote, for jjL £ Es^ the number 

sup(| n{A) |: G r) 



by II /i ||. Prom 

I (M1 + h^2){A) |<| til{A) I + I fl2{A) |<|| /ii II + II fl2 II, 

holding for and /X2 in Et and arbitrary A G T, it follows that 

II Ml +M2 1I<|| Ml II + II M2 II ■ 

Furthermore, it is evident that || a/x || = | a | • || yu || for /x G £^5 and a real. 
Thus, II ■ II is clearly a norm in £5. We prove now that /xi V 112 exists in £5 
for all fii and ^2 in £b- For any G £, let the number y[A) be defined by 

v{A) = sup{^i(£) -f fj,2{A\B) : AD B e £}. 

It is not difficult to see that is a finitely additive measure on F. Since the 
supremum on the right is less than or equal to || /xi || + || fi2 ||, we get 

sup(| I^{A) \: A€T) <11 fii II + II fj.2 II . 

It follows that 1/ is bounded and || ia ||<|| ni || + || ^2 ||- Having thus shown 
that u is an element of Eij^ we prove now that v = /xi V/X2. From the definition 
of y it is clear that y[A) > ii\{A) and y{A) > fi2{A) for every A £ F, so y is 
an upper bound of /ii and /X2. Let r be another upper bound. Then, for any 
A £ F and AD B £ F^ we have 

t{A) = t{B) + r{A\B) > Mi(S) + MA\B), 



SO 



r{A) > sup{/xi(£) + t22{A\B) :ADB£F} = y{A). 

This shows that z/ = /xi V^2 in Eb- Note now that /xi A/LX2 exists as well, because 
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hiAh 2 = -{(-m) V (-M2)}- 
Hence, Eb is a Riesz space. 

Let £■ be a Riesz space. The subset E'^ = {f : 0 < f e E) is called the 
positive cone of E and the elements of E~^ are called the positive elements of 
E. The positive cone E'^ has the following properties {cone properties): 

(i) / G E-^,g e E+ implies f + g e E+, 

(ii) / G implies af G E~^ for any real a > 0, 

(hi) / G E~^, —f G E~^ implies / = 0. 

We mention some further properties for which a proof is not necessary. 

(a) f > g in E is equivalent to f — g E E^ and to —g > —f. 

(b) f = f \/ g is equivalent to f > g and to g = f A g. 

(c) f ^ g is equivalent to a f > ag for 0 < a E W and also to af < ag for 

0 Ck G R. 

(d) f Ag = -{(-/) V (-g)}, and so / V g = -{(-/) A (-g)}. 

(e) Addition formulas, as follows: 

if V g) + h = if + h) W (g + h), if A g) + h = {f + h) A {g + h). 

(f) Multiplication formulas: For 0 < a G E we have 

(a/) V (ag) = a(/ V g), (a/) A (ag) = a(/ A g). 

It follows that, for real a < 0, we have 

(a/) V (ag) = a(/ A g), (a/) A (ag) = a{f V g). 

(g) {(/ '^ ^) V /i} = {/ V (p V /i)}, and similarly for infima. 

The extension of these properties to any finite number of terms is evident. 

Exercise 4.3. (i) Let E^ be the Riesz space of all bounded finitely additive 
signed measures on the algebra F of subsets of X, as occurring in part (7) of 
the preceding example. Show that, for /ii and fi 2 in E^ and A E F, we have 

{fii A p, 2 ){A) = inf{/ii{B) + pi2{A\B) : A'DB eF]. 

(ii) Show that if E^ is a subset of the real vector space E such that E^ has the 
above mentioned three cone properties, then E becomes a partially ordered 
vector space if we define the partial ordering in E by saying that f < g holds 
whenever g — f E E'^ . 
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At the end of the preceding section we have already become familiar with some 
simple equalities and inequalities holding in an arbitrary Riesz space. Here 
and also in the next section we present some more equalities or inequalities, 
now with proofs. These proofs are elementary, although sometimes a bit tricky. 
The reader should not believe that this is characteristic for the theory of Riesz 
spaces as a whole, because such a belief might give the false impression that 
the theory is not much more than a list of formulas. The formulas are necessary 
tools, however, for the more interesting subjects that will follow. 

Let £■ be a Riesz space. We introduce some notations, as follows. For any 
f E E we shall write 

/+ = / V 0, /~ = (-/) V 0 and | / |= / V (-/). 

Note already that — /“ = / AO. 

Theorem 5.1. 

(i) and f~ are members of i~f)^ = /”• CL'^d similarly (— /)" = 
/■*". Furthermore | — / | = | / |. 

(ii) / = /+ A/- =0 and 1/1=/+ + /-. Fence \f\eE+. 

(hi) 0 < /+ <1 / 1 and 0 < f~ <| / |. Furthermore —f~ < / < /+ and 

\ f \= 0 if and only if f = 0. 

(iv) f ^ g if o,nd only if /+ < g'^ and f~ > g~ . 

Proof, (i) Evident from the definitions. 

(ii) /■^-/ = (/V0)-/ = 0V (-/) = f- ,so f + - f~ = /. Also 

0 = -/“ + /“ = (/ A 0) + /” = (/ + /") A /- = /+ A /-. Finally, 

1 / 1= / V (-/) = {(2/) VO} - / = 2/+ - (/+ - /-) = /++/-. 

(ill) 0 < /+ <1 / I and 0 < /- <1 / I follow from /+ + /“ =| / |. The other 
assertions are now evident. 

(iv) f < g implies /+ = fV0<g\/0 = g'^. Similarly for /“ > g~ . Conver- 
sely, if /+ < ^+ and /“ > g~ ,then f = f~^ - f~ < g-^ - g~ = g, ■ 

The elements /+ and f~ are called the positive and negative parts of /, 
although in view of / = /+ — /“ it would perhaps have been better to say 
that -/- is the negative part of /. The element | / | is called the absolute 
value of /. The names are in accordance with the usual names in case the 
Riesz space E consists of real functions. 

Theorem 5.2. For f and g in E we have 

(/ V 5) + (/ A 5) = / + 5 and 
(/ V 3) - (/ A 3) =1 / - fir I . 
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Hence 

/Vff= l(/ + 5) + 1 I /-fi( I and 
f^9=^{f + 9)-^\f-g\- 

Proof. Note first that 

9 = if - 9)'^ +9 = {9 - f)'^ + f, ( 1 ) 

/A5 = /-(/-5)+=ff-(5-/)+. (2) 

For the proof of (1) and (2), observe that 

/ V 5 = {(/ - i?) V 0} + g = (/ - + g, 

/ A 5 = / + {0 A (i( -/)} = /- {0 V (/-£?)} = /-(/- 5 ) + . 

The equalities to be proved follow from ( 1 ) and (2) by addition and subtrac- 
tion. Note that for = 0 we find again that f^ — f~ = f and f'^-\-f~=\f\.m 

If we write p = |(/ + g) and q = ^{f - g), i.e., / = p + gr and 5 = p - 5 , 
we obtain two equalities, equivalent to those in the last theorem, as follows: 

(p + gr) V (p - g) = p+ I gf I and (p + g) A (p - g) = p- | g | . 

There exist also formulas for | / | V | g | and | / | A | g |. The proofs are 
somewhat more difficult. 

Theorem 5.3. For f and g in E we have 

I / I V I g 1= 1{| / + g I + I /-g 1} and 

I / I A I g 1= 1 II / + g I - I /-g il, 

or equivalently, writing p = |(/ 4 - p) and q = ^{f — g), 

|p + g|V|p — g| = |p| + |g| and 

\p + q\ A |p-g | = ||p I -\q\\. 
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Proof. In the proof for | / | V | ^ | we make repeated use of the formula for 
/ V as follows. 

I / I V I ^ 1= sup(/, -/,p, -g) = sup{sup(/, -g),sup{g, -/)} = 

sup{-(/ - g) + -\ f + g \, ~{g -~f) + -^\f-^9\} = 

2 I / + ^ I +2 I ~ I ' 

To prove the formula for | / | A | ^ | we write, as above, p = + g) and 

q = and g = p — q- Furthermore we use the formula 

forfVg as well as the just established formula for | / | V | |. We thus get 

I/I A|^hl/I + I^|-{|/I V|p|} = 

\f\ + \9\-\\f + g\-l\f-g\= 

\p + q\ + \p-q\-\p\-\q\= 

2(1 P I V I Q I)- I p I - I g 1 = 

{|p| + UI + lipi-|g ll}- I p I - U 1 = 

II p I - I 9 11=11 / + 9 l-|/-p||- ■ 



Corollary 5.4. The elements f and g in E satisfy \ f\ f^\g\=^ if and 
only if \ f + g\=\ f - g \ and also if and only if | / | V | p |=| / + p |. 

Theorem 5.5. (Triangle inequality). For f and g in E we have 

(/ + 9 )"^ < f~^ + (/ + g)~ < r + g~, 

II / I - I 9 H<l / + 9 l<l / I + I 9 I • 

The last inequality is called the triangle inequality. 

Proof. It follows from f~^+g^ > / + ^ and 4- > 0 that 

/■^ + 9+ > sup(/ + 9, 0) = (/ + g)""- 

This implies that 

/ + ^ = i~f)^ + i~g)~^ ^ i~f ~ g)'^ = if + g) ? 

and so 



I / + 9 1= (/ + 9)'^ + (/ + 9) < 
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This was the easy part of the triangle inequality. Now for the remaining part. 
It follows from | / |<| / — ^ | + I ^ I that we have \ f \ — \ g \<\ f - g \- 
Similarly U | - | / |<| / - ^ |. Hence 

\\f\-\g\\= sup(| f\-\gl\9\-\f\)<\f-g\^ 

Finally, substituting g for —g, we get || / | - | p ||<| / 4- | . ■ 

The next theorem, in particular the last part, is of frequent use. 

Theorem 5.6. If f = u — v with u and v in ,then f^<u and f~ < v. 
Hence, the decomposition f = — f~ as a difference of positive elements is 

a minimal decomposition. In this case, i.e., if u = and v = f~ , we have 
uAv = 0 ( by (ii) in Theorem 5. 1 ). Conversely, if f = u — v with uAv = 0, 
then this is the minimal decomposition, i.e., u = and v = f~ . 

Proof. Let f = u — v with u and v in . Then / < u as well as 0 < u, 
and so f^ = / V 0 < u. It follows that /” =f^— f<u — f = v. For the 
second part, assume that f = u — v with u Av = 0. Then, using formula (2) 
in Theorem 5.2, we have 

0 = uAv — u — {u — v)~^ = u — f^, 

and so u = It follows that v = u — f = f'^ — f = f~. ■ 

Exercise 5.7. There is a curious proof of the formula for | / | A | p |, due to 
D.Z. Djokovic. The proof starts from the observation that 

2(1 / I V I g I) =1 / + I + I / - 1 .eqno{Z) 

Now, in (3), replace / and 5^ by | / + ^ | and \ f — g \ respectively. After that, 
return to (3) and replace / and g hy f + g and f — g respectively. In both 
cases the left hand side turns out to be the same. Hence, the right hand sides 
must become equal as well. This shows that 

l/ + 5l + l/-ffl + ll/ + 5l-|/-5ll=2|/|+2|5|. 

Use (3) again to derive now that 

II / + I - I / - 5 11= 2{| / I + I 5 I - I / I V I 5 I}. 
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6. Distributive Laws, the Birkhoff Inequalities and the 
Riesz Decomposition Property 



Once again we assume that we have a Riesz space E. It will be proved first 
that, similarly as in a Boolean algebra, the distributive laws hold in E. 

Theorem 6.1. (Infinite distributive laws). Let D be a subset of E ^possessing 
a supremum, i.e., fo = supD = sup(/ : f e D) exists. Then, for any g E E, 
we have 



foAg = sup{f Ag: f e D). 
Similarly, if f\ — inf D exists, then 

hy g = mi{fyg: f G D). 



Proof. It is evident that fo A g is an upper bound of the set {f A g : f E D). 
Assume that m is another upper bound of the set. Then, for any f E D, 

m > f A g = f + g - {f V g) > f + g - {foV g). 

Hence m - g + {fo V g) > f foi all / € D. By taking now the supremum on 
the right, it follows that m — g + {fo y g) > /o, so 

m>fo+g-{foyg) = foAg. 

This shows that any arbitrary upper bound of the set {f A g : f E D) is 
greater than or equal to /o A In other words, fo A g = sup(/ Ag : f E D). 
The proof for /i V is similar. ■ 

Corollary 6.2. (Distributive laws). For f,g and h in E we have 

{fyg)Ah = {fAh)y{gA h), 

{f A g)y h = {fy h) A {gy h). 

As an application we derive an identity due to G. Birkhoff. The Birkhoff 
inequalities in (hi) below are immediate corollaries. 

Theorem 6.3. For /, g and h in E we have 

(i) \fyh-gyh\ + \fAh-g^h\=\f-g\, 

(a) \ fy h- gV h\<\ f - g \ and \ fAh-gAh\<\f-g\, 

(in) \ - g~^ \<\ f - g \ and \ f - g~ \<\ f - g |. 
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Proof. In the formula 

\p - q\= {p\/ q) - {pAq) 

we first substitute p = f y h^q = g \/ h and then p = f A h^q = g Ah. This 
gives, after addition, 

\fyh-gVh\->r\f/\h-ghh\ = 

J\/hVg\/h-{f\/h)A{g\/h) + {fAh)V{g/\h)-fAhAgAh = 

f'^gWh-{f A g)Wh + {fVg)Ah-fAgAh = 

{(/ V 5 ) V + (/ V 5 ) A /i} - {(/ A g) V + (/ A gr) A /i} = 

{(/ V g) + /i} - {(/ A g) + /i} = (/ V g) - (/ A g) =1 / - g I . 

The inequalities in (ii) follow from (i) and (iii) follows from (ii) by choosing 
h = 0. m 

Theorem 6.4. (Riesz decomposition property). Let the elements u,zi,Z2 in 
satisfy u < zi + Z2^ Then there exist elements U\,U2 in such that 
^ zi^U2 < Z2 and u = u\ U2- 



Proof. Let U\ = u A z\ and U2 = u — U\. Then u\ G and u\ < zi. Since 
Ui ^ u, we have U 2 = u — u\ > 0, so U 2 G E^ . Furthermore u = u\ U 2 - It 
remains to prove that U 2 < Z 2 > This follows from 

U 2 = u — Ui = u — {u A Zi) = 

U + {( — u) V { — Zi)} = 0 V (tX — Z\) < 0 y Z2 = Z2- ■ 



Theorem 6.5. Let u,v^w be elements in E~^ and let f^g be arbitrary ele- 
ments in E. Then 



{u-^v) Aw < {u Aw) {v A u;). 


( 1 ) 


(/ + p) V ^^; < (/ V u;) 4- ( 5 ^ V w). 


( 2 ) 


Furthermore, v Aw = 0 implies 




{u-\-v) Aw = uAw, 


(3) 



and if u Av = 0, then there is equality in (1). 
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Proof. We use one of the Birkhoff inequalities to show that 
0 ^ {{u -h v) Aw} — u Aw < V. 

Also 0 < {(u 4- 1;) A w} — u Aw < (u-^v) Aw < w, and hence 
0 ^ {(ti + u) A w} — u Aw < V Aw. 

The proof of (2) is simple; the right hand side is > / + p as well as >2w, and 
hence the even stronger inequality 

(/ + 5) V (2w) < (/ V w) + (5 V w) 

holds. Note that for arbitrary f , g,h in E we have 

if + g)V{2h)<{fVh) + {gyh), 

but not necessarily 

if + g)\/ h < {fv h) + {gV h). 

Give a simple counterexample. Finally, assume that u Av = 0. Then, since 
0 < ti A u; < It and 0 < t; A to < 'u, we have {u Aw) A{y Aw) = 0. It follows 
(by Corollary 5.4) that u + v =■ uV v and 

{u Aw) + iy Aw) = {u Aw)\/ {v A w). 

Hence 

{u-¥v) Aw = {uV v) Aw = {u Aw)V {v Aw) = {u Aw) -h {v A w). ■ 

Exercise 6.6. Show that the following chains of inequalities hold for u^v,w 
in E+ : 

{u Aw) ^ {v Aw) — w < {u + v) Aw < {u Aw) y (v Aw) < {u Av) + w 

and 

{uV v) < {u\/ w) + {v V w) — w < {u + v) V w < (u V w) {v V w). 

Hint: To prove that {u\/ w) + {v y w) — w < (u + u) V to, subtract (1) from 
the identity 



U + V w = {u y w) + {v + w) — w. 
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Exercise 6.7. Let /, fo and g, go be elements of E. It follows easily from 
the Birkhoff inequalities that 

I (/ V /o) - (9 V go) |<| / - 5 I + 1 /o - 50 I • 

There exists a sharper inequality. Show that 

I (/ V fo) - (9 V 90 ) |<| / - 9 I V 1 /o - 9o I, 

and by induction 

I sup(/i,. . . ,/n) - sup( 9 i,. . .,9„) i< sup(| /l -91 \,---Afn-9n !)• 

Hint: Write p = / V /o and q = g \/ go for convenience. Observe now that 
V ^q> f ^9 and p A g > /o A po? so p A g > {f ^ g)^ Uq ^ 9o) ~ Hence 

1 p -9 1 = (pVg) - (pAg) < (pVg) - r = {(/ V 9 ) V (/o V 90 )} - r = 
{(/ V 9 ) - r} V {{fo V 90 ) -r} < 

{(/ V 9 ) - (/ A 9 )} V {{fo V 9 o) - {fo A 9o)} = 

I / - 9 I V I /o - 90 I • 

Exercise 6 . 8 . In the Riesz space E, let u > 0 , u > 0 , u 4 - u = z and 0 < zi < 
Z 2 < " ' ^ Zn = z. Show that there exist elements Uk and Vk{k = 1 , . . . ,n) 
such that 

0 < < li 2 < • • ■ < Un = U, 0 < < U 2 < • • • < Un = V 

and Uk + Vk = Zk for A: = 1, . . . , n. 

Hint: Let A for A: = 1, . . . , n. Then 0 < ui < U 2 < • ■ • < = u, 

and it is evident now that Vk = Zk — Uk satisfies > 0 and Uk +Vk = Zk for 
all k. Since 

0 < U/e+i - Uk = {uA Zk+l) - (u A Zk) < Zk^l - Zk 
by one of the Birkhoff inequalities, we get 

Vk = Zk - Uk < Zk-{-i - Uk +1 = Vk+I for A: = 1, . . . , n - 1. 

Hence 0 < Vi < V 2 < ’ ■ • < Vn = Zn — Un = z — u = v. 

Exercise 6.9. Using the result in the preceding exercise, extend the Riesz 
decomposition property, as follows. Given that 

^ ^ U ^ Z\ ' -h Zyi 

with Zk G E+ for k = 1 , . . . , n, show that there exist elements ui, . . . , Un in 
such that u = u\ + ’ ■ ■ + Un and < z^ for A: = 1, . . . , n. 
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Exercise 6.10. Extend the Riesz decomposition property once more, as fol- 
lows. Given that 



I / I ^ ^1 + ■ • ■ + 

with Zk € for A: = 1 , . . . , n, show that there exist elements /i, . . . , /n in E 
such that / — fi + ' • ’ + fn and \ fk \< Zk foi k = 1, ... ,n. In particular, if 

I / I < I ^1 H + 9n 1 1 

there exist elements /i, • . . , /n such that / = /i H + /n and \ fk \<\ 9k \ 

for A: = 1 , . . . , n. 

Hint: Apply the result in the preceding exercise to and f~ separately. 

Exercise 6 . 11 . Let / and g be elements in the Riesz space E. Show that 
\ f + 9 \=\ f \ + \ 9 \ and only if A g~ = f~ A g~^ = 0. Show that this 
condition is necessary but not sufficient for | / | A | p |= 0 to hold. 

Hint: Let /“*" Ag~ = f~ Ag~^ = 0. Since /"*" Af~ = g~^ A g~ =0, it follows 
by means of formula ( 1 ) in Theorem 6.5 that 

{A + 5 “^) A =0 and (/+ + 5 +) A /“ = 0, 

and so, once more by the same formula, (/“^ + ^'^) A {f~ + g~) =0. For 
convenience, write u = f~^ + g~^ and v = f~ g~ . Then f ^ g = u — v with 
u Av = 0, so u = {f -h g)~^ and v = {f g)~ . It follows that 

\ f + g\=u + v = f+ + f- + g+ + g- =\ f \ + \g \ . 

Conversely, if | / + |=| / | + | 5 |, then 

(/ + g)^ + (/ + 3 ) = (/^ + g^) + (/~ + g~)- 

In view of the inequalities in Theorem 5.5 it follows that (/ + p)+ = /+ + p+ 
and {f+g)~ = /-+ 5 “. But {f+g)^/\{f+g)~ = 0, so (/++ 5 '^)A(/“+ 5 -) = 
0. This implies that /+ A = 0 and g~^ A f~ = 0. 

Exercise 6 . 12 . Let /i, . . . , /n and gi, . . . ,gn he elements in the Riesz space 
E. Show that 

^{(/i H /n) V (^1 H h gn)} < Ej^p{fj V gp). 

The numerical factor n can be omitted if all fj and gp are positive, but not 
in general. 

Hint: Write /i + • • ■ + /n = 5 and + • • • + ^^^ = ^- It is evident that 

-5 V t < (/i V ^i) + h (/n V gn)- 

Similarly, by rotating the ^^ 5 , 

S V t < (/i V ^ 2 ) + ifn-l V gn) + {fn V ^l). 



and so on. 
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Exercise 6.13. The result in Exercise 6.11 can be refined. Let / and g be 
elements in the Riesz space E. Show that 

I/I + \9\ - 1/ + Sl = 2 (/+ Ag- +f - A 5 +), 

I/I + IffI - 1/ - 5l = 2(/'^ Ag-^ + f- A g-). 

Hint: Prom 

2(/'*' Ag“) =f++g~- I/+ -5“|, 

2 {r A g+) = r +g+ -\r -9+\ 

it follows by addition that 

Ag~ +f~ A g+) = I/I + 1^1 - d/"^ - 5" I + l/~ -9'^\)- 
Observe now that 

/+ - 5 " =/V0-(-^)V0,/- - 5 + = (- 5 ) AO -/AO. 

Hence, by the Birkhoff identity, 

\f^ -9" \ + |/“ -^"^l = I/ - (-5)1 = I/ + 5 I 

This result, due to B. de Pagter and A.R. Schep, is recent. 




CHAPTER 3 

Ideals, Bands and Disjointness 



7. Ideals and Bands 

Let £■ be a Riesz space. Certain linear subspaces of E have special proper- 
ties and have received special names. Details are contained in the following 
definition. 

Definition 7.1. Let be a Riesz space. Subsets of E are assumed to inherit 
the ordering from E. 

(i) The linear subspace F of £* is called a Riesz subspace of E if for all 
members / and g of V the elements fVg and f Ag are likewise members of V 
(where / V p and f Ag are the supremum and infimum of / and g that exist 
in E by hypothesis). 

(ii) The subset S of E is said to be solid if it follows from f E S and 
I ^ |<| / I that p 6 5 (in other words, if it follows from f E S that the order 
interval [— | / |, | / |] is a subset of 5). 

(iii) The subset A of E is called an ideal in if is a solid linear subspace 
of E. Sometimes this is called an order ideal if it is necessary to distinguish 
it from an algebraic ideal in a ring. 

(iv) The ideal B in E is called a band if, whenever a subset of B possesses 
a supremum in E, this supremum is a member of R, i.e., if it follows from 
D C B and / = sup D that f E B. 

We make some remarks concerning these definitions. In the definition of 
a Riesz subspace it is sufficient to say that F is a Riesz subspace of R if F 
is a linear subspace of E such that f E V,g E V implies f \/ g E V because 
this implies already that f Ag E V. Indeed, from f EV,g eV it follows that 
-/ EV,-gE F, so 



/ Aff = -{(-/) V (-5)} eK 

The definition of an ideal may be reformulated by saying that an ideal A in 
R is a linear subspace such that f E A^\ g \<\ f \ implies g E A. This can be 
reformulated once more by saying that an ideal A in R is a linear subspace 
in R such that 
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(i) f E A if and only if | / |€ A, 

(ii) 0 < g < f E A implies g E A. 

Note, finally, that condition (ii) is equivalent to 

(iii) 0 < f E A and g E E~^ implies f Ag E A. 

The last condition clearly shows the analogy with the definition of a ring 
ideal in a commutative ring R, where J is an ideal in R whenever J is a subring 
satisfying the condition that f E I^g E R implies fg E I. 

Before presenting examples we prove a simple theorem. 

Theorem 7.2. Let E be a Riesz space. 

(i) Every hand in E is an ideal and every ideal in E is a Riesz subspace. 
The set {0} consisting only of the null element is a band in E. Similarly, E 
itself is a band. 

(ii) Every Riesz subspace of a Riesz subspace of E is itself a Riesz sub- 
space of E. 

(iii) Every ideal in an ideal in E is itself an ideal in E. 

(iv) Every hand in a band in E is itself a band in E. 

Proof, (i) Let A be an ideal in E. We prove that A is a Riesz subspace of E. 
It is sufficient to show that f E A, g E A implies f y g E A. Hence, in virtue 
of 2{f y g) = f + g+ I / — I, it is sufficient to show that h E A implies 
\ h\E A. This follows from the hypothesis that A is solid. 

(ii) Let Vi be a Riesz subspace of the Riesz subspace V of E and let / 
and g be members of Vi. We have to prove that sup^{f, g) eVi, where sup^; 
denotes that the supremum is taken in E. Since / and g are members of V\ 
and Vi is a subset of F, it is evident that / and g are members of V. But V 
is a Riesz subspace of E, so sup^(/, ^) E V. This element is now not only 
the supremum of / and g in E but also in V (because any upper bound h of 
/ and in F is an upper bound of / and ^ in E as well, so h > sup^{f,g)). 
Hence, s\ip^{f,g) = supy{f,g). But snpy{f,g) E Fi because Fi is a Riesz 
subspace of F. Hence sup ^{f,g) E Vi. 

The proofs of parts (iii) and (iv) are simple. ■ 

Example 7.3. (i) Let E be the Riesz space of all real continuous functions 
polynomials on [0,1] is not a Riesz subspace (see also Exercise 7.5(ii)). The 
linear subspace of all (real) constants is a Riesz subspace, but not an ideal 
in E. The linear subspace A of all f E E satisfying /(O) = 0 is an ideal, 
but not a band because if we define, for n = 1 , 2 ,..., the function fn by 
fn{x) = inf(nx, e(x)), then fnEA for all n and sup/n = e, but e is not a 
member of A. The ideal of all f E E that vanish on [0, is a band. 
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(ii) The Riesz space of all real sequences x = (xi, X 2 , . . .) with coordinate- 
wise ordering is usually denoted by (s); the linear subspace of all bounded 
sequences is denoted by £oo 5 the linear subspace of all converging sequences 
by (c) and the linear subspace of all null sequences (i.e.,x„ 0 as n — oo) 

by (co). The space is an ideal in (s). The space (c) is a Riesz subspace of 
loo-) but not an ideal in loo- The space (cq) is an ideal in (c) and also in loo- 
None of these ideals is a band. 

(hi) The space C([0, 1]) of all real continuous functions on [0,1] can be 
thought of as a linear subspace of the space Lq = Lo([0, 1]) of all real Lebesgue 
measurable functions on [0,1] provided any function differing from a continu- 
ous function / only on a set of measure zero is considered to be the same as 
/. Then C([0, Ij) is a Riesz subspace of Lq but not an ideal in Lq. The linear 
subspace l/i([0, 1]) of all Lebesgue summable functions on [0,1] is an ideal in 
Lq but not a band in Lq. 

We introduce the following conventions. For any non-empty subset D of 
the Riesz space E we shall denote the set (/ : / G D, / > 0) by D'^. Note that 

may be empty. Furthermore, if the subset D of E has the property that for 
any finite number /i, - - • , /n of elements of D the supremum sup(/i is 

also an element of jD, we shall say that D contains finite suprema (precisely, 
D contains all finite suprema of its own elements). Similarly if D contains 
finite infima. Note that if D is bounded above and Di is the set of all finite 
suprema of elements of D, then Di contains D and contains all finite suprema 
of its own elements. Furthermore, D and Di have the same upper bounds. The 
next theorem is now easy. 

Theorem 7.4. (i) In a Riesz space any intersection of Riesz subspaces (ide- 
als, bands) is a Riesz sub space (ideal, band). 

(ii) By definition, the ideal B in the Riesz space E is a band whenever, 
for any subset of B possessing a supremum, this supremum is an element 
of B. It is already sufficient that this condition holds only for subsets of B^ 
containing finite suprema. In other words, if for any subset of containing 
finite suprema and having a supremum this supremum is an element of B, 
then B is a band in E. 

Proof, (i) Evident from the definitions. 

(ii) Assume that the ideal B has the mentioned property for subsets of B~^ 
and let be a subset of B such that /o = sup D exists. We have to prove 
that /o is a member of B. Without loss of generality we may assume that D 
contains finite suprema. Fix an element d of D and let D\ be the set of all 
elements f W d, f £ D. Then Di is a (non-empty) subset of D, but this does 
not affect the supremum, i.e., supDi = ffi. Finally, let D 2 = {f -d : f e Di). 
Then D 2 C R+ and sup D 2 = fo — d. Also, D 2 contains finite suprema. Hence, 
by hypothesis, fo — d e B, which implies immediately that fo £ B. ■ 
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Exercise 7.5. (i) In connection with the definition of an order ideal in a 
Riesz space it was observed that there is a certain analogy with the definition 
of an algebraic ideal in a commutative ring. In a Riesz space E every ideal 
in an ideal in E is itself an ideal in E. It may be asked, therefore, if every 
ideal I\ in an ideal I in the commutative ring R is itself an ideal in R. Show 
that this is not always true. As an example, choose for R the ring of all real 
bounded functions on [0,1], for / the ideal of all / € R that are continuous at 
0 and satisfy /(O) = 0, and for I\ the set of all / 6 / that are differentiable 
at 0. 

(ii) Show that the vector space of all real polynomials on [0,1], partially 
ordered pointwise, is not a Riesz space. 

Hint: Let /, ^, h be polynomials on [0,1] such that h > f as well as h> g, 
and f,g are not comparable, i.e., neither f > g nor g > f. Note that h{x) = 
f{x) holds only for finitely many x € [0, 1] because otherwise h and / would 
be identical. Similarly, h{x) = g{x) holds only for finitely many x. Show now 
that there exists a polynomial k such that k < h, but k not identically equal 
to /i, and k > f as well as k > g. Precisely, show that k can be chosen as 

k = h-c{h-f){h-g), 

where c > 0 is a constant such that c{h — /) < 1 and c{h — g) < 1 on [0,1]. 

For any non-empty subset D of the Riesz space E the intersection of all 
Riesz subspaces containing D is called the Riesz subspace generated by D. The 
ideal and the band generated by D are defined similarly. The ideal Ad gener- 
ated by D can be described explicitly as follows. If /i, . . . , /n are elements of 

D and ai, . . . , 0 ;^ are real numbers, then | ai/i | H h | anfn Ad, and 

so every g ^ E satisfying 

I g 1^1 <^lfl I H H I OCnfn I (1) 

is an element of Ad- On the other hand, the set of all g satisfying an inequality 
of the form (1), forn variable, /i, . . . , /n variable in D and ai, . . . , Qn variable 
in M, is an ideal in E that contains D. Hence, Ap is exactly the set of all such 
g. In the particular case that D consists of one element / we write Ad = Af 
and Af is now called the principal ideal generated by /. It is evident that 

Af = {g e E :\ g |<| af | for some a € M). 

For some applications it is convenient to note that if D is an infinite subset 
of E and g is an element of the ideal generated by D, then g is already an 
element of the ideal generated by some finite subset of D (the finite subset 
depending on g of course). 

We recall that if V\ and V 2 are subsets of the vector space F, the algebraic 
sum Vi 4- V 2 is defined by 
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+ 1/2 = ifi + /2 : /i e Vij2 G V2). 

If Vi and V2 are linear subspaces of then + V2 is also a linear subspace. 
In this case, if Vi n F2 = {0}, any f ^ Vi + V2 can be written uniquely as 
f = f I + f2 with fi e Vi and /2 G V2, and Vi + V2 is now called the direct 
sum of Vi and V2 (notation Vi 0 ^2)- 

Theorem 7.6. If A\ and A2 are ideals in the Riesz space E, then A\ + A2 
is an ideal in E. It is evident that Af + is contained in (Ai +^2)’^- The 
converse holds as well, i.e., (^1 + ^2)"^ = A^ + ^4^. In other words, for any 
f € (^1+^2)'^ there exist f\ G A^ and f2 € uniquely determined in 

general) such that / = /i +/2- If AiDA2 = {0}, i.e., if ^4i +.A2 = A\ 0^2; 
then fi and f2 are uniquely determined. In this case, if f and g are elements 
of A\ 0 A2 having decompositions f = fi f 2 and g = gi + Q2j then f < g 
implies f\ < g\ and /2 < ^2* 

Proof. We prove first that A\ 0 A2 is an ideal. For this purpose, let / € 
Ai 0 A2 and let | ^ |<| / |. We have to prove that g E A\ -¥ A2- The element 
/ can be written as f — f' + f" with f^eAi and /" G ^42- Note now that 

<1 5 i<i / i<i /' I + 1 r I, (2) 

so in view of the Riesz decomposition theorem there exist elements p' and g” 
such that g^ = g’ + g" with 0 < ^' <| /' | and 0 < ^" <| /" |. Since /' G A\ 
and /" G ^2, it follows that g' G Ai and g" e A2, so g'^ = g' + g" G ^1 0 ^2- 
Similarly g~ G 0 .^2. Hence g = g^ — g~ G Ai 0 ^2- 

Assume now that / G (Ai 0 ^2)''". Then / = /' 0 /" with /' G Ai and 
/" G A2. Prom / =1 / |<| /' I 0 I /" I it follows in view of the Riesz 
decomposition theorem that / is of the form f = fi + f 2 with 0 < /i <| /' | 
and 0 < /2 <1 /" |. Hence fi G Af and /2 G Af . 

The proof of the statement about f < g in Ai B A2 follows by observing 
that g-f = {gi-fi)-\-{g2-f2) uniquely, so g-f >0 implies that gi~fi >0 
and g2- f2>0. ■ 

The algebraic sum of bands is not always a band. As an example, let 
E = C([— 1,1]), the space of all real continuous functions on the interval 
[—1, 1], and let the bands B\ and B2 be defined by 

Bi = {feE:f = 0 on [0,1]), 

B2 = {f e E : f = 0 on [-1,0]). 

Then Bi + B2 = Bi Q B2 = {f E E : /(O) = 0) is an ideal in E, but not a 
band. The band generated by Bi 0 B2 is the entire space C([— 1, 1]). 
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Exercise 7.7. (i) Let u and v be positive elements in the Riesz space E. 
Prove that for the principal ideals Ay, and Ay we have 

■^uAv -^u ^ -^v ^nd -^sup(u,v) — d" Ay. 

(ii) Let A and B be ideals in the Riesz space E. Show that Af) B = {0} 

if and only if | / | A | |= 0 for all / € A and g E B. 

(iii) Let A, B and C be ideals in the Riesz space E. Show that {A + B)nC 
is an ideal satisfying 

{A-^B)nC = AnC + BnC. 

As we have seen, it is simple to determine the ideal generated by an arbitrary 
non-empty subset of a Riesz space. An obvious question is now to ask how to 
determine the band generated by a given ideal. The answer is easy to give but 
the proof that the answer is correct is a little more difficult. It is convenient 
to observe first that if D\ and D 2 are non-empty subsets of the Riesz space E 
having suprema f\ and /2 respectively, then the algebraic sum D\ D 2 has 
supremum fi f 2 . Recall that 

D\ 4- D 2 = {d\ dj2 d\ E J9x, ^2 ^ ^ 2 )- 

For the proof, let g be an arbitrary upper bound of Di -f- D 2 ? so di 4- ^2 ^ g 
for all d\ e. D\ and d 2 E D 2 - Then 

di 4- sup(d2 : ^2 6 D 2 ) < g, 

i.e., di f 2 < g for all d\ E D\. Hence, by a similar argument, /i 4- /2 < g- 

Since fi 4-/2 is an obvious upper bound, it follows that /i 4-/2 is the supremum 
of the set Di 4- D 2 - 

Theorem 7.8. The band [A] generated by the ideal A in the Riesz space E 
consists of all f G E satisfying 

I / 1= sup D/or some non-empty set D € A"*", (3) 

or, equivalently, [A] consists of all f E E satisfying 

I / 1= sup(u : U E A,0 <u <\ f \). (4) 

Proof. It is evident that if / satisfies (4), then / satisfies (3). Conversely, if 
/ satisfies (3), then the set D in (3) is a subset of the set 

P = {u : u E A,0 < u <1 / I). 

Every upper bound of D is >| / | and D is a subset of P, so every upper 
bound of P is also >| / |. On the other hand | / | itself is an upper bound of 
P. Hence | / |= supP, i.e., / satisfies (4). Having shown thus that (3) and 
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(4) are equivalent, let us denote by B the set of all / satisfying (3) and (4). 
We have to prove, therefore, that the set B is the same as the band [A ] . 

Prom the definition of a band it is evident that the set jB is a subset of [A ] . 
Hence, it will be sufficient now to prove that H is a band. We prove first that 
H is a linear subspace of E. Let /i ,/2 be members of B and let Di,I ^2 be 
subsets of A~^ such that | /i 1= sup Di and \ f 2 \= sup D 2 - Then the algebraic 
sum Di + D 2 is a subset of A~^ having | /i | + | /2 | as its supremum, so 

sup{| /i + /2 I A(c?i 4 - 0^2) • di ^ Di, d2 G D2} = 

I/1 + /2I A(|/i| + |/ 2 |)=|/i + / 2 | 

and 



sup(| a I di : di € Di) =| afi | 

for every real number a. This shows that jB is a linear subspace. Also, if 
I ^ 1^1 /i I, it follows from | g | Adi € A'^ for every di G Di and 

sup(| 5 ^ I Adi : di G A) =1 ^ I A I fi |=| 9 I 

that g G B. Hence, B is an ideal. 

Finally, to show that H is a band, it is sufficient (by Theorem 7.4) to prove 
that if D is a non-empty subset of B^ possessing a supremum uq in then 
uo G B. For any u G D we have 



and so 



u = sup{v : V G A,0 < V < u), 



Uq = sup{sup(t; : V G A,0 < V < u)} = 
u£D 

sup(i; : V G A,0 < V < u foT some u G D). 

On account of (3) it follows that uq G B. This concludes the proof. ■ 

Exercise 7 . 9 . Show that if Ai,. An are ideals in the Riesz space E and 
[Ai], . . . , [An] are the corresponding bands, then 

Hint: The proof in one direction is easy. For the converse direction, it is 
sufficient to prove that [Ai] Pi [A2] is a subset of [Ai n A2]. Assume that 
0 < ifc G [Ai] n [A 2 ]. There exist non-empty sets Di C Af and D2 G Aj such 
that 



u = sup{v : V G Di) = sup(^t; : w G D2). 

It is easy to see that u = sup Ds, where Ds = {v A w : v G Di^w G D2) is a 
non-empty subset of (Ai n A2)“*“. It follows that u G [Ai fl A2]. 
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Exercise 7.10. Let Ai,...,An be ideals in the Riesz space E. With the 
notations as in the preceding exercise, show that 



[[Ai] + • ■ • + [^„]] = + 



Exercise 7.11. Show that if A\ and A 2 are ideals in the Riesz space E 
generated by the subsets Di and D 2 respectively, then the ideal generated by 
the union Di U D 2 is Ai A 2 . 

Hint: To show that any element in the ideal generated by Di U D 2 is an 
element of Ai + A 2 use the Riesz decomposition property as in Exercise 6.10. 



8. Disjointness 



Let E be a Riesz space. The elements / and g in E are said to be disjoint 
if I / I A I 1= 0. To denote that / and g are disjoint we sometimes write 
f 1. g. Note that / X ^ if and only if | / |X| ^ |. For any non-empty subset D 
of E the set 



D^ = if eE:f IgfoT all geD) 

is called the disjoint complement of D. The disjoint complement = (D^)^ 
of is called the second disjoint complement of D. If Di and D 2 are non- 
empty subsets of E such that d\ X c ?2 for every d\ G D\ and every d 2 £ D 2 , 
then Hi and D 2 are said to be disjoint (notation D\ X H 2 ). 

Theorem 8.1. Let E be a Riesz space with elements f^g^... 

(i) If f ± g and \ h \<\ f |, then h ± g. 

(a) If f ± g and a eM., then af X g. 

(Hi) If fi ±g and f 2 X g, then (/i + / 2 ) X g. 

(iv) f ± g if and only if f~^ ± g and f~ X g. 

(v) For every f e E we have f~^ X /“. 

(vi) If D I and D 2 are non-empty subsets of E such that Di 1. D 2 , then 
D\ n D 2 is either empty or equal to the set {0} containing only the 
null element. 

(vii) If D is a subset of E such that fo = sup D exists and g 1- f holds for 
all f ^ D, then g X /q. 

(viii) If /i, . . . , /n is a set of nonzero and mutually disjoint elements, then 
this is a linearly independent set. 
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Proof, (i) Let f J- g and \ h\<\ f |. Then 0 <| /i | A | ^ |<| / | A | ^ |= 0, so 
\ h \ A \ g \= 0, i.e., h 1 g. 

(ii) Let f J- g and a G E. If | o |< 1, then | a/ |<1 / |, so a/ ± Now, 
let I a |> 1. From 

I I A I 1 = 1 a I (I / I A I I) = 0 

it follows that af ± ag. Hence, since | ^ |<| |, it is clear that af ± g. 

(iii) Let fi-Lg and /2 _L In view of Theorem 6.5 we have 

I /i + /2 I A I |< 

(I /i I + I /2 |)A I g |< 

I /l I A I p I + I /2 I A I ^ 1= 0, 

so (/i + /2) JL g. 

(iv) Let / T p. Since 0 < <| / | and 0 < /“/e | / |, it follows that 

/+ _L p and /" ± g. Conversely, if /+ ± c/ and f~ J_ g, then | / |= /+ + /“ 
satisfies | / |J_ ^f, so / _L 

(v) X f~ holds for every / G jF by Theorem 5.1 (ii). 

(vi) Let D\ and D 2 be non-empty subsets of E such that D\ X D 2 and 
assume that Di H D 2 is not empty. Let / € Diil D 2 . Then / X /, so | / | A | 
/ 1= 0. This implies that | / |= 0, so / = 0. 

(vii) Let D be a non-empty subset of E such that /o = sup D exists. 
Observe first that = sup(/'*” : f £ D) and /q = inf(/“ : f E D). The 
first formula follows from the general observation that /o = sup(/ : f e D) 
implies /o V h = sup(/ V h : f ^ D) for any h £ E^ in particular for h — 0. 
The proof is simple. The second formula follows from one of the distributive 
laws stating that fo A h = sup(/ A h : f E D). Hence, for /i = 0, we get 
—f~ = sup(— /~ : f e D), so /q = inf(/“ : / G D). Assume now that 
g ± D, i.e., ^ X / for all / G H, so ^ X and ^ X /“ for every f e D. 
Then 

fo^\9\= sup(/+A I S' |: / € D) = supO = 0, 

/o“A I 5 |< /“A I £? 1= 0 for every / € D, 
so /o’ A I 5 1= 0. Thus /o’" -L g and 1 g, so fo 1 g. 

(viii) Let /i , . . . , /n be a set of nonzero and mutually disjoint elements. If 
the set is not linearly independent, then one of the elements, say /i, is a linear 
combination of the other elements in the set, say fi = 0 : 2/2 + •■• + c^n/n- In 
view of (ii) and (iii) we have 

fl X (0:2/2 X • • • + Oinfn)^ 

i.e. fl X fl. It follows that fi = 0, contradicting our hypothesis. Hence, 
fl, ^ fn is a linearly independent set. ■ 
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Theorem 8.2. As above, let E be a Riesz space with elements f,g , — If 
f -L g, then 

(1) \f + 9\=\f-9Hf\ + \9 HI f\-\9 11=1 / I V I 5 I, 

(^) (/ + 5 )"*' = /■*■ + 5 "^ = /■*■ , 

(3) (/ + g)~ = f~ + 9^ = f~ ^ 9~ ■ 

Proof. Let / ± so | / | A | |= 0. Then 

0 = 2(|/|AU|)=|/I + I5|-Il/|-I5ll- 

It follows from this and from 

II / I - I 9 H<| / + 9 l<l / I + I P l> 
ll/|-IHI<l/-5l<l/l + IH 

that 

l/ + 5H/-5l=l/l + l5l=ll/|-|9l|. 

Also, I / I + I 5 1= (I / I V Iff I) + (I / I A I 5 I) =1 / I V I 5 |. This establishes 
(1). For (2), note first that | / |±| ff | implies /+ -L ff"^, so /"^+ff'*' = It 

is sufficient to prove now that /++ff+ < (/+ff)+, because (Z+ff)"*" < /''■+ff''' 
was proved in Theorem 5.5. The desired inequality follows from 

H + ff"^ + (/ + ff)“ < H + ff"^ + /“ + ff- =1 / 1 + I ff 1= 

I / + ff 1= (/ + ff)^ + (/ + ff)-- 

The proof for (3) is similar. ■ 

Exercise 8.3. Show that the following conditions for the elements / and g 
of the Riesz space E are equivalent. 

(i) / -L ff, 

(ii) l/ + ffl=l/-ffl> 

(iii) I / + ff 1=1 / I V I ff I, 

(iv) I /-ff 1=1 / I V I ff I, 

(v) I / I + I ff 1=11 / I - I ff II, 

(vi) (Z + ff)"*" = Z"^ Vff+ and {f + g)~ = f~ Vff~. 

Hint: Prove that (vi) implies (hi). 

Theorem 8.4. Let D be a non-empty subset of E. Then the disjoint comple- 
ment is a band in E. Furthermore, D is a subset of and 
Finally Pi = {0}, so the algebraic sum is a direct sum. In 

general this direct sum is an ideal, not necessarily a band. 
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Proof. It follows immediately from the disjointness properties proved in The- 
orem 8.1 that is a linear subspace. Also, ii f e (i.e., / ± d for all d e D) 
and I ^ |<| / I, then ^ ± d for all d e D, so g e D^. This shows that is an 
ideal. Finally, in view of (vii) in Theorem 8.1, it is clear that the ideal is 
a band. 

Prom the definition of a disjoint complement it follows immediately that 
D is a subset of Hence (replace D by D^) also C Furthermore 

(as again evident from the definition)£)i C D2 implies Df D Hence, 
D C implies 3 It follows that 

In view of Theorem 8.1(vi) it follows from that n is 

either empty or equal to {0}. In the present case, since 0 G fl we 
have = {0}. ■ 

As we have seen, is a band containing D as a subset. Now, the band 
[D] generated by D is the smallest band containing D. Thus, [D] is a subset of 
question arises whether can be larger than [D]. The answer is 
that this can indeed happen. By way of example, let E be the lexicographically 
ordered plane (Example 4.2(ii)), i.e., E is the vector space of all (x, y) with 
X and y real numbers, ordered by defining that (xi,yi) < (x2,y2) if either 
xi < X2 or xi = X2, t/i <2/2- Let D be the vertical axis, i.e., D = {(x, y) : x = 
0}. Then D is a band in E such that = {0}. Hence, the band generated 
by D is D itself, but is the entire space E. 

Now, consider the case that D is an ideal A in E. By Theorem 7.8, any 
u £ [A]'^ is the supremum of the set {v £ A : 0 < v < u). Hence, [A] has the 
property that for any / / 0 in [A] there certainly exists an element g £ A 
such that 0 7^1 |<| / |. Does the possibly larger set A^^ still have the same 

property ? We shall prove that the answer is affirmative. Precisely, A^^ is the 
largest band possessing the stated property. 

Theorem 8.5. (i) For any ideal A in E, the set A^^ is the largest among 
all ideals B in E having the property that for every 0 ^ f £ B there exists 
an element g £ A such that 0 7^! ^ |<| / |. 

(a) If A is an ideal in E, then A^ = {0}, i.e., A^^ = E, if and only if 
for every 0 ^ f £ E there exists an element g £ A such that 0 t^| |<| / |. 

Proof, (i) It will be proved first that A^^ has the mentioned property. Let 
0 7^ / G A^^ and assume that there does not exist any g £ A satisfying 0 t^| 
g |<| / I- Then | / | A | /i |= 0 for every h £ A (because if ^0 =| / I A | ho |/ 0 
for some ho £ A, then 0 go £ A and | go |<| / |). It follows that / G A^. 
But / G A^^ by hypothesis. Hence f £ A^ f) A^^ = {0}, which contradicts 
//O. 

Now, let B be an ideal with the property that for any 0 ^ f £ B there 
exists an element g £ A such that 0 t^| |<| / |. Assume that B C A^^ 
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does not hold. Then there exists an element f £ B not disjoint from 
so A: =1 / I A I /i 0 for some h e A^. It follows that 0 ^ k e B D A^. 

Then, by hypothesis, there exists an element g £ A such that 0 g \< so 

0 ^ g £ An A^ This, however, is impossible. 

(ii) Follows immediately from (i). ■ 

Exercise 8.6. (i) Show that for any non-empty subset D of E we have {DU 
Dd)dd z= E. Show also that if F is a linear subspace of F, then = E. 

(ii) Show that if Ai, . . . , are ideals in F, then {C\'^^^Ak)dd = Pi^^^Add. 
This is similar to Exercise 7.9. 

(iii) Let {cr} be an arbitrary non-empty set, an arbitrary element of which 
will be denoted by cr, and to each cr G {a} let there be assigned a non-empty 
subset Dcj of F. Show that {\JDa)d = flF^ and, assuming that PD^y is not 
empty, show that {PDa)d D UF^, so (PDcr)dd C PDdd, The last inclusion may 
be proper, even for a countable intersection of ideals. For a finite intersection 
of ideals there is equality, as seen in part (ii) of this exercise. 

Hint: For part (ii), the proof in one direction is easy. For the converse 
direction, it is sufficient to prove that Afd n Af^ is a subset of {Ai n A 2 )dd. 
Assume 0^/6 Afd n Af^. There exists (by the last theorem) an element 
h £ A\ such that 0 h \<\ f \. Since 0 ^ h £ Ai P Add^ there exists now 
also an element g £ A 2 such that 0 g |<| h |. Hence 0 g £ Ai P A 2 and 

1 ^ I < I / I • It has been proved thus that the ideal Afd n Afd has the property 

that for any / in the ideal there exists an element g £ A\ P A 2 such that 
0 |<| / |. Then Afd n Afd is a subset of {A\ fl ^ 2 )^^, once again in view 

of the last theorem. 

To show in (iii) that the inclusion in {P^An)dd C Pf^Aff may be proper 
(all An ideals), let F = C([0, 1]), the space of all real continuous functions on 
[0, 1]. Let ri,r 2 , . . . be the rational numbers in [0, 1] and An the ideal of all 
f £ E satisfying /(r^) = 0. Then PfAn = {0}, so {PAn)dd = {0}. On the 
other hand = {0} for every n, so PAff = F. 

Exercise 8.7. Let Ai, . . . , An be ideals in the Riesz space F. Show that 

{Afd + . . . + 4. . . . + 

This is similar to Exercise 7.10. 

Exercise 8.8. Let A be an ideal in the Riesz space F, and let [A] be the band 
generated by A. Show that A, [A] and Add same disjoint complement, 

and so Add _ More generally, let F be a non-empty subset of F and let 

Ad and Fp be the ideal and band generated by F. Show that F^ = {AdY — 
{BdY- 



Hint: Use Theorem 8.1. 
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9. Archimedean Riesz spaces 

The Riesz space E is said to be Archimedean if 

ini{n~^u : n = 1, 2, . . .) = 0 

holds for every u G . There exist non- Archimedean Riesz spaces. As an 
example, let E = with the lexicographical ordering (see Example 4.2(ii)). 
The element (0,1) in E is a lower bound of the sequence {(n”^,n~^) : n = 

1.2.. ..}. Hence, tx = (1, 1) does not satisfy the condition that inf (n~^tx : n = 

1.2.. ..) = 0. Actually, the sequence of all n”^u does not have an infimum at 
all in this case. Before presenting more examples, we prove a simple theorem. 

Theorem 9.1. Let E he a Riesz space. 

(i) The space E is Archimedean if and only if it is true for every u G E~^ 
that mf{€nU : n = 1, 2, . . .) =0 holds for any sequence (e^ : n = 1, 2, . . .) of 
non-negative real numbers satisfying ^ 0. 

(a) The space E is Archimedean if and only if, given u and v in E~^ such 
that 0 < nv < u for n = 1, 2, . . ., it follows that v = 0. In other words, for 
dTiy V > 0,v ^ 0, the sequence {nv : n = 1, 2, . . .) is not bounded above. 

(Hi) If E is Archimedean, then every Riesz subspace of E is also Archi- 
medean. In particular, ideals in E and bands in E are Archimedean Riesz 
spaces on their own. 

Proof. Parts (i) and (hi) are evident, so it remains to prove (ii). Let E be 

Archimedean, and assume that 0 < nv < u for n = 1,2, Then 0 < v < 

n~^u for n = 1,2, — Since infy n“^u = 0, it follows that t; = 0. Conversely, 
assume that 0 < nu < u for n = 1, 2, . . . implies t; = 0. We have to prove that 
infy h~^uo = 0 for any uq 6 E~^ . It is sufficient to this end that any lower 
bound w of the sequence (n”^uo) satisfies w < 0. Now, if w is such a lower 
bound, then v = wW Q is still a lower bound of the sequence, so 0 < nv < uq 
for n = 1, 2, — It follows by hypothesis that v = 0, i.e., w\/ 0 — 0, and so 
w < 0. m 
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Example 9.2. We return to the spaces in Example 4.2. (i) The space 
with the usual coordinatewise ordering, is Archimedean. 

(ii) As already observed, the space with lexicographical ordering is not 
Archimedean. 

(iii) The space E of all real functions on a non-empty point set X (with 
the algebraic operations and the ordering pointwise) is Archimedean because 
for any u G E'^ the sequence [n~^u : n = 1,2, . . .) converges pointwise to 
zero as n tends to infinity. The same holds for the space C{X) of all real 
continuous functions on a topological space X. 

(iv) The space Lo(E’^,/x) of all real Lebesgue measurable functions on 

is Archimedean. More generally, if yu is a non-negative and countably additive 
measure in the non-empty point set X, then Lq = To(X, is Archimedean. 
To see this, let u £ Lq. For the proof that inf : n = 1, 2, . . .) = 0 it is 
permitted to choose a fixed function in the equivalence class u. Denote this 
function by u again and observe that n~^u{x) j 0 as n ^ oo for every x £ X 
(the downwards arrow indicates that the sequence is monotonely decreasing). 
Since the space Li = Li{X,/jl) of all ^-summable functions is an ideal in 
Lq = Lo(X, /x), the space Li is also an Archimedean Riesz space. 

(v) Let r be an algebra of subsets of the non-empty point set X and let 
Eb be the Riesz space of all bounded finitely additive signed measures on E 
(see (7) in Example 4.2). It is easy to see that E^ is Archimedean. 

(vi) Let E be the vector space of all real functions / on the interval [0,1] 
such that f{x) ^ 0 holds for only finitely many x in [0,1]. We introduce a 
partial ordering in E by defining that f < g holds when either /(O) < ^(0) 
or /(O) = g{0),f{x) < g{x) for all x G [0, 1]. Then E is a non-Archimedean 
Riesz space. 

As we shall prove, Archimedean Riesz spaces are characterized by the 
property that bands and disjoint complements in the space are the same. It 
was proved in Theorem 8.4 that, in any arbitrary Riesz space, every disjoint 
complement is a band. To say, in the converse direction, that in an Archi- 
medean space E every band is a disjoint complement is equivalent to saying 
that B = holds for every band B in E. Indeed, ii B — B^^ holds for the 
band B, then B is obviously a disjoint complement. Conversely, if B can be 
written as B = for some non-empty subset D oi E, then (since = jjddd 
by Theorem 8.4) we have B = — ^jjd^jdd _ ^dd 

first prove the easier half of the theorem that E is Archimedean if and only if 
B — B^^ holds for every band B in E, This will be followed by a discussion 
of further properties of spaces C{X) and Lq{X,ij,). The discussion of C{X) 
spaces will touch upon some subjects which are not immediately necessary for 
our present purposes. These spaces received considerable attention, however, 
some thirty years ago and, although the attention is not so large any more 
now, it is still worth while to mention a few points of interest. 
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Theorem 9.3. If the Riesz space E is Archimedean, then B = holds for 
every band B in E. 

Proof. As we have seen, B is a subset of B^^ for any band B in E. Assimie 
now that E is Archimedean and we have a band B which is a proper subset 
of B^^, i.e., there exists some / G B^^ such that / is not contained in B. The 
same is true then for u=|/|,soO<uG B^^ and u ^ B (where 0 < u stands 
for 0 < u, 0 ^ u). Let 



Mu = (v e B : 0 < V < u). 

Note that in view of Theorem 8.5(i) the set Mu is not empty. Obviously, u 
is an upper bound of Mu but u is not the supremum of Mu, because then it 
would follow from u = sup Mu and Mu Q B, together with the fact that B is 
a band, that u E B, which is not true. Hence, since u is not the supremum 
of Mu, not every upper bound w of Mu satisfies it; > u. In other words, 
there exists an upper bound ic* of Mu such that w* > u does not hold. Let 
w = u A w*. Then w is an upper bound of Mu such that w < u (and so 
0 < 1 C < u). It follows that w G B^^ ( since u G B^^) and it — ic > 0. Since 
0 < u — w e B^^, there exists (in view of Theorem 8.5(i) again) an element 
z E B such that 0 < z < u — w. For every v in Mu we have now that z-Ev E B 
and 



0<z-\-v<z + w<u, 

so z + 1 ; G Mu- In particular, since z G Mu, we have 2z E Mu- Repeating the 
operation of adding z to each element of Mu, we obtain 3z G Mu- Generally, 
nz E Mu for n = 1, 2, . . ., i.e., 0 < nz < it for n = 1, 2, — This is impossible 
since E is Archimedean. Hence, it is impossible for any band 5 to be a proper 
subset of B^^. It follows that B = B^^ holds for every band B in E. m 

Example 9.4. Let X be a compact Hausdorff space and E the Riesz space 
C{X) of all real continuous functions on X (see (6) in Example 4.2). Recall 
that now X is completely regular, i.e., if F is a closed subset of X and xq is 
a point of X not contained in F, then there exists a real continuous function 
f on X such that f{xo) = 1 and f{x) = 0 for all x G F. If desired, the reader 
may restrict himself (herself) to the case that X is a bounded interval [a, b] 
in M with the usual definitions for the distance between points and continuity 
for functions. Let A be an ideal in E and let N be the closed subset of X, 
defined by 



N = {xeX: f{x) = 0 for all / G A}. 

For the present purposes, the complement O = X\N of N will be called the 
open carrier of the ideal A. Note already that the open carrier of A^ is the 
interior of N (which we shall denote by “int X”). Precisely, 
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A‘^ = {feE = C{X) : f{x) = 0 for all x G X\intAr}. 

Note that we use here that X is completely regular. 

(i) Different ideals in E = C{X) may have the same open carrier. As an 
example, let X = [—1, 1] and let ui(a;) = 0 for — 1 < x < 0 and ui{x) = x for 
0 ^ 2 : < 1, whereas U 2 {x) = 0 for — 1 < x < 0 and U 2 {x) = for 0 < x < 1. 
The principal ideals generated by tti and U 2 respectively are different and 
have the same open carrier. 

(ii) The open carrier O of the ideal A in C{X) is exactly the set of all 
X e X such that /(x) > 0 for at least one / G A. It is not necessarily true, 
however, that there exists a function / € such that /(x) > 0 for all points 
X £ O. As an example, let X = [0, 1] and, for n = 1,2,..., let 

Xn = (x € X : (n + 1)“^ < X < n~^). 

Now let A consist of all / G C(X) such that the set of all x at which /(x) / 0 
is contained in the union of at most finitely many Xn. 

(iii) For any open subset O of X there exists a largest ideal A having O 
as its open carrier. This ideal is given by 

A = {fe C{X) : /(x) = 0 for all X G X = X\0}. 

Prom what was observed above about A^, we may conclude that A^ is the 
largest ideal having int N as its open carrier. In the case that X = [a, 6] and 
A is the largest ideal having the given open subset O of X as its open carrier, 
there exists a function u G A~^ such that u{x) > 0 for all x G O. We mention 
a function satisfying this condition. For each x G X, let u{x) be the distance 
from the point x to the set N = X\0, i.e., 

u{x) = inf (I X — y \: y € N). 

(iv) If Oi and O 2 are open subsets of X with Ai and A 2 the largest ideals 
having Oi and O 2 as their open carriers, then Ai = A 2 if and only if Oi = O 2 . 
Not every largest ideal of the kind introduced here is a band. Every band, 
however, is such a largest ideal. For an example of a largest ideal which fails 
to be a band, let X = [0, 1] and let O be the union of the open intervals 
C/4^ A) and C/ 2 ,^ A)- If .B is a band in C(X), then B = since C{X) is 
Archimedean, and so B can be written as B = A^ for A = B^. As observed 
about disjoint complements already, B = A^ is therefore a largest ideal. 

(v) For any subset 5 of X we denote the interior of S by int S and the 
closure of 5 by 5“. Recall that int S is the largest open set contained in S 
and S~ is the smallest closed set containing S. It follows immediately that 
(X\5)“ = X\ int S and int(X\6') = X\S~ . Also, O CintO” for any open set 
O and F D (intF)“ for any closed set F. Easy examples show that these inclu- 
sions may be proper. Any open set O satisfying O =int 0~ is said to be regu- 
larly open and any closed set F satisfying F = (intF)~ is said to be regularly 
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closed. The set O is regularly open if and only if its complement F = X\0 is 
regularly closed. As an aside we prove that the interior of an arbitrary closed 
set is always regularly open, i.e., if F is closed, then int(intF)" =intF. From 
F D (intF)“ it follows immediately that intF 3int(intF)~. Conversely, from 
intF C (intF)“ it follows that intF =int(intF) Cint(intF)“. For convenience, 
let us denote now the open carrier of the ideal A in C{X) by c{A) and the 
complement of c{A) by n{A). As shown above, 

c{A'^) = intn(A) = X\{c(A)}-, so n{A'^) = X\c{A^) = {c(A)}-. 

It follows that 



c{A^^) = intn(A^) = int{c(A)} . 

Hence, A and A^^ have the same open carrier, i.e., c{A) = c{A^^), if and 
only if c{A) =int{c(A)}“, that is to say, if and only if c{A) is regularly open. 
Assume now that A is the largest ideal having a given open set O as its 
open carrier, so c{A) = O. Recall that being a disjoint complement, is 
the largest ideal having c{A^^) as open carrier. Largest ideals are identical if 
and only if they have the same open carriers. Hence, A = A^^ if and only if 
c{A) = c(A^^), i.e., if and only if O = c{A) is regularly open. But A = A^^ if 
and only if A is a band (since C{X) is Archimedean). Thus, we may conclude 
that if A is the largest ideal having the open set O as its carrier, then A is a 
band if and only if O is regularly open. 

Example 9.5. Let /i be a non- negative countably additive measure in the 
non- empty point set X. As before, we denote the Archimedean Riesz space 
of all real /i-measurable functions on X by Lo(X, //), briefly Lq. The space 
with /i Lebesgue measure, is a particular case. Recall that the 
members of Lq{X, fi) are equivalence classes of functions, although we usually 
speak about these members as if they were functions. The functions f\ and 
/2 are in the same equivalence class if and only if they differ only on a subset 
of X of measure zero. This is often expressed by saying that fi and /2 are 
equal almost everywhere or, even simpler, saying that fi and /2 are almost 
equal Equivalently, fi — /2 and the function identically zero are in the same 
equivalence class. It will be clear now what it means to say that a function 
/ G Lo vanishes almost everywhere on a certain subset X\ of X. Precisely, it 
means that, no matter which member fi of the equivalence class / we choose, 
we have fi{x) = 0 for all x E X\, except on a subset of Xi of measure zero. 
Observe however that if is another member of the same equivalence class 
/, then the exceptional subset of Xi of measure zero may be different from 
the one for f\. In the case that the empty set is the only set of measure zero 
in X all these complications disappear because then each equivalence class 
contains only one function, so that now functions are almost equal if and only 
if they are identical. 
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Let A be an ideal in Lq. The measurable subset Xi of X is sometimes 
called a null set for A if it is true for every / € A that / vanishes almost 
everywhere on Xi. In general, and in particular if fi is Lebesgue measure, it 
makes no sense to say that there exists a point xq ^ Xi such that f{xo) = 0 
holds for all f ^ A simultaneously. In other words, the definition of a null set 
is not a pointwise definition. For future use, note already that a finite union of 
null sets is a null set. What we should like is to define a maximal null set n{A) 
for A, because this set would be analogous to the set n{A) in the preceding 
example, where A is an ideal in C{X). It is evident from the remarks above 
that a pointwise definition is not possible, i.e., we cannot simply define n{A) 
as the set of all x e X such that /(x) = 0 holds for all / G A simultaneously. 
Also, we cannot define n(A) as the union of all null sets for A, because in 
general the union of an uncountable number of measurable sets need not be 
measurable. Moreover, even if the union turns out to be measurable, it may 
be much too large (in the case of Lebesgue measure in each point is a 
null set, so the union of these points is already the whole of E^). In the case 
that /i is a finite measure, i.e., IJ>{X) is a finite number, all difficulties can be 
overcome, as follows. Assume that ii{X) is finite, and let F be the collection 
of all null sets for A. Then the number 

a = sup{^(5) : 5 € T} 

is a finite non- negative number, so there exists a sequence (X„ : n = 1, 2, . . .) 
of sets in F such that ix{Xn) converges to a. Defining S-n = ^^=\Xk for 
n = 1, 2, . . ., we obtain an increasing sequence {Sn : n = 1, 2, . . .) of sets in F 
such that yL{Sn) T ol. The set n(A) = lim5n = is now a member of F 

satisfying ji{n{A)} = a. It follows easily that the complement c(A) = X\n(A) 
does not have a subset of positive measure that is a member of F. The set 
n(A) and its complement c(A) are uniquely determined by the condition that 
n(A) G F and c(A) does not have a subset of positive measure which is a 
member of F (unique modulo sets of measure zero of course). The set c(A) 
is called the carrier of the ideal A. Exactly as in the preceding example, 
different ideals may have the same carrier and there may be an ideal A such 
that there does not exist a function u G A~^ satisfying u{x) > 0 for almost 
every x G c(A). Obviously, the set n(A) is the carrier of A^. Precisely, A^ is 
the set of all / G Lq such that / vanishes almost everywhere on c(A). For any 
given measurable subset Xi of X there exists a largest ideal A having Xi as 
its carrier, given by 

A = (f e Lq : f{x) = 0 for almost every x G X\Xi). 

The ideal A is such a largest ideal if and only if A is a band, i.e., if and only 
if A = A^^. All these results can be extended to the case that, although /jl{X) 
may be equal to infinity, the set X is a countable union of sets Xn 

of finite measure. It may be assumed that the sets Xn are mutually disjoint. 
The measure fjL is now called a a -finite measure. Given the ideal A in Lq, 
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we define the ideals An{n = 1,2,...) by An = (fxXr. ' f ^ where 
is the characteristic function of Xn (see Example 3.4 for the definition of a 
characteristic function). The sets n{A) and c{A) are now the unions U^n(A„) 
and Uf°c(An) respectively. 

After these rather elaborately worked out examples we shall now complete 
the proof that a Riesz space is Archimedean if and only if B = holds 
for every band B in the space. The first part of the proof is contained in 
Theorem 9.3, where it was shown that if the Riesz space E is Archimedean, 
then B = B^^ holds for every band B in E. This result will be of frequent 
use (as already seen in the last two examples), more so than its converse, 
because in most of what follows the Riesz spaces we shall discuss will be 
Archimedean by hypothesis. Nevertheless, to be complete, we include the 
proof of the converse result. 

Theorem 9.6. Let E be a Riesz space. Then E is Archimedean if and only 
if B = B^^ holds for every hand B in E . 

Proof. It is sufficient to prove that if B = B^^ holds for every band B in E, 
then E is Archimedean. To this end, assume that B = B^^ for every band R, 
but £* s not Archimedean. Then there exist elements u and v in E such that 
0 < nv < u for n = 1,2, Denote by Ay the principal ideal generated by 

and let A = 0 It is easy to see that A^ = {0}, because any f ± A 

satisfies f ± Ay and / X A^, so / 6 A!^ n A^^ = {0}. Hence A^^ = E, i.e., 
[A]^^ _ where [A] is the band generated by A. We use here that A and 
[A] have the same disjoint complement (see Exercise 8.8). Since [A] = [A]^^ 
by hypothesis, it follows that [A] = E. Hence 0 < u £ [A], which implies (by 
Theorem 7.8) that u = supM^^, where 

Mu {w : w e A,0 < w < u). 

We shall prove now that w v £ Mu for every w £ Mu^ i.e., w + v < u. 
Indeed, if w £ Mu^ then w = wi W 2 -, where w\ £ Ay,W 2 G Ay and where 
0 < Wi < w and 0 < W 2 < vu (see Theorem 7.6). Since Ay consists of all 
f £ E satisfying | / |< nv for some natural number n, we have < nv for 
some n, so 



v;i + V < (n + l)v < u 

with u?i + V £ Ay. Furthermore 0 < W2 < w < u and W2 X {w\ + v) on 
account of tvi + v G A^ and W2 £ Ay ^ so 

tv + V = (tVi + v) + tV2 = sup(tvi + V, W2) < u. 

Then tv < n — v for every tv £ Mu, i.e., u — v is an upper bound of the set 
Mu- Since v > 0, this contradicts the result that u = sup Mu- Hence, E must 
be Archimedean. ■ 
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Exercise 9.7. Let B be the set of all bands in the Riesz space E. The set 
B is partially ordered by inclusion, i.e., B\ < B2 whenever Bi C B2- The 
bands {0} and E are the smallest and largest elements in B. Evidently, B is 
a lattice. For any pair B\ and B2 in B the supremum and infimum of Bi and 
B2 exist, given by 

Bi V B2 = [Bi 4- B2] and B\ A B2 = B\ fl jB 2, 
where (as before) [Bi + B2] denotes the band generated by the ideal + B2. 

(i) Show that the lattice B is distributive, i.e., show that if A,B\ and B2 
are bands, then 

AA{BiV B2) = {AA Bi) V (A a B2). 

It is evident that the right hand side is a subset of the left hand side. For the 
converse, note first that 

A A {B\ V B2) = A C\ \B\ + B"^ = [A] n [Bi + B2] = [An (Bi + ^2)]? 

where Exercise 7.9 is used to establish the last equality. Let now 0 < u G 
A n (Bi + B2). The element u can be written as 

u = ui-\-U2 with ui e Bi, U2 G B2 and ui G A~^ ,U2 G A~^ . 

Show that it follows now that u e An Bi + An B2, and so A Pi (Bi + B2) is 
a subset of An Bi An B2- The desired result follows. 

(ii) Show that the lattice H is a Boolean algebra if E is Archimedean. 
Precisely, show that for any band B the band B^ is the complement of B in 
B. Observe at which point in the proof it is used that E is Archimedean. 

Exercise 9.8. Let E be a Riesz space. Show that E is Archimedean if and 
only if, for every non-empty subset D of E, the band generated by D is equal 
to 

Hint: Observe that if [D] is the band generated by E, then = [D]^ and 
so we have = [D]^^. 



10. Order Convergence and Uniform Convergence 

Let E be a Riesz space. The sequence (/^ : n = 1, 2 , . . .) in E is said to be 

increasing if fi < /2 < • • • and decreasing if fi > f2 > This will be 

denoted by fn ^ ov fn I respectively. If fn T and / = sup fn exists in E, we 
shall write /n T /• Similarly, if I and / = inf fn exists, we write fn i f- 
If /n T / OT fn i /, we say sometimes that fn converges monotonely to / as 
n tends to infinity. Note already that if fn T /j then /n + p T / + ^ for every 
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g e E. Similarly, fn I f implies fn + 9 I f + 9- Also, /„ T / if and only if 
i-fn) I (-/) and /„ i / if and only if (-/„) t (-/)■ It follows that /„ T / if 
and only if (/ - /n) i 0 and /„ i / if and only if (/„ - /) i 0. 

We prove a simple lemma. 

Lemma 10.1. (i) If fn ^ f; then frik T / for every subsequence {fm, • k = 

1,2,...) such that ni < n 2 < This holds in particular for any subsequence 

{fn ■ ^ ^ where no is an arbitrary but fixed natural number. Similarly 
for a decreasing sequence. 

(ii) // /n T / o,nd a > 0 zs real, then afn T cuf- Similarly for a decreasing 
sequence. 

(iii) // Pn i 0 qn I 0, then Pn + i 0- 

(iv) If 0 < rn < Pn I 0, then inf Tn = 0. Hence rn iO if rn is decreasing. 
Also, rn = 0 for all n if rn is increasing. 

Proof, (i) Let /n T / and let (/n^ : A: = 1, 2, . . .) be a subsequence such that 

ni < n 2 < Evidently / is an upper bound of the subsequence. If g is 

another upper bound of the subsequence and fm is an arbitrary member of 
the original sequence, there exists a member nk,o of the index set {uk • k = 

l, 2,.. .) such that m < nfc,o, so fm < fnk,o ^ 9- This shows that fm<9 holds 
for all m, so / = sup /m < P- It follows that / = sup /n^ • 

(ii) Evident. 

(iii) Let Pn i 0 and qn I 0. The sequence of all Pn 4- qn is decreasing 
and 0 is a lower bound of the sequence. If h is another lower bound and 

m, n are natural numbers, say m < n, then h < pn + qn ^ Pm + Qm and so 
h < inf n(Pm + Pn) = Pm- This holds for every m, so /i < infpm = 0. Hence 
inf (pn + Pn) = 0, i-e., Pn + Pn i 0- 

(iv) Let 0 < Tn < Pn i 0 with rn increasing. Note that, for any no, the 

sequence of all rn and the sequence (r„ : n > no) have the same upper bounds. 
For n > no we have rn < Pn ^ Pno ^ so pno is an upper bound of the sequence 
of all rn- This holds for every no, so 0 = inf Pno is likewise an upper bound. 
But then = 0 for all n. ■ 

Monotone convergence is a particular case of a more general notion of 
convergence which we now introduce. The sequence {fn :n = l,2,...)inE 
is said to converge in order to / if there exists a sequence Pn i 0 such that 
\ f - fn \^Pn holds for all n, i.e., (/ -Pn) < fn ^ (/ + Pn) for all n. We shall 
denote this by /n --> / or, if necessary, by /„ — > / (ord). The main properties 
of order convergence are listed in the following theorem. 
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Theorem 10.2. (i) If fn f o.nd fn g, then f = g . In other words, 
order limits are uniquely determined. 

(ii) If fn\ f or fn i f, then fn /. 

(iii) If fn f,9n 9 ond a, (i are real numbers, then afn + P9n 
af + p9- Furthermore /n V — > / V 3 and fn 9 n ^ f ^ 9 - In particular, 
if fn f, then /+ -+/+,/“ f~ and | /« HI / I- 

(iv) If fn ^ f and fn > 9 holds for all n, then f > 9. 

(v) If fn T or fn i and fn f, then fnlforfnlf respectively. 

(vi) If fn f, then fn,, -+ / for every subsequence {fn,, : k = 1,2,...) 

such that ni < ri2 < 



Proof, (i) Let I / - /n |< Pn i 0 and \ g - fn \< Qn I 0. Then, using part 

(iii) of the lemma, we have 

I / - 5 l<l / - /n I + I 5 - /„ |< p„ + i 0, 

SO \ f - 9 \= 0 , i.e., f = g. 

(ii) Evident. 

(iii) Let | / - /n |< Pn i 0 and \ g - gn Qn I 0, and let a, (3 be real 
numbers. Then 

I (a/ + P9) - (afn + p 9 n) |< 

H i ■ I / - /n I + I /3 I ■ I ff - |<| a I -Pn+ I /3 I i 0, 

SO a/n + /3pn Oif + f3g. Furthermore, using now one of the Birkhoff inequal- 
ities in Theorem 6.3, we have 



I / V 5f - /„ V c/„ |< 

I / V S' - /n V g I + 1 /„ V (? - /„ V i< 

I / - /n I + I S - Sn l< Pn + Sn i 0, 

SO /n V ^ / V p. The proof for / A p is similar. 

(iv) Let fn^f and /n > 0 for all n, so /“ =0 for all n. Since f~ f~ , 
it follows that f~ = 0, i.e., / > 0. If /„ -^ / and fn>g for all n, then 
fn- g ^ f - g and /n - P > 0 for all n, so / - p > 0, i.e., / > p. 

(v) Let fn T and \ f - fn \< Pn I 0. Then (/ - fn)~ is increasing and, 
on the other hand, 0 < {f — fn)~ :^| f ~ fn Pn i 0- Hence, by part (iv) 
of the lemma, (/ — fn)~ = 0 for all n, so / — /^ =| f — fn \- It follows that 
/ - /n i 0, so /n t /- 

(vi) Follows from part (i) of the lemma. ■ 




10. Order Convergence and Uniform Convergence 



49 



There is still another type of convergence, analogous to uniform conver- 
gence for sequences of functions on an interval. Let 0 < u e E. The sequence 

: n = 1, 2, . . .) in is said to converge u-uniformly to / if for any number 
€ > 0 there exists an index n{e) such that | f — fn eu for all n > n(e). Equiv- 
alently, there exists a sequence of numbers i 0 such that | f — fn CnU for 
all n. Similarly, the sequence is called an u-uniform Cauchy sequence if for any 
€ > 0 there exists an index n{e) such that \ fm — fn \< for all m,n> n{e). 
Evidently, every u-uniformly converging sequence is u-uniformly Cauchy. If 
fn converges u-uniformly to /, we shall write fn — > /(u-un). If 0 < u < u and 
fn -> f{u-un), then fn -> fiv-un). If u > 0 and u > 0, and fn /(u-un) as 
well as fn /(u-un), then fn /(u Au-un). The sequence {fn : n = 1, 2, . . .) 
in E is said to converge relatively uniformly to / if there exists an element 
u > 0 in E such that fn converges u-uniformly to /. This will be denoted 
by /n —^ / (un). The element u is then called the regulator of the relatively 
uniform convergence. Note that if fn f (un) and gn 9 (un), these se- 
quences may have different regulators, say u and u. Of course, both sequences 
are then (u V u)-imiformly convergent. 

The notion of relatively uniform convergence does not make much sense 
in a non- Archimedean Riesz space, because the same sequence may then have 
many different limits. In the next theorem, therefore, let us assume that E is 
an Archimedean Riesz space. 

Theorem 10.3. Let E he an Archimedean Riesz space. 

(i) If fn-^f (un), then fn-^f'lu order. Hence, if fn converges rela- 
tively uniformly to f as well as to g, then f = g. In other words, relatively 
uniform limits are uniquely determined. In general, order convergence of fn 
to f does not imply relatively uniform convergence. 

(a) If fn f (un), Qn g (un) and a, (3 are real numbers, then afn + 
P9n ocf + 09 (un). FuHhermore fn^ 9n f"^9 (un) and fn^9n ^ f ^9 

(un). In particular, if fn f (un), then /+ — > f~^ (un), f~ f~ (un) and 
I fn HI / I (un). 

(Hi) If fn f 'lu order and {fn : n = 1, 2, . . .) is an u-uniform Cauchy 
sequence, then fn converges u-uniformly to f. Hence, if for u > 0 and v > 0 
we have fn — » f{v-un) and {fn : n = 1,2, ...) is an u-uniform Cauchy 
sequence, then fn f{u-un). 

Proof, (i) Let fn f (un), i.e., there exists an element u > 0 in E* and 
a sequence of numbers (e^ : n = 1,2,...) such that we have j 0 and 
\ f — fn 1^ ^nU for all n. Since E is Archimedean, we see that CnU J, 0. This 
shows that fn converges to / in order. For an example of a sequence in an 
Archimedean space which converges in order but not relatively uniformly, let 
E be the space €oo of all bounded real sequences and, for n = 1, 2, . . ., let /^ 
be the element in £oo having the first n coordinates equal to zero and all other 
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coordinates equal to one. Then J, 0 in order, but there does not exist any 
u E (^oo)*^ for which fn converges u- uniformly to zero. 

(ii) Let fn~^f (un) and gn ^ 9 (un). To prove the desired result we 
may assume without loss of generality that the convergence in the two se- 
quences is with respect to the same regulator. The proof is then similar to the 
corresponding proof for order convergence. 

(hi) Let {fn : n = 1,2,...) be an it- uniform Cauchy sequence and let 
fn ^ f (ord). For any given e > 0 there exists an index n{e) such that 
\ fm — fn for all m > n > n(e), i.e., 

/n - < /m < /n + eti for m > n > n{e). 

Now, /yn -^ / in order as m tends to infinity, so (by part (iv) of the preceding 
theorem) the limit / satisfies 

/n - </</„+ eti for n > n(e). 

In other words, | / — /n eu for all n > n(e). This shows that fn converges 
tx- uniformly to /. ■ 



Exercise 10.4. Let u > 0 be given in the Archimedean Riesz space E and 
assume that every monotone u-uniform Cauchy sequence has an u-uniform 
limit. Show that every (not necessarily monotone) ix- uniform Cauchy sequence 
has an tx-imiform limit. 



Hint: Let (/„ : n = 1, 2, . . .) be an arbitrary tx-uniform Cauchy sequence. 
There exists a subsequence (/n^ : A: = 1, 2, . . .) such that ni < ri 2 < . . . and 

I fn^+i - Ink l< 2“*^ for fc = 1, 2, . . . . 

The partial sums of the series 



fill + (/n2 “ fni)'^ + if ns “ /n2)~*" + ‘ 

fni if ns ~ fni) "b (/ns ~ fns) “b 



form increasing xx-uniform Cauchy sequences, having therefore limits gi and 
92 respectively. Then the partial sums of 



fm -b if ns - /ni) + if ns ~ f ns) 

converge u-uniformly to ^ - 5 ^ 2 - Thus, fn^ 9{u-\m) as k tends to 

infinity. It follows easily that fn g{u-un) as n tends to infinity. 

The Archimedean Riesz space E is said to be uniformly complete if, for 
every u > 0 in £*, every tx-uniform Cauchy sequence has a limit. Sometimes 
there exists a particular element xxq > 0 in E* such that if we know only that 
every uq -uniform Cauchy sequence has a limit we may already conclude that 
E is uniformly complete. To mention an example where this is the case, note 
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that if for some u> 0 every ti-imiform Cauchy sequence has a limit, and v is 
either a positive multiple of u or u < tx, then every v- uniform Cauchy sequence 
has a limit. Combining these cases, we may conclude that if t; > 0 and v is 
an element in the principal ideal generated by u, then every u-uniform 
Cauchy sequence has a limit. Hence, if ^4^^ = E* and every tx-uniform Cauchy 
sequence has a limit, then E is uniformly complete. An element ix > 0 for 
which Au = E is called a strong unit for E (precisely, a strong order unit). 

Besides order convergent sequences there are order Cauchy sequences. 
The sequence (/n : ^ = I72,...) in the arbitrary Riesz space E is said to 
be an order Cauchy sequence if there exists a sequence Pn i 0 such that 
I fm — fn |< Pn for all m > n > 1. Note that any subsequence of an order 
Cauchy sequence is again order Cauchy. It is evident that any order convergent 
sequence is order Cauchy. The space E is order complete if every order Cauchy 
sequence has an order limit. Some details are contained in the next exercises. 

Exercise 10.5. Show that for the Riesz space E the following conditions are 
equivalent. 

(i) E is order complete. 

(ii) If pn T? i and gn — Pn i 0 in E, then there exists an element s € E 
such that Pn ^ s < Qn for all n. In this case s = sup(pn) = inf(g„). 

(hi) Every monotone order Cauchy sequence has an order limit. 

Hint: For the proof that (i) implies (ii), assume that Pn T, I and Qn —Pn i 
0. Then (p„ :rx = l,2 ,...)is order Cauchy, and so Pn order converges to some 
s e E. But then Pn hPn — ^ s, which implies p^ T s by Theorem 10.2(v). Since 
Pm ^ Qn for all m and fixed n, it follows that s < Qn- 

For the proof in the converse direction, assume that (ii) holds and let 
\ fm — fn |< ^Xn i 0 for m > n. We have to prove that fn converges in order. 
Set qi = /i + ixi- Then /^ < gi for n = 1, 2, — Set ^2 = ^1 A (/2 + 1x2). Then 
q2 < qi and fn < q2 for n = 2, 3 , . . .. Set gs = 92 A (fs + us). Then 93 < 92 and 

fn < 93 for n = 3, 4, Proceed by induction. Thus we obtain a sequence 

(g^ : n = 1, 2 , . . .) such that qn i and fm < 9n for m > n. Similarly we obtain 
a sequence Pn T such that fm > Pn for m> n. From qn~Pn < 2u^ it follows 
that qn — Pn I 0. In view of hypothesis (ii) there exists now an element s € E 
such that Pn ^ s < qn for all n. Finally, derive from Pn ^ fn ^ qn that 
\ s — fn qn — Pn i 0. This shows that fn converges in order to s. 

For (iii), observe that (i) implies (iii) trivially and (hi) implies (ii). 

Exercise 10.6. This is a sequel. Show that the following conditions for the 
Riesz space E are equivalent. 

(i) E is order complete. 

(iv) Every increasing order Cauchy sequence has a supremum. 
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(v) Every order Cauchy sequence has a supremum. 

As an illustration, assume that E is an order complete Riesz space and 
(fn) is a sequence of mutually disjoint elements in E'^ such that 5 = sup/n 
exists. Show that the sequence (/n), and hence every subsequence, converges 
in order to the null element. Derive from this that every subsequence of (fn) 
has a supremum. 

Hint: It is easy to see that (iv) is equivalent to condition (ii) in the pre- 
ceding exercise. It remains to prove that (iv) implies (v). Assume for this 
that (fn) is an arbitrary order Cauchy sequence; | fn — fn-\-m Pn i 0 for 

n, m > 1. Let Sn = /i V . . . V for n = 1,2, — The sequence (s„) is in- 

creasing and has the same upper bounds as (/n). It is sufficient, therefore, to 
prove that (sn) is order Cauchy. This follows from 

I ^n+m |~ | (Sn — 1 V fn) (Sn — 1 V fn V ... V /n+m) 

I fn ~ {fn V ... V /n+m) fn ~ fn+1 | ^ • • • V | /^ — /n+m Pm 

where we have used one of the Birkhoff inequalities and Exercise 6.7. 

For the example mentioned as an illustration, observe that if Sn = fi + 

H /n = /i V . . . V /yj for all n, then (sn) has the same upper bounds as (fn)- 

Hence sups^ = s, i.e., Sn T -s. Note now that fn ^ s — Sn I 0. 

A monotone sequence is a special example of the more general notion of 
a directed set. We present the definition of a directed set. 

Definition 10.7. Let {r} be a non-empty set, the elements of which will 
be denoted simply by r (in general {r} will be an infinite set, countable or 
uncountable), and let E be a Riesz space. Assume furthermore that to each 
T G {r} there is assigned an element fr € E, i.e., there is a mapping r ^ fr 
from {r} into E. The set {r} serves, therefore, as the index set for the set 
(/r). The set {fr : r G {r}) is said to be upwards directed if for any t\ and 
T 2 in {r} there exists T 3 G {r} such that fr^ > fn V fr 2 and the set is called 
downwards directed if there exists rs G {r} such that fr^ < fn A /t 2 • This is 
denoted by fr ov fr I respectively. If fr T and / = sup fr exists, we write 
fr T /• If fr i and / = inf fr exists, we write fr i /. 

The upwards directed sets {fr) and {pr), indexed by means of the same 
index set {r}, are said to be equidirected if for any ri and T 2 in {r} there 
exists an index ra G {r} such that fr^ > fn V fr 2 and Qr^ > Qn V Qr 2 hold 
simultaneously. The sets are equidirected in particular if and only if fr^ < fr 2 
holds if and only if < 9 t 2 holds. The definition for equidirected downwards 
directed sets is similar. 

Note that a downwards directed sequence is not the same as a decreasing 
sequence. As a simple example in the space R of real numbers, let a„ — n~^ 
for n = 1, 3, 5, . . . and = n~^ -f 1 for n = 2, 4, 6 , Then the sequence 
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{a-n : n = 1 , 2 ,...) is downwards directed, but not monotone. Furthermore, 
an I 0 holds as a directed sequence, but not in the familiar sequential sense. 
Also, if (6n : n = 1,2,...) is an arbitrary decreasing sequence of real numbers, 
then {an) and {bn) are equidirected, although it is not so that am < an holds 
if and only bm < bn holds. 

Theorem 10.8. The following results (and the proofs) are analogous to those 
for sequences in Lemma 10.1 and Theorem 10.2. 

(i) If fr T f, then {fr : fr > / to ) T / for any tq. 

(a) If fr ^ f and a>0 is real, then afr T o:/- 

(Hi) If Pr i 0,Qr i 0 and {pr), {Qt) equidirected, then Pr + i 0 • 

(iv) If 0 < rr < Pt i 0? ihen infr^- = 0. Hence, if {rr) is downwards 
directed, then rr 10. 

(v) If fr f^ Or ^ 9 {fr), {Qt) equidirected and if a > 0, P > 0 are 

real, then afr + Pgr ^ af + Pg. Also /r V T / V p and /r A Pr T / A p. /n 
particular T /"^ o.nd /“ | /”• 

Besides indexed subsets there are also some non-empty and non-indexed 
subsets D of E for which it makes sense to say that D is upwards or down- 
wards directed. 

Definition 10.9. The non-empty subset D of the Riesz space E is said to be 
upwards directed if for any two elements / and p in D there exists an element 
h ^ D such that h > / V p. The definition of a downwards directed set is 
similar. 

Note that if D is an arbitrary non-empty subset of E and we adjoin to 
D all finite suprema of elements of D, then the thus enlarged set is upwards 
directed. 
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As we have seen in section 7, the algebraic sum of two ideals in the Riesz 
space E is again an ideal, but the algebraic sum of two bands (even if these 
are disjoint) is not necessarily a band. In the converse direction it may be 
asked what can be said concerning disjoint ideals A and B in the Riesz space 
E if it is given that A 0 R is a band in E. In this case we may just as well 
assume that A 0 R = and an answer to the above question is contained in 
the following theorem. 

Theorem 11.1. If A and B are ideals in the Riesz space E such that A 0 
B = E, then B = A^ and A = B^, so A = A^^ and B = B^^. Hence, A and 
B are bands, each the disjoint complement of the other one. 

Proof. It follows from A0R = E that A and B are disjoint, so R C A^. It will 
be sufficient to prove that, conversely, A^ is a subset of R. For this purpose, 
assume that 0 < u £ A^. By hypothesis, u can be written as u = ui U 2 
with 0 < ui e A and 0 <U 2 € B. Since 0 < ui < u € A^ holds now, we have 
ui e A^. On the other hand we have ui e A. It follows that ui = 0, and so 
u = U 2 E B. This shows that A^ C R. ■ 

There is a variant of the theorem in which we assume A to be merely a 
linear subspace of E, but now R is immediately assumed to be the disjoint 
complement of A. 

Exercise 11.2. Show that if A is a linear subspace of the Riesz space E such 
that A 0 A^ = R, then A = A^^. 

Hint; To show that A^^ is a subset of A, let / € A^^ be given. By hypoth- 
esis f = fi + f 2 with /i € A C A^^ and f 2 Q A^. This is also the unique 
decomposition of / in A^^ 0 A^, so /2 = 0. It follows that f = fi E A. 

There is still another variant for the formulation of which it is convenient 
to introduce the following definition. The ideal C in the Riesz space E is called 
the order direct sum of the linear subspaces A and R if C = A 0 R and, for 
any tt > 0 in <7, the (unique) decomposition u = v + w with v G A and w E B 
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is such that u > 0 and w >0.li A and B are disjoint ideals and (7 = A 0 S, 
then this is an order direct sum by Theorem 7.6. In the converse direction we 
have the following theorem. 

Theorem 11.3. If the ideal C in the Riesz space E is the order direct sum 
of the linear sub spaces A and B, then A and B are ideals. Hence, if E is the 
order direct sum of the linear sub spaces A and B, then A and B are bands 
such that A = B^ and B = A^. 

Proof. Assume that the ideal C is the order direct sum of the linear subspaces 
A and B. We prove first that 0 < v < u £ A'^ implies v G To this end, 
set w = u — V, so u = V w with v >0 and w > 0. Since u € A~^ C and 
the ideal C is the order direct sum of A and B, there exist decompositions 
V = v\ + V2 and w = w\ + W2 with vi,wi in and U 2? ^2 in B^ . It follows 
that 



V 2 + W 2 = u — {vi+ wi) e AnB = {0}, 
so ^2 + '^2 = 0 , and hence V2 = W2 = 0. This shows that v = vi ^ A~^. 

In the next step of the proof we show that every f £ A can be written as 
f = Pi — qi with Pi and qi in A'^. For this, observe that / G A C C, so 
and f~ are members of C (since C is an ideal). Now, let /"^ = Pi +P2 and 
f- q^-\- q2 with pi,qi in A"*" and P2^q2 in B^. Then 

f = - f~ = {pi- Ql) + (P2 - 92), 



so 



P 2 - Q 2 = f - {pi - qi) ^ An B = {0}. 

It follows that f = Pi — qi with pi and qi in A+. 

For the final step, observe now that if / G A is given, then f = pi—qi with 
Pi and qi in A~^ as well as / = /"^ — /“ with 0 </"•“< pi and 0 < f~ < qi 
(see Theorem 5.6). Hence, and f~ are members of A"^ in view of the first 
part of the proof, so | / |G A“^. It has been proved thus that 0 <v <u £ A~^ 
implies v £ A~^ and also that / G A if and only if | / |g A. Therefore, A is 
an ideal. Similarly, B is an ideal. ■ 

For a further investigation of the situation we may assume now that B 
is a band in the Riesz space E and we may ask for conditions under which 
B ^B^ = E. Any band B satisfying this condition is called a projection band. 
In this case, if / = /i + /2 is the decomposition of an arbitrary f £ E a,s the 
sum of f I £ B and f2 ^ B^, the elements fi and /2 are called the components 
of f in B and in B^ respectively. If is a projection band, then so is B^. 
The converse does not necessarily hold (if E" is the lexicographically ordered 
space and B is the “vertical axis”, i.e., B is the set of all points (0, y), then 
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= {0} is a projection band, but B is not because B = B^^ does not hold). 
If, however, E is Archimedean, then B is a projection band if and only if 
is so (if B^ is a projection band, then B^^ is a projection band and B = B^^ 
holds). 

Before stating the next theorem we recall that the mapping T from the 
(real) vector space V into the (real) vector space W is called a linear mapping 
or linear transformation if 



T{af + pg) = aTf 4- pTg 

for all f,g in V and all real a,/?. Usually such a linear mapping is called 
a linear operator or, briefly, an operator. If T\ and T 2 are operators from 
V into V itself, the operator T 1 T 2 is defined by (T 1 T 2 )/ = Ti{T 2 f) for all 
f £V. Instead of TT we write T^. If the operator T (from V into V) satisfies 
= T, then T is said to be idempotent and T is called a projection. These 
definitions and notations are of course well-known from linear algebra. 

Theorem 11.4. (i) The band B in the Riesz space E is a projection hand if 
and only if for any u G E~^ , the element 

ui = sup(v : V e B^O < V < u) 

exists, and u\ is then the component of u in B. Similarly, 

U 2 = sup(^^; : w G B^, 0 < w < u) 

is then the component of u in B^. Hence, these suprema satisfy u = U 1 +U 2 
with ui £ B and U 2 £ B^. 

(a) For any f £ E, denote the component of f in the projection band B 
by Psf^ The mapping Pb from E into E itself has the following properties: 

(a) Pb is linear and idempotent (i.e., = Pb), so Pb is a projection. 

(b) 0 < Pbu < u holds for every u £ E'^ . 

On account of these properties Pb is called the band projection or order 
projection on the projection hand B. 

(Hi) In the converse direction, if P is a projection mapping E into E 
itself and such that 0 < Pu < u holds for every u £ E~^ , there exists a 
projection band B such that P is the band projection on B. 

Proof." (i) Assume first that .B is a projection band, so E = B ^ B^, and let 
u £ E^ have the decomposition u = u\ + U 2 . Define D by 

D = {v : V £ B,0 < v < u). 

For any v £ D, the element u — v has the decomposition 
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u-v = {ui-v) + U 2 , 

and so (since positive elements have positive components) we have ui—v>0, 
i.e., V < ui. This shows that u\ is an upper bound of D. On the other hand 
ui c D. Hence u\ = sup D. 

Assume now, conversely, that J5 is a band such that, for any u € 
ui = sup(v : V e B,0 < V < u) 

exists. Then u\ G H (since jB is a band), so it will be sufficient for the proof 
of JB 0 to show that U2 = u — u\ is a member of If not, we have 

p = U 2 A 2 ; > 0 for some z € B (recall that p > 0 denotes that p > 0 and 
p ^ 0). Then 0 < p G B, and also p < U 2 - It foUows that + p G B and 
ui + p < u\ + U2 = u, so 

+ p G {v : V £ B ^0 < V < u) . 



But then 



ui + p < svip{v : t; G B, 0 < u < u) = ui , 
so p < 0, which contradicts p > 0. As desired, it follows that tt 2 G B^. 

(ii) This is evident. 

(hi) This is a rather immediate consequence of the result in Theorem 11.3. 
Let B be the range of the operator P, i.e., B = (P/ : / G B). Similarly, let 
A be the range of the operator I — where I denotes the identity mapping, 
so A = {f — Pf : f £ E). Evidently, B and A are linear subspaces of E. 
Furthermore we have B fi A = {0}. To prove this, observe that any f £ Bn A 
satisfies f = Pg for some p G B as well as f = h — Ph for some h £ E, and 
so 



f = Pg = p‘^g = P{Pg) = P{h - Ph) = Ph - P’^h = 0. 



The algebraic sum B + A is therefore a direct sum B 0 A. Since / = Pf + 
(/ - Pf) holds for every f £ E, we see that B 0 A = B. Finally, since by 
hypothesis u > 0 implies Pu > 0 and u — Pu > 0, the space B is the order 
direct sum of B and A. It follows now from Theorem 11.3 above that B is 
a band such that B^ = A, and so B 0 B^ = B. Thus we see that B is a 
projection band, and evidently P is the band projection on B. ■ 

If B is a principal band we can say more. Recall that the ideal Ay generated 
by the element v £ E'^ consists of all / G B satisfying [ / |< nt; for some 
natural number n = Uf. The band [A^] generated by Ay is called the principal 
band generated by v. Let now u £ B+ be given and let D and B* be the subsets 
of [A^]"^, defined by 



D = {w : w £ [A^], 0 < to < ti). 
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D* = (u A nv : n = 1, 2, . . .). 

We shall prove that D and D* have the same upper bounds. Since D* is a 
subset of D it is evident that any upper bound of D is an upper bound of D* . 
To prove the converse, note that any w £ D satisfies 

w = sup(z : z G Ay, 0 < z <w) 

by Theorem 7.8. Denote the set {z : z £ Ay,0 < z < w) by so w = sup Syj. 
Now, any of these z £ Syj satisfies z < UzV for some natural number n^, so it 
follows from 0 < z < u and 0 < z < that 0 < z < u A (n^u). This shows 
that any upper bound s of D"' is an upper bound of all z £ Syj, and so s is 
an upper bound for w = sup Syj, i.e., s>w. This holds for every w £ D, so s 
is an upper bound of D. Thus, every upper bound of D* is an upper bound 
of D. It follows that D and D* have the same upper bounds. In particular, 
sup D* exists if and only if sup D exists and these suprema are then the same. 
Now, in view of our last theorem, the band [^^1 is a projection band if and 
only if, for any u £ the element ui = supD exists and in this case u\ is 
then the component of u in [Ay]. Since supD = supD*, the following result 
has been proved therefore. 

Theorem 11.5. The principal band [Ay], generated by v £ E~^, is a projec- 
tion band if and only if for any u £ E~^ the element 

ui = sup(u A (nv) : n = 1, 2, . . .) 

exists, and in this case u\ is the component of u in [Ay]. 

Corollary 11.6. Let u £ where [Ay] is the principal band generated 

by V £ E~^. Then 



u = sup(u A {nv) : n = 1, 2, . . .). 

Proof. Follows from the last theorem by observing that [Ay] is a Riesz space 
on its own and [Ay] itself is a projection band in this space. Note that [Ay] is 
not necessarily a projection band in E. ■ 

At this point we introduce a notion intermediate between an ideal and a 
band. Recall that a band in the Riesz space E is an ideal A with the special 
property that if D is any subset of A such that the element sup D exists in 
E, then sup D £ A. If this does not necessarily hold for every subset D of A 
possessing a supremum but only if D is at most countable, then A is called a 
a -ideal. In other words, the ideal A in £" is a cr-ideal whenever it follows from 
/n G A for n = 1 , 2 , . . . and / = sup fn that f £ A. Every band is a a-ideal 
but, in general, a cr-ideal is not a band. Example: Let E be the Riesz space of 
all real functions on the interval [ 0 , 1 ], with the algebraic operations and the 
ordering pointwise, and let A be the ideal of all / G E" such that /(x) 7 ^ 0 
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holds for only finitely or countably many x G [0, 1]. The ideal A is a cr-ideal, 
but A is not a band. 

The cr-ideal Acj generated by the ideal A is, by definition, the smallest a- 
ideal having A as a subset, i.e., Ag- is the intersection of all cr-ideals containing 
A as a subset. For the positive elements in Ag there is a characterization sim- 
ilar to the characterization of positive elements in the band [A] (see Theorem 
7.8). 

Theorem 11 . 7 . Let Ag be the a -ideal generated by the ideal A in the Riesz 
space E. Then AJ consists of all u G for which there exists a sequence 
{un : n = 1, 2, . . .) in A~^ such that 0 < 't u. 

Proof. Let B be the set of all u G such that u = sup u* for some sequence 
(li* : n = 1, 2, . . .) in A+. Then, if Un = u\\/ . . .Vu* for all n, we have Un G A+ 
and 0 < Un T ^ holds for the increasing sequence (un) in A'*". The proof that 
A+ = B is now exactly the same as the corresponding proof in Theorem T.S.m 

Corollary 11 . 8 . Every principal a-ideal is already a band, i.e., the set of all 
principal a-ideals is the same as the set of all principal bands. 

Proof. Let {Ay)g and [Ay] be the cr-ideal and the band generated by u G E~^. 
We have to prove that any u > 0 in [Ay] is already contained in {Ay)g. As 
proved in Corollary 11.6, any u > 0 in [Ay] satisfies 

u = sup(u A (nv) : n = 1, 2, . . .). 

Hence, writing Un = u A {nv) for n = 1, 2, . . ., we have Un G Ay for all n and 
0 < Un 'I u. In view of the last theorem this shows that u E (Ay) g. ■ 

If every band in the Riesz space E is a projection band, then E is said to 
have the projection property. Similarly, if every principal band is a projection 
band, then E is said to have the principal projection property. 

As a preparation for a more general result in the next section (Theo- 
rem 12.3), we shall prove already that if E has the principal projection prop- 
erty, then E is Archimedean. Also, as an example, we show that the space 
C([0, 1]) of all real continuous functions on the interval [0,1] does not have 
any projection bands at all, except (0) and C([0, 1]) itself. 

Theorem 11 . 9 . If the Riesz space E has the principal projection property, 
then E is Archimedean. 

Proof. Let 0 < nv < u for n = 1,2, We have to prove that u = 0. It 

follows from 0 < nv < u that u A (nv) = nv for n = 1,2,... and it follows 
from the principal projection property that the component uq of u in the 
principal band [Ay] exists. The component uq is given by 
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uo = sup{u A {nv)}. 

n 

In other words, uq = sup„ nv in this case. But then 

2uq = s\ip 2 nv = snpnv = uo, 

n n 



SO txo = 0. It follows that t; = 0. ■ 

Example 11.10. Let E = C([0, 1]) be the Riesz space of all real continuous 
functions on [0,1] and assume that B is a projection band in E different 
from (0) and E itself. Let e £ E he the function satisfying e{x) = 1 for all 
X € [0, 1]. Note that the band generated by e is E itself (the ideal generated 
by e is already equal to E). Since B is a projection band, we have e = ei +C2 
with 0 < Cl C B and 0 < 62 C If ei would be identically zero on [0,1], we 
should have e = 62 € so = E, which would imply B = (0), contrary 
to hypothesis. Hence, ei is not identically zero. Similarly, 62 is not identically 
zero, so ei is not identically one. Since ei A 62 = 0 and ei(x) 4- e 2 {x) = 1 for 
every x € [0, 1], it is also impossible that ei assumes on [0, 1] a value strictly 
between zero and one. Hence, ei is a continuous function on [0,1] assuming the 
values zero and one and no intermediate value. This is impossible. It follows 
that (0) and C([0, 1]) are the only projection bands in C([0, 1]). Note that 
C([0, 1]) is an example of an Archimedean space not possessing the principal 
projection property. 



12. Dedekind Completeness 

We recall the definitions of Dedekind completeness and Dedekind cx-com- 
pleteness, as given in Definition 1.3 for a partially ordered set. For the case 
that the partially ordered set is a Riesz space E, the space E is Dedekind 
complete whenever every non-empty subset D of E that is bounded above 
has a supremum. As follows from Theorem 1.4 or alternatively, as follows 
from the observation that 

inf(/:/GZ)) = -sup(-/:/€i?), 

it is evident that every non-empty subset of E that is bounded below has 
then an infimum. The space E is Dedekind <j-complete whenever every non- 
empty countable subset of E that is bounded above has a supremum. Here 
it follows from the formula mentioned above that every non-empty subset 
that is bounded below has then an infimum (Theorem 1.4 cannot be applied 
now). We prove first of all that in these defining conditions we may restrict 
ourselves to upwards directed subsets of positive elements. The definition of 
an upwards directed set was given in Definition 10.9. 
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Theorem 12.1. (i) The Riesz space E is Dedekind complete if and only if 
every non-empty subset of that is upwards directed and bounded above 
has a supremum. 

(a) The Riesz space E is Dedekind a -complete if and only if every in- 
creasing sequence in E^ that is bounded above has a supremum (in other 
words, if and only if it follows from 0 < Un < that there exists an element 
uq E E such that 0 < Un T '^o)- 

Proof, (i) If E is Dedekind complete, the condition in the statement of the 
theorem is evidently satisfied. Conversely, assume this condition satisfied and 
assume that D is a non-empty subset of E such that D is bounded above. 
We have to prove that sup D exists. Without loss of generality we may also 
assume that D contains all finite suprema of its elements (because adjoining 
to D all finite suprema of its elements does not have any effect on the set 
of upper bounds of D). Now choose an element fo £ D and denote the set 
(/ V/o : / € D) by jDi. The sets D and D\ have the same upper bounds, so it 
is sufficient to show that sup D\ exists. Note that Di is upwards directed and 
every f E D\ satisfies / > /o- Let D 2 be the subset of E~^ defined by D 2 = 
(/ “ /o • / C Di). Then D 2 is upwards directed and bounded above. Hence, 
by hypothesis, sup D 2 exists. This implies that sup D = sup Di = sup D 2 + /o 
exists as well. 

(ii) The proof is similar, based on the observation that if (/„ : n = 1, 2, . . .) 
is a sequence that is bounded above and Qn = /i V . . . V /„ for all n, then 
{qji : n = 1,2, . . .) is an increasing sequence having the same upper bounds 
as {fnin = 1,2,...). ■ 

Before proving now that every Dedekind complete Riesz space has the 
projection property, we observe that Dedekind completeness trivially implies 
the property to be Archimedean. Indeed, the Riesz space E is Archimedean 
whenever 0 < nu < u{n = 1,2,...) implies t; = 0. Assume now that E is 
Dedekind complete and let 0 < nv < tt for n = 1,2, — Then, in view of 
the Dedekind completeness, uq = sup^ nv exists. Hence 2uq = sup„ 2nv = 
sup„ nv = Uq, so Uq — 0, which implies v = 0. 

In general, as shown already in section 7, the direct sum of disjoint bands 
in a Riesz space E is not a band. If E is Dedekind complete, however, a direct 
sum of disjoint bands is again a band. Moreover, if the bands are each other’s 
disjoint complements, their direct sum is E, i.e., every band is a projection 
band. 

Theorem 12.2. Let E be a Dedekind complete Riesz space. Then the follow- 
ing holds. 

(i) If B\ and B 2 are disjoint bands in E, then B\^ B 2 is a band. 

(ii) Every band B in E satisfies B ^ B^ = E, i.e., every band B in E is 
a projection band. 
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Proof, (i) Let B\ and B 2 be disjoint bands in E and let D be an upwards 
directed (non-empty) set in {Bi 0 B 2 )'^ such that supD = sup(it : u e D) = 
uq exists in E. It is sufficient to show that uq e Bi Q B 2 (see Theorem 
7.4(ii) ). For any u e D there exists a unique decomposition u = Vu + Wu 
with 0 < Vu ^ Bi and 0 < Wu ^ B 2 - Note here that the sets D = {u : 
u e D), Di = {vu : u € D) and D 2 = {wu : u e D) are indexed by the set 
D = {u : u e D) itself. Since ui < U 2 (with u\ and U 2 in D) implies < Vu 2 
and Wui < Wu 2 by Theorem 7.6, it is clear that the sets Di = {vu : u e D) 
and D 2 = {wu : u e D) are upwards directed. More precisely, the sets D, D\ 
and D 2 are equidirected. Note here that if us > ui and us >U 2 , then 

Vu 3 > ^ui V Vu 2 as well as Wu^ > V Wy,^. 

With the notations of Definition 10.7 and Theorem 10.8 we have 0 < tt | 
uq, 0 < Vy < Uq and 0 < Wy < uq and hence, in view of the Dedekind com- 
pleteness of E, there exist elements ui and U 2 in E such that Vy ^ ui and 
Wy t U 2 . All Vy are members of the band Bi and ui = supt;^£, so u\ E B\. 
Similarly, U 2 E B 2 . It follows now by Theorem 10.8(v) from the equidirected- 
ness of the sets (vy) and (wy) that u = Vy-\- Wy t iti + U 2 - On the other hand 
we have u ^ uq, and so uq = Ui U 2 . This shows that uq E Bi ^ B 2 , which is 
the desired result. 

(ii) Let B be a band in E. Then C = B 0 is a direct sum of disjoint 
bands, so C is a band (in view of the just established result in part (i) ). Any 
/ disjoint to C is disjoint to B as well as to so / G B n B^, i.e., / = 0. 
This shows that = (0), and so C = = E (the equality C = holds 

since E is Archimedean). ■ 

The next theorem is sometimes referred to as the “main inclusion theo- 
rem” . 

Theorem 12.3. The following holds in any Riesz space E. Dedekind com- 
pleteness implies Dedekind a -completeness and it also implies the projection 
property. Each of these last two mentioned properties implies the principal 
projection property and the principal projection property implies that E is 
Archimedean. 

Proof. It is evident that Dedekind completeness implies Dedekind cr-comple- 
teness and that the projection property implies the principal projection prop- 
erty. Furthermore, it was proved in the last theorem that Dedekind complete- 
ness implies the projection property and it was proved in Theorem 11.9 that 
if E has the principal projection property, then E is Archimedean. It remains 
only to prove that Dedekind cr-completeness implies the principal projection 
property. Hence, assume E Dedekind d-complete and let By be the principal 
band in E generated by t; G E~^. To show that By is a projection band we 
have to show that for any u E E~^ the element 
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sup{u A n-u : n = 1, 2, . . .) 

exists (see Theorem 11.5). Writing Wn = u A nv for n = 1,2, . . ., we have 
0 < Wn < u, and so sup Wn exists since E is Dedekind a-complete. ■ 

It can be proved that in the main inclusion theorem no implication in the 
converse direction holds and also that Dedekind cr-completeness and the pro- 
jection property are independent properties. In Example 11.10 it was shown 
already, for example, that C([0, 1]) is an Archimedean Riesz space not pos- 
sessing the principal projection property. Several other examples can be found 
in the exercises. First, however, it will be proved now that if E has any of the 
properties mentioned in the main inclusion theorem and A is an ideal in E, 
then A has the same property. 

Theorem 12.4. If the Riesz space E has one of the properties in the main 
inclusion theorem and A is an ideal in E, then A has the same property. 

Proof. Assume E Dedekind complete. To show that the ideal A is Dedekind 
complete, assume that D is a (non-empty) subset of A"*", bounded above by 
V G say. Then uq = supD exists in E", and it follows from 0 < ito < 
that uq G a. This shows that A is Dedekind complete. The proof for Dedekind 
<j-completeness is similar. 

The proof for the projection property is a little more difficult. Assume that 
E has the projection property and let E be a band in A. We have to show 
that E is a projection band in A, i.e., we have to show that for any u G A"*" 
the set 



V — {v : 0 < V < u,v E B) 

has a supremum in A. It will be sufficient to show that V has a supremum 
uq in E such that uq is a member of A, because then uq is obviously the 
supremum of V in A. Let [B] be the band in E generated by B. Since E has 
the projection property, [B] is a projection band, and so the set 

W = {w : Q < w < u^w ^ [B]) 

has a supremum uq in E. It is evident that uq g A(on account of0<uo<ue 
A). Hence, it will be sufficient to show that the sets V and W are identical. 
For this, since F is a subset of W, we have to show that any w e W is a. 
member of V. Let w e W. Since 0 < w < u E A and A is an ideal, we have 
w e A, so w e A n [B]. But w is the supremum of a set of positive elements 
in A n E and E is a band in A, so w itself is a member of A n E, i.e., w e V. 

The proof for the principal projection property is similar; note that if E 
is the principal band in A generated by the element v G A"^, then [E] is the 
principal band in E generated by v. 

The proof for the Archimedean property is trivial. ■ 
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Example 12.5. (i) The n-dimensional real number space with the usual 
coordinatewise ordering, is a Dedekind complete Riesz space. The space E^, 
with the lexicographical ordering, is not even Archimedean, and therefore 
does not have any of the properties in the main inclusion theorem. 

(ii) The Riesz space of all real functions on the arbitrary (non-empty) 
point set X, with pointwise ordering, is Dedekind complete. The supremum 
of any (non-empty) set D of functions such that D is bounded above is the 
pointwise supremum. In the case that X = (1,2,...), the corresponding Riesz 
space is the space (s) of all real sequences. Hence, (s) is Dedekind complete 
and so is any ideal in (s), such as the space £p of all bounded sequences or 
the space (cq) of all sequences converging to zero. Another class of ideals is 
the class of all sequence spaces £p, where 0 < p < oo. The space £p is the 
linear subspace of (s) consisting of all sequences / = (/i ,/25 • • •) such that 
£n I fn 1^ converges. The proof that £p is linear follows immediately from 
the simple inequality 

(a + b)P < 2^{max(a, b)Y = 2^ max(a^, F) < 2^(a^ + 6^), 

holding for a > 0, 6 > 0. It is evident that for 0 < p < g < oo the space £p is 
a linear subspace of £q. 

(iii) As in Example 9.5, let p be a non-negative coimtably additive measure 
in the non-empty point set X and let Lq = Lo{X,fi) be the corresponding 
Riesz space of all real p-measurable functions on X (with identification of 
p-almost equal functions). If the measure is cr-finite, i.e., if X is a finite or 
countable union of sets of finite measure, then Lq is Dedekind complete. For 
the proof, assume first that p is a finite measure, i.e., 0 < p(X) < oo.. Let D 
be a non-empty subset of Lq , bounded above by the function v € Lq , where 
we assume first that u is a boimded function (so vdfji exists as a finite 
number). For the proof that supD exists in Lq it may be assumed without 
loss of generality that D contains all finite suprema of its elements. The set 
P of non-negative numbers 

( / udfjL : u E D) 

Jx 

is bounded above by vdfjL, so a = sup P exists and there is a sequence 
{un - n = 1,2,...) in D such that Undfj, converges to a. Again without 
loss of generality we may assume that Un t (replace by tti V • • • V if 
necessary). On account of 0 < Un < v the supremum uq — supun exists in 
Lq (as an ordinary pointwise supremum) and uodfx = a. We assert that 
Uq = supD. For the proof, choose an arbitrary tx* € D. Then u* V Un E D 
for all n and u* \/ Un f u* \/ uq, which implies 
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On the other hand, the integral on the left is a member of the set P of all 
numbers {J^udu : u € D), so the integral cannot be larger that a, and 
therefore is equal to a. This implies that 

/ {{u* V uo) ~ uojdfj, = 0, 

Jx 

and so {u* V uq) — uq = 0 almost everywhere, i.e., u* < uq. This holds for 
every u* G D, so uq = supD. 

Assume now that the upper bound v G Lq of the set D is not necessarily 
a bounded function. Let e be the function identically one on X and, for n = 
1,2,.. ., let Vn — V Ane and Dn = {u A ne : u e D). Then Vn is a bounded 
function and Vn is an upper bound of Dn^ so = supD^i exists in Lq. Prom 
^no ^ 'y it follows that uq = sup^ u„o exists and it is easily seen that 

Uq = sup(u A ne : u G JD, n = 1, 2, . . .) = sup(n : u e D). 

This concludes the proof for the case that /i(A') is finite. 

Now let = 00 , where X is a countable union of sets Xn{n = 1,2,...) 
of finite measure. Then, if Sn = for n = 1, 2, . . ., the sequence (5^) 

is increasing and X = UnSn- Hence, if Yi = 5i = X\ and Yn = Sn\Sn-i 
for n = 2, 3, . . ., the sets Yn are of finite measure and mutually disjoint, and 
X = UnYn- For brevity, denote the characteristic function of Yn by Xn- As 
before, let D be a non-empty subset of Lj, bounded above by the function 
V G Lq . Now, let Dn = {uXn : n G D) for n = 1,2, — Then the set Dn is 
non-empty and bounded above by the function vXn- Hence, in view of what 
was proved already, Uno = supjDn exists in Lq. Evidently, the function 

Uq = sup UnO — ^ ^nO 
n 

n 

is the supremum of D. This concludes the proof. 

It follows that every ideal in Lq is Dedekind complete, such as for example 
the space L^q = I/oo(X, ju) of all bounded /x-measurable functions. To say 
that / G Lq is boimded means that there exists a constant M > 0 such that 
\ f{x) \< M holds for almost every x e X (the exceptional set depending on 
the choice of / in its equivalence class). Another important class of ideals in Lq 
is the class of all spaces of Lp -type. If p{0 < p < oo) is given, Lp = Lp{X, fx) 
is the space of all /x- measurable functions on X such that | /(x) dpi 
is finite. The linearity of Lp follows (as in the preceding example) from the 
inequality (a 4- hy < 2'^{oP 4- 6^), holding for all a > 0, 6 > 0. 

Note that ifX = (1,2,...) and p is the counting measure in X (i.e., for 
any arbitrary subset Y of X the measure p{Y) is the number of points in Y), 
then Lq{X, p) is the space (s) of all real sequences, the space Loo(X, p) is £oo 
and, for 0 < p < 00 , the space Lp{X,p) is ip. 
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(iv) Let Eb be the Riesz space of all bounded finitely additive signed 

measures on the algebra F of subsets of the non-empty set X, as introduced 
in (7) of Example 4.2. The space is Dedekind complete. For the proof, 
assume that D is an upwards directed subset of bounded above by the 
element A G E'^(z.e., /i < A for all G D). It is easy to see that if is 

defined now for any A e F as the supremum of the set (/x(^) '■ fi ^ D)^ then 
liQ G E^ and /iq = sup(/x : fi e D) holds in Et,. 

(v) Let [a, b] be a closed interval in M and let E be the vector space of 
all (real) linear functions on [a, 6], i.e., E consists of all functions of the form 
f{x) = ax -h 0 {a,f 3 real) for x G [a, 6]. Note that every f e E is uniquely 
determined by its values at the endpoints of [a, 6]. The space E is ordered 
pointwise, i.e., if / and g are elements of E, we define f < g whenever 
f{x) < g{x) for all X G [a, 6]. This makes E into a Riesz space; the function 
h = f y g is the linear function satisfying 

h{a) = max{f{a),g{a)} and h{b) = max{/(6), ^(6)}. 

It is now easy to see that E is Dedekind complete. 

As a simple exercise we determine the set of all bands in E. Let e G 
E~^ be defined by e{x) = 1 for all x G [a, &], let ei G E'^ be defined by 
ei{a) = 0, ei(6) = 1 and let C2 C E'^ be defined by 62(a) = 1,62(6) = 0. 
Then 61 + 62 = 6 and 61 A 62 = 0 (so 61 and 62 are disjoint in E). Let Ei 
and E2 be the bands generated by 61 and 62 respectively. Then jEi 0 £^2 = E. 
Furthermore any element in Ei must be a multiple of 61, so the only bands 
contained in Ei are (0) and Ei itself. Similarly for E2- It follows easily that 
((0), El, E2, E) is the set of all bands in E. 

In the exercise which follows now it is indicated how to prove that in the 
main inclusion theorem there are no inclusions in the converse direction. 

Exercise 12.6. (i) We define a Dedekind cr-complete Riesz space not possess- 
ing the projection property, and therefore the space is not Dedekind complete. 
For this, let E be the Riesz space of all (real) bounded functions on [0,1] such 
that f{x) ^ /(O) holds for at most countably many x, with pointwise order- 
ing. Show that if 0 < Un < t’ holds for the sequence {un '■ n = 1,2 , . . .) in 
E, the function sup exists in E (it is simply the pointwise limit of the se- 
quence). Hence, E is Dedekind cr-complete. To show that E does not have the 
projection property, let (for example) A be the band consisting of all / G E 
vanishing on [0,^ /2], so that, therefore, A^ is the band of all / G E vanishing 
on (^/2, !]• Show that every / in A 0 satisfies /(O) = 0, which implies 
that A 0 A^ 7^ E. Note that E has the principal projection property (because 
E is Dedekind cr-complete), so this example shows also that the principal 
projection property does not imply the projection property. 

(ii) We now define a Riesz space possessing the projection property, but 
the space is not Dedekind cr-complete, and therefore not Dedekind complete. 
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Let E be the Riesz space of all (real) bounded functions on [0,1] assuming 
only a finite number of different values, with pointwise ordering. For the proof 
that E has the projection property, let A be an arbitrary band in E. Set 

Xi = {x : f{x) ^ 0 for at least one / G A) 

and X2 = [0, l]\Xi, and denote the characteristic functions of Xi and X2 
by xi and X2 respectively. Show that consists of all f e E vanishing on 
Xi, and so A = A^^ consists of all f e E vanishing on X2. Show then that 
/ = fXi + fX2 with fxi C A and fx2 ^ A^ holds for every f € E, so E = 
A 0 A^. To show that E is not Dedekind cr-complete, take (for example) the 
sequence {Un : n = 1, 2, . . .) in where Un{x) = x for x = 1,^ /2, • - • / /n and 
Un{x) = 0 for all other x. Then 0 < < e holds in E", where e{x) = 1 for all x. 

Evidently, sup Un does not exist in E. Note that E has the principal projection 
property, so this example shows that the principal projection property does 
not imply Dedekind cr-completeness. 

(iii) We finally define a Riesz space possessing the principal projec- 
tion property, but neither the projection property nor the property of being 
Dedekind <j-complete. Let X = (0, 1, 2, . . .) and let E be the Riesz space of 
all (real) bounded functions on X such that f{x) 7^ /(O) holds for at most 
finitely many x e X, with pointwise ordering. To prove that E has the princi- 
pal projection property, let v G E+ be given and let A be the principal band 
generated by v. Set 

^1 = (^ • f{x) 7^ 0 for at least one f e A) = (x : v{x) > 0) 

and X2 = X\Xi^ and denote the characteristic functions of these sets by xi 
and X2 respectively. If u(0) = 0, then Xi consists of a finite number of points 
and the point 0 G X is contained in X2. If v{0) > 0, then Xi contains all but 
a finite number of points and the point 0 G X is contained in Xi . Show that 
in both cases / = fxi 4- fx2 with fxi G A and fx2 ^ A^ holds for every 
f e E, so E = A0 A^. Show, similarly as in part (ii), that E is not Dedekind 
cr-complete. To show that E does not have the projection property, let (for 
example) A be the band defined by 

A = {f E E : f{x) = 0 for x = 1, 3, 5, . . .). 



Then 



A^ = {f e E : f{x) = 0 for X = 2, 4, 6, . . .), 

so every / G A 0 A^ satisfies /(O) = 0, and hence A 0 A^ is a proper subset 
of E. Precisely, show that A 0 A*^ is the set of all / G E for which /(O) = 0. 

We insert a brief interlude about the notions of the limsup (limes superior) 
and the liminf (limes inferior) of a sequence in a Riesz space. Let (/^ : 
n = 1,2,...) be a sequence in the Riesz space E with the property that 
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= sup(/;c : k > n) exists in for n = 1, 2, Evidently, : n = 1,2,...) 

is a decreasing sequence. If there exists an element g £ E such that gn i g^ we 
write g = limsup /n- Similarly, we write h = liminf /„ if hn = inf(/^ : k >n) 
exists for n = 1,2,... and hn 't h. If both lim sup fn and lim inf fn exist, then 
liminf/n < lim sup /n, and if they coincide, say lim inf /„ = lim sup /„ = /, 
then fn converges in order to /. For the proof, note that 

(/ - fn)^ < (/ - hnV =f-hnlO, 

if -fn)- = {fn - fr < iOn - /)+ = ~ / i 0, 

SO I / - /n \< {f - hn) -f- {gn - f) I 0, i.e., fn Converges in order to /. If E is 
Dedekind cr-complete, there is a more complete result. 

Theorem 12.7. Let the sequence {fn : n = 1,2,...) in the Dedekind cr- 
complete Riesz space E be bounded (that is to say, bounded above as well 
as bounded below). Then lim sup /„ and lim inf /„ exist and fn converges in 
order to f if and only if 



f = lim sup fn = lim inf /„ 



Proof. We have only to prove that \ fn~ f Un I ^ implies / = lim sup fn = 
liminf/n- As above, let gn = sup{fk : k > n) and hn = ii^f {fk '■ k > n) for 
n = 1,2, — The existence of gn and hn is clear in view of the Dedekind 
(7-completeness of E. It follows from | / — /n i 0 that 



f ^ hn ^ gn ,^ / d" Un 



for all n. Then 



gn < f ^Un I f and gn i limsup /n, 
so lim sup /n < /. Also 

hn> f -Unl f and hn T liminf /n, 

so liminf/n > /. Combining these results, we see that / = lim sup /n = 
liminf/n- ■ 

As defined, the Archimedean Riesz space E is uniformly complete if, for 
every u > 0 in E, every u-uniform Cauchy sequence has a u-uniform limit (see 
section 10). In view of the result in Exercise 10.4 it is already sufficient for 
uniform completeness that, for every u > 0 in JF, every monotone it- uniform 
Cauchy sequence in E'^ has a it-uniform limit. This enables us to prove readily 
that every Dedekind cr-complete Riesz space is uniformly complete. 



Theorem 12.8. If E is a Dedekind a -complete Riesz space, then E is uni- 
formly complete. 
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Proof. Let u> Ohe given in the Dedekind cr-complete space E and let 0 < i;n 
be a n-uniform Cauchy sequence in E~^. We have to prove that the sequence 
has a u- uniform limit. For any e > 0 there exists a natural number such 
that \ Vm — Vn 1^ for m^n > rxe, so 

Vn - < Vm < Vn ^ (1) 

for m > n > rie. It follows that the sequence {vm : m = 1, 2, . . .) is bounded 
above, and so (by the Dedekind cr-completeness) v = snpvm exists in E~^. 
But then, in view of (1), we have 

Vn — €U < V < Vn + €U 

for all n > rig, i.e., v — Vn < eu sls well as Vn — v < €u, and so | u — |< eu 

for all n > This shows that v is the u-uniform limit of the sequence 
(un : n = 1,2,. ■ 

Dedekind (j-completeness, and even the principal projection property, is 
by no means necessary for uniform completeness, as shown by the space 
C([0, 1]) of all real continuous functions on the interval [0,1]. 

Exercise 12.9. Show that there exists a Riesz space possessing the projection 
property but such that the space is not uniformly complete. 
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13. Complex Riesz spaces 

All Riesz spaces in the preceding sections are real Riesz spaces. We shall now 
define complex Riesz spaces and then extend a considerable part of the theory 
to these complex spaces. Recall first that the Cartesian product X xY oi the 
non-empty sets X and Y is the set of all ordered pairs (x, y) such that x E X 
and y £ Y. In the case that X = Y = F, where F is a real vector space, 
we can equip the Cartesian product F x F with a vector space structure by 
defining 



+ if2i92) = (/i + f2,9i + 92 ), 

{a + i/d)(/, 9 ) = {af - f3g, (3f + ag) for a, (3 real numbers, 

and the so defined complex vector space is denoted by F iV . Note that 
(/, 0) + (^,0) = (/ 4- 5 ^, 0 ) and a{fj0) = (o:/, 0) for a real. Hence, identifying 
/ € F and (/, 0) € F -hiF, the space F is embedded in F + iF as a real-linear 
subspace. Note also that i{g, 0 ) = (0,g) by the above definition, so 

if, 9 ) = if, 0 ) + ( 0 , g) = if,o) + iig,0). 

Hence, in view of the mentioned identification, we may now write f + ig 
instead of {f,g)- If h = / + ig with / and g in F, we write / = Reh and 
g = Imh. 

If F is the space E of real numbers, then F -h iF = E -h iE is the space C 
of complex numbers with the usual addition and multiplication (of course, in 
an expression such as af we have to see a as a complex multiplier and / as 
an element of the space C, but the outcome af is the familiar product of the 
complex numbers a and /). 

Let now be a (real) Riesz space and let E ^%E he its complexification. 
The space E iE can be partially ordered coordinatewise, i.e., fi + igi < 
f 2 + W 2 whenever fi < /2 and gi < g 2 > Then E + iE is a. Riesz space and, for 
h = f Y ig{f and g in E), the element | h | is given by | /i |=| / | | p |. The 

role of multiplication by complex numbers, however, is completely obscured in 
this manner. In fact, E-\-iE is now nothing else but the space E^ in disguise. 
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Technically speaking, E -\-%E and are isomorphic Riesz spaces. Moreover, 
in the case of complex numbers (i.e., £* + iEJ is R + zE = C), the absolute 
value of z = a 4- i/3(a, /3 G E) would be | a | 4-i | /3 | instead of (a^ + 

The familiar absolute value \ z \= {a^ + is a non- negative real number, 

also if z is not real, and such that if z itself is real, then | z |= z V (-z) in 
accordance with the definition in a real Riesz space. Analogously, if E is an 
arbitrary Riesz space and h = f + ig is any element of E + iE, we wish to 
define an absolute value \ h \ of h such that \ h \e E'^ and such that if h 
itself is an element of £*, then | h |= /i V (—/i). As we shall see, this is not 
always possible. It is possible, however, if E is Archimedean and uniformly 
complete. In general, it will not be appropriate to define | /i | for h = / + i^ by 
\ h \= (/^ 4- simply because in most Riesz spaces squares and square 

roots are not defined. There is an alternative definition, however. In the case 
of complex numbers we can define | z |, for z a complex number, by 

I z 1= sup{i^e(ze~^*^) :0 < 0 < 2 tt). 

Similarly, if jE is a Riesz space and h = f-\-ig£E-\-iE with / and ^ in E", 
we define 



I h 1= sup{i?e(/ie : 0 < 0 < 27t}, 

whenever this supremum exists. Note that | h |> 0 in this case, since the 
elements Re{he~'^^) occur in pairs, for 0 and 0 + tt, and such that 



Hence, if the supremum exists, then 

I h 1= sup{| Re{he~'^^) |: 0 < ^ < 27t}, 

and so I /i |> 0. For the case that h £ E^ we have Re{he~^^) = hcos0, so 
the supremum exists and is equal to the already existing supremum \ h \ = 
hV {—h). Before proceeding, observe that for h = f ig with / and g in E, 
we have 



Re{he = f cos0 gsm0. 

Example 13.1. We consider the complexification of the Riesz space E([0, 1]) 
of all real continuous functions on the interval [0,1]. If h = / 4-ip is a complex 
continuous function on [0,1] with / and g real, then the familiar absolute value 
I h I satisfies 



I h 1= sup[Ee(/ie ^^)] = sup(/cos^ + psin^), 
e 0 



but also 
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where the supremum must be taken with respect to the (pointwise) partial 
ordering in the Riesz space (^([0, 1]). That this supremum exists and is equal 
to the function (/^ + is seen by observing that for any fixed x G [0, 1] 

the number Re[h{x)e~'^^] is less than or equal to the number 

\h{x)\={f{x)+g'^ix)y/^ 

with equality holding for exactly one value of 0 (depending on x) if h{x) ^ 0, 
and equality for all 0 if h{x) == 0. It follows, therefore, that the function | /i |, 
defined by | h | (x) =| h(x) | for every x e [0,1], is a member of C([0, Ij) 
and I h | is on [0,1] the pointwise supremum of the functions Re{he~'^^) = 
f cos 9 + gsinOj and so | /i | is then also the supremum of this set of functions 
with respect to the ordering in C([0, 1]). 

Example 13.2. The argument in the preceding example shows that if h = 
f + ig (/ and g real) is any complex function on a point set X, then p = 
(/^ + ^ 2 ^ 1/2 |g pointwise supremum of the set of functions 

{f cosO gsiii9 : 0 < 9 < 27 t). 

Hence, if E is a Riesz space of real functions on X (with pointwise ordering) 
and h = f-hig€E-h iE, then the function p = (/^ + satisfies 

p = sup(/ cos 9 + gsin9) = snp[Re{he~'^^)] 

0 0 

with respect to the ordering in E if and only if p G E. The function p is not 
always a member of E. By way of example, let E be the space of all real 
continuous functions / on [0,1] such that f{x) = a Px {a and (3 real) for 
all X in a neighbourhood of zero (the neighbourhood depending on /). Then 
E is a Riesz space with respect to the familiar pointwise ordering (i.e., the 
value of / V p at the point x is the maximum of f{x) and g{x)). The function 
h[x) = (1 + x) + i{l — x) is a member of E + iE, but 

p{x) = {(1 + xf + (1 - x )2}1/2 = (2 + 2 x 2)1/2 

is not a member of E. On the other hand, if E is the Riesz space of all 
real continuous functions on a topological space X or if E is the Riesz space 
of all real functions on an arbitrary point set X (pointwise ordering) and 
Ji = f-yigeE-\- iE, then | h |= s\ip 0 [Re{he~'^^)] exists in E+ and | h | 
satisfies | h | (x) = {/^(^) + ^^(^)}^^^ for stU x G X. 

Finally, let {X,p) be a cr-finite measure space and let E be an ideal in 
the space Lq(X, p) of all real //-measurable functions on X (with the usual 
identification of //-almost equal functions). If h = f + ig G E 3 - iE and 
\ h \ (x) = {/^(x) -h p^(x)}^/^ for all X G X, then \ h \e E. Note here that 
although and may not be members of E, we have \ h \£ E on account 
of|h|<|/| + |p|. Hence 
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\h\={f+gy^^=snp[Re{he-^^)] 

0 

holds with respect to the ordering in E. 

We prove now that if the Riesz space E is Archimedean and uniformly 
complete, then 



sup(/ cos ^4-5'sin^:0<^< 2tt) 

exists for all / and g in E. The proof is divided into several steps. Recall first 
that the sequence {xn : n = 1,2,...) of points in the interval [a, b] is said to 
be dense in [a, b] if every subinterval of [a, b] contains at least one point (and 
hence infinitely many points) of the sequence. Alternatively, for any xo € [a, b] 
there is a subsequence of (xn) converging to xq. 

Lemma 13.3. Let E be an Archimedean and uniformly complete Riesz space. 
For h = f-\-ig^E-\- iE and 0 < 0 < 27t, let h{6) =\ f cos 9 + ^sin^ | and 
^ =1 / I + I 5^ I- Then, if 9n{n = 1,2,...) converges to 9, the sequence h{9n) 
converges e-uniformly to h{9). Also, if {9^ : n = 1,2, . . .) is dense in [0,27 t] 
and s = sup^ h{9n) exists in E, then s = sup{h{9) :0 < 9 < 2n}. 

Proof. Let 9n converge to 9. Then, if e > 0 is given, we have 

I h{9) — h{9n) 1^1 /(cos 9 — cos 9n) + ^(sin^ — sin 9n) | 

< e(l / I + I I) = ee 

for all sufficiently large n. This shows that h{9n) converges e-uniformly to 
h{9). 

Assume now that (^^ : n = 1,2,...) is dense in [0, 27 t] and let s = 
sup„ h{9n)‘ Note first now that the set of all h{9), for 0 < ^ < 27 t, is bounded 
above by e =| / | -h | |, so e is an upper bound of the set. We have to show 

that s is the least upper bound of the set of all h{9). Obviously, if sq is an 
arbitrary upper bound, we have sq > h{9n) for all n, so sq > sup^ h{9n) = s. 
We prove now that s > h{9) for all 9, so s is an upper bound of the set 
of all h{9), and s has the property (as proved above) that s < sq for any 
other upper bound Sq. It will follow then that s is the least upper bound, i.e., 
s = supff h{9). For the proof that s > h{9), let (r/c : A: = 1, 2, . . .) be a subse- 
quence of {9n : n = 1,2,...) such that Tk converges to 9, so h{rk) converges 
e-uniformly to h{9). Then h{rk) -> h{9) in order (see Theorem 10.3(i)). Ev- 
ery h{Tk) satisfies h{rk) < s and h{rk) -> h{9). It follows that h{9) < s (see 
Theorem 10.2(iv)). This concludes the proof. ■ 
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Theorem 13.4. If the Riesz space E is Archimedean and uniformly com- 
plete, then 

\h\= snp{Re{he-^^) :0< 6 <2n}= sup(/cos<9 + 5fsin<9 :O<0<27t) 
exists in E for every h = f-hig£E + iE. 

Proof. As in the lemma, let h{9) =\ f cos9 4- | and e =[ / | 4- | ^ |. 

We have to show that sup{h{9) : 0 < 9 < 27t) exists. For n = 1 , 2 ,..., let Pn 
be the partition of [0, 27 t], defined by 

Fn = (<9i, . . . , 6^2-) with 9k = 2TTk/2^ for A: = 1, ... , 2^, 

and let h{Pn) = sup{/i(<9i), . . . , /i(^2-)}- For every n, the partition P^+i is a 
refinement of the partition Pn, and hence the sequence (h{Pn) : n = 1,2,...) in 
E is increasing. We prove that the sequence is an e-uniform Cauchy sequence. 
For this purpose, let m and n be natural numbers such that m < n, and let 
Pm and Pn be the corresponding partitions. Hence 

Pm = (<9i, . . . , 6>2-) with 9k = 2nk/2^ for A: = 1 , ... , 2^, 

Pn = {9[,..., 9!,J with 9 = 27Tj/2^ for j - 1, ... , 2^. 

To compare h{Pm) and h{Pn) more easily, we write Pm somewhat differently, 
without changing h{Pm)’ The modified Pm (call it P^) consists of the same 
points as Pm, but each point repeated 2^“"^ times. Hence 

with 01 ^ = ^2r^-rr. = 9l , 9^r^ - rr^ = - ' = ^2r^-rr^+l == ^2, and SO On. NotO 

that h{P^) = h{Pm), as asserted. Now recall Exercise 6.7, according to which 



I SUp(/i,...,/n) -SUp(pi,...,^n) |< SUp(| /l ~ • • • , | /n “ Pn |) 

for arbitrary elements /i , . . . , /n and pi , . . . , p„ in a Riesz space. Applying 
this to h{Pn) — h{Pf^), we get 

I h(Pn) - h{P^) |< sup(| h{9') - h{9]) |: j - 1, . . . , 2-). 

Observe now that | 9^—9^ |< 27t/ 2^ for all j. Hence, 8is shown in the first lines 
of the proof of the preceding lemma, for any e > 0 we have \ h{9j) — h{9j) \< ee 
for all j if m is sufficiently large, and therefore also | h{Pn) — h{Pm) ce 
for n > m and m sufficiently large. It follows that the sequence (h{Pn) ■ 
n — 1,2,...) is e-uniformly Cauchy. Hence, since E is uniformly complete, 
the uniform limit s of the sequence exists in E. Since this is also the order 
limit, and since the sequence is increasing, we have s = sup^^ h{Pn)- Observe 
finally that the union of all partition points of all Pn is a countable set (say 
ri, T2, . . .) lying dense in [0, 27 t]. Since s = sup^ h{Pn) = sup;, h{rk), it follows 
now from the preceding lemma that 
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s = sup{h{6) : 0 < 9 < 27t). 



This is the desired result. ■ 

In the remaining part of the present section we shall assume that E is an 
Archimedean Riesz space having the property that 

\ h\= sup{Re(/ie~^^) : 0 < ^ < 27 t} = sup(/cos^ + psin^ 0 < 9 < 2'k) 

exists for every h = f-\-ig C E+iE. As seen above, a sufficient condition for E 
to possess these properties is that E is Archimedean and uniformly complete. 
Since any Dedekind a-complete space is Archimedean and uniformly com- 
plete (see Theorem 12.8), Dedekind cr-completeness is certainly a sufficient 
condition. 

We shall prove now that the absolute value in E-\-iE has similar properties 
as the familiar absolute value for complex numbers. 

Theorem 13.5. If h = f + ig£E^ iE, then 

I / |<| 1,1 5 l<l i and | /i |<| / | + | 5 | . 

Furthermore, \ h \= 0 if and only h = 0, | Ah | = | A | • | /i | for any complex 

number X, and the triangle inequality 

I hi + /12 1^1 hi I 4- I h 2 I and \\ h\ | — | h 2 ||^| hi — h 2 | 

holds for hi and h 2 in E 4- iE. 

Proof. Choosing ^ = 0 and ^ = tt/ 2 in 

I h 1= sup(| fcos9 4- gsin9 |: 0 < ^ < 27t), 

we get I / |<| h I and | |<| h |. Since | fcos9 4- ^^sin^ |<| / | 4- | ^ | for 

every 9, we get | h |<| / | 4- | ^ |. The proof for | hi 4- h 2 |<| hi | 4- | h 2 | is 

immediate and the second form for the triangle inequality follows by observing 
that 



I hi I - I h 2 |<| hi - h 2 I and | h 2 | - | hi |<| h 2 - hi | = | hi - h 2 | . ■ 



We proceed to the proof of some further properties, but first we present 
a definition. The elements hi and h 2 in jE 4- iE are said to be disjoint if 
I hi ii.| /i 2 I, i.e., I /ii 1 A I /i 2 1= 0. 
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Theorem 13.6. (i) If hi and h 2 in E + lE are disjoint, then 

\hi-h 2 1 = 1 /ll + /12 1 = 1 I + I 1 = 11 /H 1 - I 11 = 1 /H I V I /12 I ■ 

(a) If h = f-\-igEE + iE with f and g positive, then 
I h 1= sup(/cos^ + ^sin^ : 0 < ^ < tt/ 2). 

(Hi) If h = f ig and /i* =| / | | ^ | with f and g in E, then 

\h\=\h*\. 

(iv) If hi = fi+igi and /12 = f 2 ^W 2 with | fi |<| /2 | and | gi |<| ^2 L 
then I /ii |<| /i2 I- 

Proof, (i) It was proved in Corollary 5.4 that for / and in E* we have 
I / I A I ^ 1= 0 if and only if | / + |=| / | V | |. Hence, in the present case 

where | hi | A | /12 |= 0, we have 

I /u 1 + 1/12 NI|/ii|-|/i 2 lN|/Hlv|/i 2 |. 

Furthermore 

\h 1 -h 2 |<| hi\ + \h 2 Nil hi\-\h 2 H<| hi - h 2 I, 

SO I hi - h2 1 = 1 hi I + I h2 |. Then also | hi + h2 | = | hi | + | h2 |. 

(ii) Since / and g are positive, we may restrict ourselves to 0 < ^ < 7 t/2 . 

(hi) Let 0 be fixed temporarily in [0 , tt/ 2]. Besides the element f cos 9 + 
^fsin^ we consider the corresponding elements for — 6 , 7 ^ — 6 and — (tt — 9), 
and we compute the supremum pe of these four elements. Taking first the 
supremum for 9 and —9, we get 

sup(/ cos 9 g sin 9, f cos 9 — g sin 9) = 

f cos 9 + {gy -5^) (sin 9) = 

/cos^+ I g I sin^. 

Similarly, the supremum of the two remaining elements is 

/cos(7T — 9)+ I g I sin(7T — 9) = —fcos9+ \ g | sin^. 

Hence 

Pq = [f cos9) V (-/cos^)+ N I sin^ =1 / I cos^+ | g | sin^. 

Since it is evident that | h | = | f -¥ ig |= s\ip{p 0 : 0 < 9 < tt/ 2 ) and since also 
I h* 1=11 / I +i I 9 11= supipe : 0 < (9 < tt/2) 
by part (ii), it follows that | h |=| h* |. 
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(iv) Let hi = fi +igi and /12 = f2 + iQ2 with | fi |<| /2 | and | gi |<| g^ 
Then 



I hi 1= sup(| fi I COS0+ I ^1 I sin^ : 0 < ^ < tt /2) < 
sup(| /2 I cos^+ I ^2 I sin^ : 0 < ^ < tt /2) =| /12 | . ■ 

Corollary 13.7. The elements hi = fi^igi and /12 = f 2 + W 2 disjoint if 
and only if fi and gi are disjoint from both f 2 and ^ 2 - Also, if h = TJJ^^^Xkhk 
with all Afc complex and all hk mutually disjoint, then 

I h 1=1 E^Xkhk h rn A, H /ife I . 

The subset A of £* + is called an ideal if A is a complex linear subspace 
of £" + and if any element oi E iE majorized in absolute value by an 
element of A is itself an element of A. This is the same definition, therefore, 
as in the real case. The set of all real elements in the ideal A will be denoted 
by An i.e., Ar = An E. Evidently, if h = f ig (with / and g in E) is a 
member of A, then | /i | is a member of Ar (by definition), and so / and g are 
members of Ar as well (since | / | and | g | are majorized by | h |). 

Theorem 13.8. If A is an ideal in E + iE, then Ar is an ideal in E, and 
A = Ar + iAr. Conversely, if B is an ideal in E, then B + iB is an ideal in 
E + iE, and {B 4- iB)r = B. 

Proof. Let A be an ideal in E + iE. It is easy to see that Ar = An E is mi 
ideal in E. Also, for / and in E, we have f + ig ^ A if and only if / and g 
are members of Ar. Hence A = Ar + iAr. 

Conversely, let B be an ideal in E and A = B + iB. Then A is a complex 
linear subspace of E" + iE. For the proof that A is an ideal, assume that 
h = f -^ig and hi = /i + igi with h e A and | hi |<| h |. We have to prove 
that hi G A. The elements / and g are members of E, so | / | + | ^ |G E. 
Furthermore, | /i |<| hi |<| h |<| / | + | 51 |. It follows that fi € B. Similarly, 
gi e B. Hence hi = fi + igi e B + iB = A. ■ 

If A and B are ideals in E -h iE, the algebraic sum A + E satisfies 

A -|- = Ar + iAr “h Br "h iBr = (A^ + Br) + i{Ar + Br)- 

This shows that A + E is an ideal in E + iE and (A + E)r = Ar + Br- 
Furthermore, we have ATE (i.e., | / |±| ^ | for all / G A and all g e B) 
if and only if A n E = (0). In this case, let / and g be elements of A 0 E 
having the decompositions f = fi -¥ f 2 and g = gi + g 2 - Then | / | and | g | 
have the decompositions | / | = | /i | + | /2 | and | 5^ | = | ^1 | + | 5^2 I (see 
Corollary 13 . 7 ). Hence, if | / |<| |, then | /i |<| 5fi | and | /2 |<^2 | (see 

Theorem 7 . 6 ). 
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The ideal Am E -\-iE is called a band if the real part of Ar is a band in 
E. For any non-empty subset D oi E + iE the disjoint complement of D 
is defined, similarly as in the real case, by 

D^ = {heE + iE:\h\±\f\ for all / € D). 

It is evident (from the disjointness properties in Theorem 8.1) that is an 
ideal in E + iE. We prove that is a band. For this purpose, let P be a 
set of positive elements in (P^)r such that Kq = sup P exists in E. We have 
to prove that Hq e {D^)r- Every h e P satisfies 0 < /i ±| / | for all / G P, 
so ho = supP satisfies ho ±\ f \ for all / € P (see Theorem 8.1 (vii)). This 
shows that ho e D^. More precisely, since ho is real, ho G {D^)r- 

For any non-empty subset P of P we have to distinguish between the 
disjoint complement P^ of P in P 4- iE and the disjoint complement of 
P in P. It is evident that P-*- = {D^)r. Several properties of Af ^, . . . , Aff' 
for ideals Ai, An will be discussed in the next exercise. It will be used 
explicitly that P is Archimedean. 

Exercise 13.9. (i) If A is an ideal in P -f iP, then A^ = (Ar)^, and hence 

{A\ = {(Ar)\ = (Ar)^. 

Furthermore (A^^)r = (Ar)^-^. Prove this. 

(ii) Show that every band A in E iE satisfies A = A^^. 

(iii) Show that if Ai, . . . , are ideals in P + iP, then 

. 

Hint: (i) Let A be an ideal in P + iE. It follows from A^ Q A that 
A^ C {ArY. Conversely, if / G {ArY, then | / |±| | for all ^ G It follows 

that I / |±| h I for all /i G A, so / G A^. This shows that A^ = {ArY- But 
then 



(A\ = {{Ar)\ = {Ar)^. 

Replacing A by Ad in this formula, we obtain 

(A‘^'^)r = {(A\)^ - ((^r)^)^ = 

(ii) Let A be a band in P + iE. The real part Ar is a band in P, so 
(Ar)^'^ = Ar since P is Archimedean. It follows (in view of part (i)) that 
{A^^)r = A^., i.e., the bands A^^ and A have the same real parts. This implies 
that A^^ = A. 

(iii) In Exercise 8.6(ii) it was indicated how to prove that if Ai, . . . , A^ 
are ideals in P, then (ny A^)-^-^ = nyAj-*-. The proof for the complex case 




80 



CHAPTER 6 Complex Riesz Spaces 



follows from this result. Let Ai, . . . ,A^ be ideals in £* + iE. Then is 

also an ideal in E + iE, so 

{{n'lAjn = 

by part (i). Using the mentioned result for the real case and part (i) once 
more, the right hand side becomes 

= n-{{Aj)r)^^ = nUAf)r = {nUj)r- 

Hence i{n^Ajf\ = (D^Af)r, and so {(l^Aj)^^ = n^Af. 

The ideal A in E + iE is a, subset of the band B if and only if the ideal 
Ar in jE is a subset of the band Br- It follows that B is the band generated 
by A (i.e., B is the smallest band containing A) if and only if Br is the band 
generated by A^. Now, since E is Archimedean, the band generated by Ar is 
(Ar)^^ (see Exercise 9.8). Hence, B is the band generated by A if and only 
if Br = (Ar)^-^- But (Ar)^^ = {A^^)r by part (i) of the last theorem. It 
follows, finally, that B is the band generated by A if and only if Br = (A^^)r, 
i.e., if and only if J5 = A^^. In particular, the band generated by A is the space 
E + iE itself (i.e., A^^ = E + iE) if and only if (A^^)r = E, i.e., (Ar)'^'^ = E, 
that is to say, if and only if the band generated by Ar in E is the space E 
itself. 

The band A in E 4- iE is called a projection band if Ar is a projection 
band in E. In this case it follows from Ar 0 {Ar)^ = E that A ^ A^ = E + iE 
(where we have used that {Ar)^ = (A^)r)- If /i = hi +/12 is the decomposition 
of an arbitrary h e E-\-iE into hi £ A and /i 2 E A^, then | h |=| hi | + | /i 2 | 
is the decomposition of | h | (see Corollary 13.7), and so (by Theorem 11.4(i)) 

I hi 1= sup(| w \: w e Ar, I tu |<| h |). 

Observe now that the supremum on the right is equal to 

sup(| V \: V e A,\ V \<\ h |). 

Indeed, for any v e A such that \ v \<\ h \, the element w —\ v \ satisfies 
w £ Ar and | u; |<| h |. Hence 

I /ii 1= sup(| t) |: u € I u |<| /i i), (1) 

I /i2 1= sup(| w |: w G A'^, \w\<\h |). 

Conversely, if A is a band in E+iE with the property that every h £ E-\-iE 
admits a decomposition h = hi + h 2 such that | hi | and | h 2 | satisfy (1), 
then I hi I G Ay. and | h 2 |e (A^)^, so hi E A and h 2 E A^. It follows that in 
this case A is a projection band. 

Finally, note that if E has the projection property, then E + iE has the 
projection property, i.e., A ^ A^ = E + iE holds for every band A in E + iE. 
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Exercise 13.10. (i) Let X be a point set consisting of two points and let E 
be the Riesz space of all real functions on X, with pointwise ordering. Given 
h = f + ig in E + iE^ determine \ h \. 

(ii) In Example 12. 5 (v) we have defined the Riesz space E of all real linear 
functions / on the interval [a, 6], so f{x) = ax-i-p{with. a, (3 real) for x € [a, b]. 
Given h = f ig in E + iE, determine \ h \. 
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14. Normed Spaces and Banach Spaces 

Let y be a real or complex vector space and assume that to each element 
f eV there is assigned a real number || / || such that 

(i) II / ||> 0 for every f eV and || / ||= 0 if and only if / = 0, 

(ii) II A/ 11=1 A I ■ II / II for every f E V and every (real or complex) 
number A, 

(hi) II / + ^ ||<|| / II 4- II 5^ II for all / and ^ in F (triangle inequality). 

The number || / || is now called the norm of / and V is said to be a normed 
vector space (or briefly a normed space). Writing now d{f,g) =|| f — g ||, it 
follows immediately that d{f^g) = d{g,f) > 0 for all f^g and d{f,g) = 0 if 
and only if / = Furthermore 

d{f,g)<d{f,h) + d{h,g) 

for all /, g and h. This shows that d(/, g), as k function of / and g^ has all the 
familiar properties of a distance. More formally stated, F is a metric space 
with respect to d{f,g) as the distance between / and g. Several definitions, 
familiar for ordinary twodimensional or three dimensional space, carry over to 
the present situation. For any /o G F and r > 0, the set (/ :|| f — fo ||< r) 
is the open ball with centre fo and radius r. The subset D of F is called an 
open set if for each point f in D there exists an open ball with centre / such 
that the ball is completely contained in D. It is easy to see (using the triangle 
inequality) that every open ball is an open set. Any subset F of F such that 
the complement V\F is open is said to be a closed set. The empty subset of 
F is considered to be open, so F itself and the empty set are both open and 
closed. The sequence {fn : n = 1,2,...) in F is said to converge in norm to 
/ if II f — fn ||— ^ 0 and the sequence is called a norm Cauchy sequence if 
for every € > 0 there exists a natural number n(e) such that \\ fm ~ fn \\< ^ 
for all m,n> n(e). If, conversely, every norm Cauchy sequence is converging 
in norm, i.e., if F is norm complete^ the space F is called a Banach space 
(after the Polish mathematician S. Banach who, in the years around 1930, 
extensively investigated the properties of these spaces). 

We prove some simple lemmas. 
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Lemma 14.1. The subset F of V is norm closed if and only if it follows 
from fn^F for n = 1, 2, — and \\ f — fn ||~ ^ 0 that f E F. 

Proof. Assume F is closed, i.e., D = V\F is open. Let /„ G F for n = 1, 2, . . . 
and II f — fn 11“^ 0- We have to show that / G F. If not, then f E D = V\F, 
so there exists an open ball with centre / completely contained in F, and 
therefore no fn is an element of this ball (because all fn are in F). This 
contradicts the hypothesis that \\ f — fn \\~^ 0- Hence f E F. 

Conversely, assume that if G F for n = 1, 2, . . . and || f — fn ||^ 0? then 
f E F. We have to show that D = V\F is open. If not, there exists a point 
/o G F such that, for n = 1,2,..., the open ball with centre /o and radius 
contains a point of F, say fn E F. But then || /o — /n 11“^ 0 with fn^F 
for n = 1,2,..., so /o G F by hypothesis. Contradiction. Hence F = V\F is 
open, i.e., F is closed. ■ 

Another lemma, which is frequently useful, is as follows. 

Lemma 14.2. If {fn : n = 1,2, ...) is a norm Cauchy sequence and there 
exists a subsequence {fn^ : ni < ri 2 < • ■ •) converging to f, then fn converges 
to f. 

Proof. Let e > 0 be given. There exists no such that || — fn II < ^/2 for 

m, n > no and there exists such that || / — fnk IK for all k > ko. 
Hence, for all n > no and n^ > max(no, n/e^), we have 

\\ f ~ fn IKII / ~ fnk II + II fnk ~ fn IK (^/2) + (^/2) = C, 

So||/-/n||->0. ■ 

The series Ff^fn, with all fn elements of the normed space V, is said 
to converge in norm to f E V if the sequence of partial sums Sn = 
converges to / in norm. The series is said to converge absolutely if Ff® || fn || 
converges. In this case, the sequence of partial sums Sn = Fffk is a norm 
Cauchy sequence since 

II Sm - Sn ||< II fk ||-> 0 for m > n ^ oo. 

Therefore, if F is a Banach space and E || fn || converges, then Efn 
converges (in norm). Conversely, if F is a normed space having the property 
that convergence of E || fn || implies convergence of Efm then F is a Banach 
space. To prove this, assume that {fn : n = 1, 2, . . .) is a Cauchy sequence. 
There exists a subsequence {fnk • ^ = 1? 2, . . .) such that ni < ri 2 < . . . and 
II /nt+i - frik II < 2“*^ for all k. Then S{fnk+i ~ fnk) converges by hypothesis, 
i.e., the sequence : k = 1,2,...) converges to some element /o 6 V. 
Hence, by the last lemma, fn converges to /q. 
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Exercise 14.3. Show that if fn converges in norm to /, then the limit / is 
uniquely determined. 

Hint: If fn converges to / as well as to then 

\\ f -9 Il<ll / - /n II + II /n - ^ IH 0 as n 00. 



15. Normed Riesz Spaces and Banach Lattices 

Let E* be a (real) Riesz space, equipped with a norm. The norm in E is 
called a Riesz norm if | / |<| ^ | in E implies || / ||<|| g ||. Note that this 
implies that for any f e E the elements / and | / | have the same norm. Any 
Riesz space, equipped with a Riesz norm, is called a normed Riesz space. 
If the normed Riesz space E is norm complete (i.e., if every norm Cauchy 
sequence has a norm limit), E is called a Banach lattice. As a first result, 
observe immediately that any normed Riesz space is Archimedean. Indeed, if 

0 < nu < u for n = 1, 2 , . . . in E, then || u ||< n~^ || v || for n = 1, 2 , . . ., so 
II u 11= 0, i.e., u = 0. Also, note already that if fn converges in norm to /, 
then I fn I converges in norm to | / | (since \\ f \ - \ fn ||<| f - fn D* 

We shall now compare order convergence, relatively uniform convergence 
and norm convergence. For this purpose, let E be an Archimedean Riesz 
space, not yet immediately a normed Riesz space. Recall that fn f, fn 
/(u-un) and fn~^f (un) denote that fn converges to / in order, u-uniformly 
or relatively uniformly respectively (see section 10). In a normed Riesz space 
norm convergence of fn to / is denoted hj fn ^ f (norm). In all these cases 
of convergence the limit / is uniquely determined (for u-uniform convergence 
and relatively uniform convergence because E is Archimedean). Furthermore 
fn~^f (un) implies fn^f (see Theorem 10.3(i)). 

The subset E of E is said to be order closed or un-closed respectively if 
it follows from fn € D{n = 1,2,...) and fn^f (in order or un) that f E D. 
A similar statement holds for a norm closed set (as shown in Lemma 14.1). 
The three methods of convergence have some properties in common, as will 
be proved in the following theorem. 

Theorem 15.1. (i) If fn f Q-'^d Qn 9 (if^ order, un or in norm), then 
/n V -» / V 3 and f„Agn ^ f Ag. In particular, /+ -+ /+, /~ ^ f~ and 

1 fn 1^1 / |. The mappings f , f —>■ f~ and f -*\ f \ are, therefore, 

sequentially continuous mappings from E into itself. 

(a) If fn — > / (in order, un or in norm) and fn ^ g for all n, then 
f > g. Hence, if fn ^ f ond /n > 0 for all n, then f > 0. This shows that 
the positive cone E~^ is closed. 
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(in) If D is a subset of E and fn—^f order, un or in norm) such 
that fn-^9 for all g e D and all n, then f -L g for all g ^ D. Hence, every 
disjoint complement is closed or, equivalently (since E is Archimedean), every 
hand in E is closed. 

Proof, (i) The proof for fn V follows immediately from 

\ f'^ g - fn^ gn\< 

1 f ^ g ~ f ^ gn I I f ^ gn ~ fn ^ gn g ~ 9n I + I f ~ fn I? 
and similarly for fn ^ 9n- 

(ii) It may be assumed that g = 0. Since | f~ — f^ 1^1 f ~ fn I? the 
sequence (/” : n = 1,2,...) converges to f~. But f~=0 for all n, so 
f~ = 0. In other words, / > 0. 

(iii) Since | /^ | A | S' |= 0 for all n and every g e D,we have | / | A | s |= 0 

for every g E D. ■ 

It was already observed above that fn f (un) implies fn /• It 
follows that every order closed set is relatively uniformly closed. If is a 
normed Riesz space, then fn /(u-un) implies fn~^f (norm). To prove 
this, observe that for any e > 0 there exists n{e) such that | / - /„ |< eit for 
all n > n(e), so || / - /n ||< e || u 1| for all n > n{e). This shows that fn-^f 
(norm). It follows that every norm closed subset of E is relatively uniformly 
closed. 

Having seen thus that relatively uniform convergence implies order con- 
vergence as well as norm convergence, it may be asked if there is any relation 
between order convergence and norm convergence. We shall prove, by means 
of examples, that order convergence does not imply norm convergence and 
norm convergence does not imply order convergence. 

Example 15.2. (i) Let E be the Riesz space ioo of all bounded sequences 
f = (/(I), /(2), . . .) with norm || / ||= sup^^ | /(n) |, the supremum norm. 
For n = 1, 2, . . ., let be the element in £oo with the first n coordinates equal 
to zero and all other coordinates one. Then Un i 0, but the sequence does not 
converge in norm, because || Um — Un 11 = 1 for m / n, so the sequence is not 
even a norm Cauchy sequence. This shows that, even for monotone sequences, 
order convergence does not imply convergence in norm. 

(ii) Let p be Lebesgue measure in the closed interval [0,1] and let E 
be the Riesz space Li([0, l],/i) of all Lebesgue integrable functions on [0,1] 
with norm || / ||= Jq | f(x) | djLx(usually written as | f(x) | dx). 
Note that if fn converges in order to zero in E, then fn{x) 0 for al- 
most every x E [0,1], i.e., fn converges pointwise to zero almost every- 
where on [0,1]. Now let {Xn ■ n = 1,2,...) be the sequence of intervals 
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[0, 1/2], [1/2, 1], [0, 1/3], [1/3, 2/3], [2/3, 1], [0, 1/4], . . ., and let U be the char- 
acteristic function of for all n. Then /„ converges to zero in norm, but fn 
does not converge in order. To see this, assume that /„ — ^ /o for some /o, i.e., 
there exists a sequence Pn I 0 such that \ f — fn \< Pn i 0. Then, for m>n, 
we have 



I fm fn 1^ Pm "h Pn ^ ^Pn' 

Now, choose m > n in such a manner that Xm and Xn have no points in 
common (which is possible in many ways). Then \ f^ - f^ \ (x) = 1 for all 
X e Xnj so Pn{x) > lj2 for (almost) all x G Xn- This holds for every so 
if m > n, then Pn{x) > Pm{x) >1/2 for (almost) every x G Xm- It follows 
immediately (varying m) that Pn{x) >1/2 for (almost) every x G [0, 1]. Since 
this holds for every n it contradicts pn i 0. Hence, /„ does not converge in 
order. 

For monotone sequences the situation is different, as will be shown in the 
first part of the next theorem. In the second part we show that a it- uniform 
Cauchy sequence has a iz-uniform limit if and only if the sequence converges 
in norm. This is analogous to Theorem 10.3(iii), where it was shown that if 
a sequence is ti-uniformly Cauchy as well as t;-uniformly Cauchy, then the 
sequence converges u-uniformly if and only if it converges v-uniformly. 

Theorem 15.3. (i) If fn^ in the normed Riesz space E and fn~^f {norm), 
then /n T / • Similarly for decreasing sequences. In other words, if f is the 
norm limit of a monotone sequence, then f is also the order limit of the 
sequence. 

(ii) If for some u G E'^ the sequence {fn '- n = 1,2,...) is u-uniformly 
Cauchy, then the sequence is also Cauchy in norm. In this case the sequence 
has a u-uniform limit if and only if the sequence has a norm limit, and these 
limits are then the same. Any Banach lattice is therefore uniformly complete. 

Proof, (i) Let fn T and fn-^f (norm). Since /„ > fm for all n > m, we 
have / > /m by Theorem 15.1 (ii) in the present section. This holds for all m, 
so / is an upper bound of the sequence. Let g be another upper bound. Then 
fn ^ 9 for all n, so / < ^ (once more by the same theorem). It follows that / 
is the least upper bound of the sequence, i.e., fn T /• 

(ii) It is evident that any u-uniform Cauchy sequence is Cauchy in norm. 
It is also evident that if in this case the sequence has a u-uniform limit /, 
then f is also the norm limit. It remains to prove that if the li-uniform Cauchy 
sequence {fn'-n = l,2,...) has the norm limit /, then / is also the tt-uniform 
limit of fn- For any given e > 0 we have | /m - /n |< for m,n> n{e), and 
also (n fixed, m ^ oo) the sequence 

i\ fm - fn \- m = n + l,n + 2, . . .) 
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converges in norm to | / — /n |- Hence, once more by Theorem 15.1 (ii), we get 
\ f - fn\ < eu for n > n{e). This shows that / is the u-uniform limit of fn- ■ 

We have seen that norm convergence and order convergence are to a great 
extent independent. Fortunately, as we shall prove in the next theorem, it is 
so that if a sequence is convergent in norm as well as in order, then the limits 
are the same. 

Theorem 15.4. If fn f (norm) and fn-^gin the normed Riesz space 
E, then f = g. 

Proof. We may assume that g = 0. Then | fn | converges in norm to | / | 
and in order to zero, so there exists a sequence Pn i 0 such that \ fn Pn I 0. 
We have to prove that | / |= 0. Since \ fm Pm Pn for all m > n and 
I fm I converges in norm to | / | as m oo, we have | / |< Pn by Theorem 
15.1(h). This holds for every n, so | / |<infpn = 0-It follows that | / |= 0. ■ 

Example 15.5. (i) The Riesz space C([a,6]) of all real continuous functions 
on the closed interval [a, 6] is a normed Riesz space with respect to the uniform 
norm 



II / 11= max(| f{x) \:x e [a, 6]). 

The sequence {fn : n = 1, 2, . . .) in C([a, 6]) converges in norm to / whenever 
II / - /n IH 0) be., whenever 

max(| f{x) - fn{x) |: X € [a, 6]) -4 0 as n — > oo. 

This is equivalent to saying that for any e > 0 there exists n(e) such that 
I /(x) — fn{x) \< e for all n > n(e) and all x € [a, 6] simultaneously, i.e., it is 
equivalent to e-uniform convergence of fn to /, where e is the unit function 
defined by e(x) = 1 for all x G [a, b]. Hence, norm convergence is the same as 
e- uniform convergence. Note that e - uniform convergence is exactly what is 
called uniform convergence in classical analysis. It is a well-known theorem 
that any e-uniform Cauchy sequence converges e-uniformly to a continuous 
function, i.e., C{[a,b]) is e-uniformly complete, and hence norm complete. 
This shows that C([a, 6]) is a Banach lattice with respect to the uniform 
norm. Furthermore, the unit function e is a strong order unit, that is to say, 
the order ideal generated by e is the whole space C([a, 6]). In other words, 
if u is any non- negative fimction in the space, then u < ae for some positive 
number a (depending on u). It follows that every w-uniform Cauchy sequence 
is an e-uniform Cauchy sequence, which implies (since any e-uniform Cauchy 
sequence has an e-uniform limit) that any u-uniform Cauchy sequence has an 
'ix-uniform limit (see Theorem 10.3(iii)). In other words, the space C([a,6]) is 
uniformly complete. 

It remains to consider order convergence in C([a,6]). At first it might 
be thought that t / in C([a, &]) is equivalent to pointwise (monotone) 
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convergence of fn to /. This is true, however, only in one direction. If fn{x) T 
f{x) for every x E [a, 6], with all fn and / continuous, then /n t / holds in 
C([a, 6]). The converse is false, as shown by the following example. 

Let {vn : n = 1, 2, . . .) be the set of all rational numbers in [a, b] and let e 
be a number satisfying 0 < € < 6 — a. Furthermore, let An{n = 1,2,...) be 
the intersection of [a, b] and the interval 

[r„-(e/2"+i),r„ + (e/2"+i)]. 

Now, let Qn be a non-negative continuous function on [a, 6], vanishing outside 
An and such that 0 < gn{x) < 1 and gn{Tn) = 1- Finally, let /n = V . . . Vpn 
for n = 1,2, — Then fn T in C([a, 6]) and the unit function e is an upper 
bound of the sequence. If h is another upper bound, then h{rn) > 1 for 
all n, and so h > e by continuity. Hence e is the least upper bound, i.e., 
fn T But, as we show now, the convergence is not pointwise. Of course, the 
pointwise limit s of the monotone sequence fn exists, i.e., /n(^) T <s(x) for 
every x € [a, 6], and we have s(r„) = 1 for all and s{x) = 0 for every x 
outside The Lebesgue measure of An is at most Z'f^e/2’^ = e, 

so s vanishes on a set of measure at least {b — a) — e. Hence, although the 
functions e and s have the same value at each rational point in [a, 6], they 
have different values at many irrational points. 

In the case of the normed Riesz space C(X) of all real continuous functions 
on a compact (Hausdorff) topological space X, similar assertions hold (with 
the possible exception of the last counterexample which may not admit a 
generalization to the compact set X under consideration). Hence, C{X) is a 
Banach lattice with respect to the uniform norm. 

If we have an open interval (a, 6), where a = —oo and (or) b = +oo is 
allowed, the Riesz space Cb{a,b) of all bounded real continuous functions on 
(a, 6) may likewise be equipped with the uniform norm 

il / 11= sup(| f{x) |: X € (a, 6)), 

and again similar assertions hold as in the case of C([a, 6]). Everything (except 
perhaps for the counterexample) may be generalized to Cb{X), where X is 
an arbitrary (Hausdorff) topological space. 

(ii) As in Example 9.5, let // be a countably additive (non- negative and 
not identically zero) cr-finite measure in the non-empty point set X and let 
Lq = Lo{X,g) be the Archimedean Riesz space of all real /x- measurable 
functions on X, with the understanding that functions in Lq differing only 
on a set of measure zero are identified (i.e., the elements of Lq are actually 
equivalence classes of functions, two functions being in the same equivalence 
class if and only if they differ only on a set of measure zero). For 1 < p < oo, 
the subset of Lq consisting of all f e Lq for which | f{x) dfi is finite 
is denoted by Lp = Lp{X^ji). The set of all bounded f E Lq is denoted by 
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More precisely, we have / € Too whenever there exists a 
non-negative (finite) number M such that | f{x) |< M holds for /x-almost 
every x £ X (the exceptional set of measure zero possibly depending on the 
choice of / from its equivalence class). The spaces Lp{l < p < oo) and the 
space Loo ^.re ideals in Lq having X as carrier. To see that X is the carrier, 
observe that the characteristic function of any subset of X of finite measure 
is a member of every Lp{l <p< oo); for the notion of a carrier, see Example 
9.5. Since Lq is Dedekind complete (see Example 12.5(iii)), every space Lp is 
Dedekind complete as well. 

For 1 < p < oo the space Lp is a normed Riesz space with respect to 

II / iip= ( / I n^) r 

Jx 

as the norm of / € Lp. This is a well-known theorem, but for the sake of 
completeness we present a proof in the exercises. Note that different functions 
in the same equivalence class give the same value for J | / |^ d/i, so || / ||p is 
uniquely determined. The space Loo is a normed Riesz space with respect to 

II / ||oo= esssupd f{x) |: X e X) 

as norm, where esssup stands for essential supremum. This has to be ex- 
plained. As stated above, there exists for any / G Loo a non-negative number 
M such that | f{x) |< M for almost every x £ X. In other words, the set 
(x :| f{x) |> M) is of measure zero. Let Mq be the infimum of all M for 
which this holds. Then (x :[ /(x) |> Mq) is still of measure zero (because 
Mn i Mo implies 



(x :1 fix) 1> Mo) = U- i(x :| /(x) |> M„)), 

but for any M* < Mq the set (x ;| /(x) |> M*) is of positive measure. The 
number Mq is called the essential supremum of | / |. The proof that || / ||oo 
is a norm in Loo is immediate by observing that 

I /i(x) + / 2 (x) |<| /i(x) I + I Mx) |<|| /1 Hoc + II /2 Hoc 
for almost every x £ X. 

For monotone sequences in Lp (l<p<oo) order convergence is the same 
as pointwise convergence, i.e., if /n T f fn I f and / and all /„ are members 
of Lp, then fn converges to / pointwise almost everywhere if and only if fn 
converges to / in order. It follows immediately that if fn converges to / in 
order (not necessarily monotonely), then fn converges to / pointwise almost 
everywhere. The converse does not hold, as shown by the following example. 
Let X be the interval [0,1] with Lebesgue measure and, for n = 1,2, . . ., let 
An be the interval 2“^^“^^]. For 1 < p < oo, let fn be equal to 2^/^ on 
An and zero outside Am so J | /„ |^ dx = 1. For p = oo, let be equal 
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to n on An and zero outside A^ so || /n ||oo= n. Obviously, fn converges 
to zero pointwise on [0,1], but not in order. Indeed, assume that 1 < p < oo 
and 0 < fn < Qn for some sequence I 0 in Lp. Then qn > fn for all 
n, and so Qn '> Qm ^ fm for all m > n, which implies (since the functions 
/n; n = 1,2,..., are mutually disjoint) that 

j {q^Ydx >^n I ifmTdx = OO. 

Contradiction. For p = oo we get similarly that || ||oo>|| fm ||oo= for all 

m > n, so II Qn ||oo= OO, which again is contradictory. Hence, the sequence 
{fn ’ n = 1,2,.. .) does not converge in order. The situation improves if the 
sequence (fn) has a majorant in absolute value in Lp, because then pointwise 
convergence of fn to zero implies convergence in order to zero. In this case, 
defining Un to be the pointwise supremum of all | /^ |; m > n, we have Un 10 
pointwise, and so 0 <\ fn \< Un for all n and Un I 0 in order. 

For 1 < p < OO norm convergence in Lp does not always imply convergence 
in order. This was proved for p = 1 in Example 15.2(ii); the proof for 1 < 
p < OO is similar. On the other hand, if fn converges in order to f in Lp, then 
\ f-fn\< Qn 10 foT an appropriate sequence (qn) in Lp. But then / {qnYd/i | 
0 by a well-known theorem in integration theory, so || / - fn \\p-^ 0. 

For p = OO the situation is different because (similarly as for C(X)) norm 
convergence is the same as e-uniform convergence, where again e is the unit 
function identically equal to one. Hence, norm convergence (i.e., e- uniform 
convergence) implies order convergence. On the other hand, order conver- 
gence does not always imply norm convergence, as shown in Example 15.2 (i). 
Finally, observe that every e-uniform Cauchy sequence in Loo has an e- uniform 
limit and e is a strong order unit in Too, i-e., every u > 0 in Loo is majorized by 
a positive multiple of e. Hence, exactly as for C{X), every u- uniform Cauchy 
sequence has an u- uniform limit, i.e.. Loo is relatively uniformly complete. 

It was shown in Example 15.2(ii) that a norm convergent sequence is not 
necessarily order convergent. In Lp -spaces (1 < p < oo) it is well-known that 
every norm convergent sequence has a subsequence converging pointwise (and 
since the subsequence is majorized in absolute value, it converges in order). 
It is reasonable, therefore, to conjecture that in a Banach lattice every norm 
convergent sequence has a subsequence converging in order. Even more is 
true. We shall prove that in a Banach lattice every norm convergent sequence 
has a subsequence converging relatively uniformly. 

Theorem 15.6. Every norm convergent sequence in a Banach lattice has a 
subsequence converging relatively uniformly (and hence the subsequence con- 
verges in order). 
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Proof. To begin with, note that if E* is a Banaeh lattice and Vn € E'^ for 
n = 1,2,... with II Vn ||< n~^ for all n, then || nvn || is finite, so 

(as shown in section 14) the series Ef^nVn converges in norm in E to some 
element s E Ej i.e., the partial sums Sn = EJ^^^^hyk satisfy 0 < Sn and Sn — > s 
in norm. But then T by Theorem 15.3(i), which implies that nVn < s for 
all n. 

Assume now that fn converges in norm to /, so \\ f — fn ||— > 0 as n oo. 
Choose a subsequence gk = fuki^ = 1,2,...) such that || f — Qk ||^ 
for all k. Then, as shown above, there exists an element s G E~^ such that 
k \ f — 9k |< s for all A:, so I / — |< k~^s for all k. This shows that the 

sequence gk = fuki^ = 1, 2, . . .) converges s-uniformly to /. ■ 

In Theorem 15.3(i) we have proved that if the increasing sequence {fn) 
converges in norm to /o, then /o is the supremum of the series, i.e., fn T /o-^ 
similar result holds for an upwards directed set. We recall that, according 
to Definition 10.9, the (non-empty) set D in the Riesz space E is upwards 
directed whenever for every two elements / and in D there exists an element 
h e D such that h > f y g. The definition of a downwards directed set is 
similar. If D is an upwards directed set in the normed Riesz space E, we say 
that D converges in norm to fo £ E if for any e > 0 there exists an element 
/(e) G D such that \\ f — fo \\< e for all / G D satisfying / > /(e). 

Theorem 15.7. If D is an upwards directed set in the normed Riesz space 
E such that D converges in norm to fo, then fo = supJ9. 

Proof. We show first that fo is an upper bound of D. For that purpose, let 
f* £ D he given. We prove that /* < fo. Since D converges in norm to fo, 
there exists an element /(I) G D such that || fo — f ||^ 1 for all / G D 
satisfying / > /(I). Now, choose f\ £ D such that /i > /* V /(I). This is 
possible because D is upwards directed. Then fi > f* and || fo~fi ||< 1- 
Next, there exists an element /(2) G D such that || fo — f ||^ 2“^ for all 
f £ D satisfying / > /(2). Choose /2 G D such that /2 > /i V /(2). Then 
/z ^ fi and II fo~f 2 ||^ 2“^. Continuing in this manner, we obtain a sequence 
/* ^ /i ^ /z < • • • in D such that || fo — fn ||< for n = 1, 2, — Hence, 
the sequence is increasing and converging in norm to /q. But then fo is the 
supremum of the sequence, i.e., /* < /n T /o- Since /* is arbitrary in D, this 
shows that fo is an upper bound of D. For any other upper bound ^ of D we 
have fn^g for all n, so sup fn = fo ^ 9 hy Theorem 15.1(h). It follows that 
fo is the least upper bound of D, i.e., fo = supD. ■ 

Exercise 15.8. Show that in a Banach lattice every order closed set is norm 
closed. 

Hint: Use that in a Banach lattice every norm convergent sequence has a 
subsequence converging in order. 
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Exercise 15.9. If E is a normed Riesz space but not a Banach lattice, it 
may happen that a norm convergent sequence does not have any subsequence 
converging in order, as shown by the following example. Let E be the normed 
Riesz space of all real continuous functions / on [0,1] with norm || / || = 

fo I f(^) I sequence (/n) in E be such that 0 < /n(x) < 1 on 

[0,1] for all n, and furthermore 

/i(l/2) = 1 and II /i 11= 2-1, 

/2(1/3) = /2(2/3) = 1 and || /2 ||= 2~2, 

generally 

/„ = 1 in V(n+i). ■ ■ ■ " /(n+i) and || /„ ||= 2-”. 

Show that fn converges to zero in norm, but there is no subsequence converg- 
ing to zero in order. Now let D be the set consisting of all fn- Show that D 
is order closed but not norm closed. 

Hint; If p is a major ant of a subsequence, then p{x) > 1 on a dense subset 
of [0,1], and so p{x) > 1 for all x G [0, 1]. Assuming now that 0 < fn^ S Pfe i 0, 
the function pk is a majorant for all fnjij '> k). 

Exercise 15.10. Let E be a normed Riesz space. It was proved in Theorem 
15.1 that if fn f in norm and pn g in norm in E, then fn^ 9n f ^ 9 
in norm and fn ^ 9n — > / A p in norm. In particular, /+ /+ in norm, 

fn f~ in norm and | /n |— >| / | in norm. Show that if fn f in norm 
and /n -L /i for all n, then f ± h. Show now that if fn f in norm and all 
fn are contained in a band E, then f e B. Hence, every band in a Banach 
lattice is a Banach lattice on its own. 

Exercise 15.11. Let E be a uniformly complete normed Riesz space (observe 
that in view of Theorem 15.3(ii) every Banach lattice satisfies this condition). 
As shown in Theorem 13.4, every element h = f + ig (with / and g in E) 
in E %E has an absolute value \ h \ in E. For this element h we define the 
number || h || by || h || = ||| h |||. 

(i) Show that the thus defined || h || is a norm in the complex vector space 
E -f iE, extending the existing norm in E and such that | fii |<| /12 | implies 

II h ||<|| /i2 1|. 

(ii) Show that E 4- iE is a Banach space if and only if E is a Banach 
lattice. In this case E -f iE is called a complex Banach lattice. 

Exercise 15.12. Let E be as in the preceding exercise. Order convergence, 
w-uniform convergence (for any u € E^) and relatively uniform convergence 
are defined in E + iE as in E. 




94 



CHAPTER 7 Normed Riesz Spaces and Banach Lattices 



(i) Show that if ^ /i in norm and > A: in order in E iE^ then 
h = k. 

(ii) Show that if hn h relatively uniformly, then hn h in norm as well 
as in order. 

(iii) Show that if (h„) is a it- uniform Cauchy sequence in E" + iE, then 
the sequence has a it- uniform limit if and only if it has a norm limit. Hence, 
every complex Banach lattice is uniformly complete. 

(iv) Show that in a complex Banach lattice E-\-iE every norm convergent 
sequence has a subsequence which is relatively uniformly convergent. Hence, 
every order closed set in E + zE is norm closed. 

(v) Show that if Ar is an ideal in E, then the ideal A = Ar-\-iAr in E + zE 
is closed (in order, relatively uniformly or in norm) if and only if Ar is closed 
in E. 

Exercise 15.13. Show that if {X^fj) is a <7-finite measure space and E = 
Lp{X,n) for some p satisfying 1 < p < oo, then E -f zE admits an absolute 
value (i.e., if h = f ig e E iE, then \ h \= sup^ Re(he~'^^) exists), and 
I h I satisfies 

\h\{x) = {f{x)+g\x))^^^ 

for )Lz-almost every x, i.e., | /z | is the familiar pointwise absolute value of h. 

Show that the same holds if E is the space C{X) of all real continuous 
functions on a (Hausdorff) topological space, so in particular if E = C(A), 
where Zl is a closed or open interval in E. 

Hint; See Example 13.2. 

Exercise 15.14. (i) Let v = for zz > 0, be non-negative, continuous 

and strictly increasing with 0(0) = 0. Note that the inverse function u = x/j{v) 
has the same properties. For a > 0, 6 > 0, let 

.h 

(j){u)du and G{b) = / 'ip{v)dv. 

Jo 

Show that ab < F{a) + G{b). 

(ii) Let 1 < p < 00 and let q be given by p~^ +q~^ = 1. Now, let v = 
in part (i). Show that u = and derive from (i) that 

ab < p~^a^ H- q~^b^ for all a > 0, 6 > 0. 

Hint: For part (i), draw the graph of 0 and observe that E(a) is the “area 
under the curve” between zero and a. 
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Exercise 15.15. As in Exercise 15.5(ii), let /i be a countably additive and 
cr-finite measure in the non-empty point set X. Furthermore, let p and q 
be positive numbers such that p~^ + q~^ = 1 and let / and g be complex p- 
measurable functions on X such that the integrals \ f dp and \ g dp 

exist as finite numbers. Then 

I f fgdfi \< [ \f9\dfx<i[ I / r if I r 

Jx Jx Jx Jx 

This is known as Holder’s inequality for integrals. Note that for p = g = 2 we 
obtain the familiar Schwarz-Buniakovsky inequality ?Ne indicate the proof. If 
J \ f dp = 0, then f{x) = 0 for almost every x € X, so J \ fg \ dp = 0. 
Similarly if J \ g dp = 0. Assume, therefore, that 

A = (j \ >0 and B = {j | 5 |« > 0 

We may also assume that | f{x) | and | g{x) | are finite for every x e X. 
Substitute now a = A~^ | f{x) | and b = | g{x) | in a6 < p~^a^ + q~^b^ 

and integrate. Show that we thus obtain 

{AB)-^ I \fg\dn< 

(pAP)-^ J\f\Pdg + y I 5 r d/i = 

p-^+q-^ = l, 

SO J \ fg \ dp < AB, as desired. 

Exercise 15.16. If E = Lp{X,p) for some cr-finite p and some p satisfying 

I < p < oo, we extend the definition of the norm || / ||p to E + iE by 

II / llp=lll / Hip for any f e E + iE, as indicated in Exercise 15.10. Let now 
p~^ + q~^ = 1 (with the understanding that ^ = oo for p = 1 and q = 1 
for p = oo). Show that if the complex p-measurable functions / and g satisfy 
II / II p< oo and || p ||g< oo, then Holder’s inequality holds, i.e., 

I j fgdp |< j Ifgldg, <|| / ||p ■ || g ||, . 

Hint: The cases p = 1 and p = oo are easy. 

Exercise 15.17. Let E = Lp{X,p) as in the preceding exercise and let / 
and g be members of E + iE. Show that the triangle inequality holds for the 
norm, i.e., 



ii/+5iip<ii/iip + iiff lip. 
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Hint: The proof is easily reduced to the case that I < p < oo, f{x) > 0 and 
g{x) > 0 for all X e X and || / 4- ^ ||p> 0. In this case we have 

9Y~^dn + J 9if + gY~^dn. 

Define q by p~^ -i- q~^ = 1 and apply Holder’s inequality to each of the last 
two terms. Since (p - 1)^ = p, we then get 

y^(/ + g)^dp < 

II / lip ( /(/ + II 5 lip (/(/ + = 

II / lip (/(/ + 9YdfiY^'^+ II 5 lip (|(/ + 9Yd(^Y^‘>. 

Dividing by the positive number (/ (/ + gYdpY^^, it follows that 

iJif + gYdi^Y-'’'' <11 / lip + II lip . 

Since 1 — q~^ = P~^i this is the desired result. 

To end our discussion in this section we present two theorems that will 
be of use when we discuss Banach lattices with an order continuous norm (in 
section 17). In Theorem 7.6 it was proved that if Ai and A 2 are ideals in the 
Riesz space E, then the algebraic sum Ai + A 2 is an ideal in E. It may be 
asked what happens if Ai and A 2 are norm closed ideals in the Banach lattice 
E. 

Theorem 15.18. If A\ and A 2 are norm closed ideals in the Banach lattice 
E, then A\ 4-^2 is a norm closed ideal in E. 

Proof. We first recall the proof that Ai 4- A 2 is an ideal (with notations a 
little different from those in Theorem 7.6). Let I 9 l<l /i 4- /2 I with fi e Ai 
and /2 G A. 2 . Then <| p |<| /i | 4- | /2 |, so (by the Riesz decomposition 
theorem) p+ can be written as g~^ = hf /ij with 0 < <| /i | and 

0 < /ij <1 /2 I, which implies that hf € Ai and h^ e A 2 . Similarly, 
g- z= h^ +h 2 with 0 < hf e Ai and 0 < € A 2 . It follows that p = /ii 4-/i2 

with hi = hf — hi and h 2 = h^ —h^ • Note that the notations are correct (i.e., 
/if /\hi = /if A /12 = 0). Also note that | h\ |= /if +/ij" < p*^ 4-p~ =| p |, and 
similarly | /12 |<| p |. To summarize, we have proved that if I P |<t /l + /2 1 
with /i G Ai and /2 G A 2 , then p = /ii 4- /12 with hi G Ai and /12 G A 2 , and 
furthermore | hi | and | /12 | are majorized by | p |. Hence, in the case that E 
is normed, we have || hi ||<|| p || and || /12 ||<|| p ||. 

Assume now that Ai and A 2 are closed ideals in the Banach lattice E and 
(/n : n = 1, 2, . . .) is a sequence in Ai 4- A 2 converging in norm to f e E. 




15. Normed Riesz Spaces and Banach Lattices 



97 



We have to show that / G Ai + A2. Passing to a subsequence if necessary 
we may assume that || fn — fn-i II ^ for n = 2, 3, — Write gi = fi and 
9n = fn — fn-i for ^ = 2, 3, — Then the partial sums of converge in 
norm to / and E || gn || converges. Now decompose each gn as above, so 
9n = hni + hn2 with hni 6 Ai,hn2 € An2 and furthermore || hni ||<|| gn || as 
well as II hn2 ll^ll 9n II- Then E || h^i || and E || hn2 || converge, so (since E 
is a Banach lattice, and therefore a Banach space) the partial sums of Ehni 
and Ehn2 converge in norm to elements hi G Ai and /i 2 ^ A2 respectively 
(we use here that A\ and A2 are closed). Hence, since hni +^n2 = 9n holds for 
each n, the partial sums of Egn converge in norm to hi + /12 G Ai 4- ^ 2 - But, 
as observed above, the partial sums of Egn converge in norm to /. Therefore, 
/ = hi + /i2 G Ai + A2‘ ■ 

Theorem 15.19. The norm closure S~ of a subset S of the normed vector 
space V is (by definition) the smallest norm closed set containing S as a 
subset It is easy to see that S~ is the set of all norm limits of sequences 
in S that converge in norm. It is evident that the norm closure of a linear 
subspace is a linear subspace. 

(i) If A is an ideal in the normed Riesz space E, then the norm closure 
A~ is also an ideal in E. 

(a) If Ai and A2 are ideals in the Banach lattice E, then {Ai 4 -^ 2 )" = 
Ai 4- ^2 . 

(Hi) If A is the ideal in the Banach lattice E generated by the subset D of 
E, then the norm closure A~ is called the closed ideal generated by D. Now, 
if Ai and A2 are the ideals generated by the subsets D\ and D2 respectively, 
then Ai + A2 is the closed ideal generated by D\ U D 2 - 

Proof, (i) If the sequence (/„) in A converges in norm to / G A~ , then the 
sequence (| fn j) in ^ converges in norm to | / |, so | / |g It remains 
to prove that if 0 < / G A~ and 0 < g < f, then g G A~ . There exists a 
sequence (fn) in A converging to /, and we may assume that /n > 0 for all 
n. Then gn = fn ^ 9 ^ A holds for all n and gn converges to f A g = g. This 
shows that g £ A~ . 

(ii) It is evident that Aj" 4- A2 is a subset of {Ai + A 2 )~. To see that 
(Ai + ^ 2 )“ is a subset of Aj" + A 2 observe that (in view of the preceding 
theorem) A^ + A 2 is a closed set containing Ai 4- A 2 , whereas (Ai + A 2 )~ 
is the smallest closed set containing Ai + A 2 . 

(iii) Observe that Ai 4- A 2 is the ideal generated by Di U D2 (see Exer- 
cise 7.11). ■ 




CHAPTER 8 
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16. The Riesz-Fischer Property 



As we have seen in section 14, the normed vector space V is norm complete (in 
other words, F is a Banach space) if and only if every absolutely convergent 
series in V is convergent in norm. More precisely, F is a Banach space if and 
only if it follows from || fn \\< oo (all /„ in V) that the partial sums 
Sn = ^ifk have a norm limit in V (asn^oo). The norm limit is then often 
written as (as we did in section 14), but this may cause confusion 

if V = E is a, normed Riesz space because then E^Un (all Un in E^) is 
also used to denote the order limit (i.e., the supremum) of the increasing 
sequence of partial sums Sn = Efuk, if this limit exists. If the norm limit for 
an increasing sequence of positive elements exists, then norm limit and order 
limit are identical (see Theorem 15.3(i)), so that in this case there can arise 
no misunderstanding. It may happen, however, that the order limit exists but 
the norm limit does not exist. For this reason we shall use Ef^ only to denote 
an order limit of partial sums of a series with positive terms (if existing). 

The first point to observe is that the normed Riesz space E is a Banach 
lattice if and only if convergence of E || Un ||, with all Un in £*+, implies norm 
convergence of the sequence {EiUk : n = 1,2,...). To see this, assume that 
the last condition is satisfied. We have to show only that convergence of the 
series E || /„ || implies norm convergence of the sequence 

{Sn = E'^fk : n = 1,2,...). 

Convergence of E \\ fn \\ implies convergence of E || /+ || and Z* || /“ ||, so 
by hypothesis = E^f^ and = E^f^ converge in norm. It follows that 
5 ^ = 5 ^ — 5 ^ converges in norm. It is a remarkable result, due to I. Halperin 
and W.A.J. Luxemburg (1956), that it is also true that E is a Banach lattice 
if and only if it follows from convergence of E || Un ||, with all in E+, 
that the order limit of the sequence (s„ = Zfu^) exists in E. The property 
that convergence of || |1 implies the existence of Zf°Un is called the 

Riesz-Fischer property. To establish the Halperin-Luxemburg result we first 
prove a lemma. 
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Lemma 16.1. If E has the Riesz-Fischer property, i.e., if for any sequence 
(un : n = 1,2, ...) of positive elements in E for which E || Un || converges 
the order limit E^Un exists, then || Eu^ ||^ ^ || Un || for any such sequence. 

Proof. Assume that for some sequence (u^) in E^ this fails to be true. Then 
there exists a number e > 0 such that 

II E^uk ||>€ + rni life II- 

This inequality holds as well for every tail of the series, i.e., 

II 11=11 i:r - i:r ii>ii sr ii - ii ii> 

Iir-Wfc II -rni Uk ||>e + i:r+i II uk || 

for all n = 1, 2, — Let now the the natural numbers n^ik = 1,2, ...) he such 
that ni < ri 2 < • • • and E^^^ || Un ||< k~^ for all k. The corresponding 
elements Sk = E^^Un form a decreasing sequence in E~^. Arranging all 
occurring in all Sk into a single sequence, we obtain a sequence {wn : n = 
1,2,.. .) in which each Un occurs at least k times if n > Uk- Note that E || 
Wn ||< Ek~’^, so s = Ewn exists by hypothesis. It is evident that each sum 

E^Sm is less than or equal to s, and so s > EiSm > ksk for k = 1,2, It 

follows that 

II s ||> k II Sk ||> ke 

iox k = 1,2, — This is impossible. Hence, if E has the Riesz-Fischer property, 
then the infinite triangle inequality || Eun]\< X* || Un || holds in ■ 

Theorem 16.2. The normed Riesz space E is a Banach lattice if and only 
if E has the Riesz-Fischer property. 

Proof. Assume first that X is a Banach lattice. Let Un G E~^ for n = 1, 2, . . . 
and E || ||< oo. Then the sequence {sn = Efuk : n = 1, 2, . . .) is Cauchy 

in norm, so the norm limit s of exists. Since Sn is increasing as n increases, 
it follows that Sn ^ s (see Theorem 15.3(i)), i.e., E^Un exists and is equal 
to s. This shows that E has the Riesz-Fischer property. 

Assume now, conversely, that E has the Riesz-Fischer property. We have 
to show that £* is a Banach lattice. In view of what was observed above 
it is sufficient to show that if || Un || converges with all Un in E^ , 
then the sequence (sm = E^Uk : m = 1,2, . . .) converges in norm. For this 
purpose, note that s = Ef^Un exists by hypothesis, i.e., s = sup^ for 
Sn = ui + ■ - + Un- Then 

S-Sm= SUp(s„ - S„j) = 

n 

and so (by the infinite triangle inequality, as proved in the last lemma) 
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II S - Sm ||< •S'm+I II Wfc IH 0 as m oo. 

This is the desired result. The reader will have seen that the essential part of 
the proof is contained in the lemma about the infinite triangle inequality. ■ 

Example 16.3. We return to the spaces Lp = Lp(X, /x), 1 < p < oo, inves- 
tigated already in the Examples 9.5, 12.5(iii) and 15.5(ii). These spaces are 
normed Riesz spaces; we shall prove now that they are in fact Banach lattices. 
This will be done by showing that Lp has the Riesz-Fischer property. For this 
purpose, assume first that : n = 1, 2, . . .) is an increasing sequence of non- 
negative functions in Lp. The limit s(x) of the sequence (5n(x) : n = 1, 2, . . .) 
exists for every x G X, where it is possible that s{x) = 4-oo at several (or 
even all) points x G X. It is true now that either s ^ Lp and || Sn ||pT oo ^is 
n 00 or s G I/p and || Sn |lpT|| s ||p as n oo. For 1 < p < oo this follows 
immediately from the well-known theorem of Beppo Levi on the integration of 
increasing sequences, asserting that J s^dfi tends either to +oo or to J s^d/jL. 
For p = 00 , if lim || Sn ||oo is finite, say lim || Sn ||= M, then Sn{x) < M holds 
for almost every x for all n simultaneously, so s(x) < M holds for almost 
every x, i.e., || 5 ||oo^ Since || s |loo>|| Sn ||oo for all n, it is evident that 
II 5 ||oo> M. Hence || s ||oo= M = lim || Sn ||oo- 

We prove now that Lp has the Riesz-Fischer property. Assume that 0 < 
Un € I/p for n = 1, 2, .. . and || Uk || converges. Write a = || Uk || and 

Sn = Xfu/e for n = 1,2, Then || Sn ||< || Uk ||= Ck for all n, so the 

pointwise limit (i.e., the order limit) s = U^Uk satisfies || s ||= lim || Sn ||:^ Oi. 
This shows that s = E^Uk is a member of Lp. In other words, the Riesz- 
Fischer condition is satisfied. Hence, Lp is a Banach lattice. 

In particular, choosing for X the set (1,2,...) of natural numbers and for 
II the counting measure (i.e., each point has measure one), it has been shown 
thus that the sequence spaces £p(l < p < oo) are Banach lattices. 

As indicated in Exercise 15.10(ii), the complexification Lp + iLp of Lp is 
now also a Banach space, i.e., every norm Cauchy sequence in Lp + iLp has a 
norm limit. In many cases, if it is understood from the beginning that we have 
to deal with complexvalued functions, the space Lp -f iLp is simply denoted 
by Lp again. A similar remark holds for C7([a, 6])-hxC'([a, 6]) or more generally 
for C{X) -f iC(X), where X is a compact Hausdorff space. 

Exercise 16.4. There is a property similar to the Riesz-Fischer property, but 
somewhat weaker. This property is called the weak Riesz-Fischer property and 
can be formulated in two ways which at first seem different, although they 
are in fact equivalent. We shall say that the normed Riesz space E has the 
weak Riesz-Fischer property if it follows from 0 < G E for n = 1, 2, . . . and 

II Un II convergent that the partial sums Sn = u\ + Un are bounded 

above, i.e., there exists an element v G E+ such that Sn < v holds for all n. 
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We indicate how to show that E has the weak Riesz-Fischer property if and 
only if the following condition (*) is satisfied: 

(*) If 0 < Un C E foi n = 1,2, .. . and || Un || is finite, then the 
elements Un are bounded above, i.e., there exists an element w € E~^ such 
that Un for all n. 

It is sufficient to show that (*) implies the weak Riesz-Fischer property. 
Hence, assume (*) and let 0 < Un C E" with E || Un || finite. There exist 
natural numbers ni < n 2 < . . . such that ni = 1 and 

||% l|<C'-4-'=forfc = l,2,..., 

where (7 is a constant satisfying C > || Uj ||. This condition for C is to 

make it possible to choose ni = 1 . Now, let 

Vk = for fc = 1 , 2 , . . . . 

Then 



II II < Ci:?°2-'= < 00, 

so in view of condition (*) there exists an element w G E'^ such that 2'^Vk < w 
for all k. Observe next that for any given natural number n there exists a 
natural number k such that 



H h Un < H hVk, 



SO 

0 ^ Ui -!-•••-}- Un ^ + • • • + V]c !^(2 ^-f~2 ^ w. 

This shows that E has the weak Riesz-Fischer property. 

Exercise 16.5. Show that if the normed Riesz space E is Dedekind cr-com- 
plete and has the weak Riesz-Fischer property, then E is a Banach lattice. 

Hint: Show that E has the Riesz-Fischer property. 

Exercise 16.6. The conditions mentioned in the preceding exercise (Dede- 
kind ^-completeness and the weak Riesz-Fischer property together) are suffi- 
cient but not necessary for norm completeness, because for example C7([0, 1]) 
is a Banach lattice which fails to be Dedekind cr-complete. We indicate how 
to show that E is a Banach lattice if and only if E is uniformly complete 
and has the weak Riesz-Fischer property. The proof in one direction is easy 
(since every Banach lattice is uniformly complete; see Theorem 15.3(ii)). 
Assume, therefore, that E is uniformly complete and has the weak Riesz- 
Fischer property. We show that E has the Riesz-Fischer property. To this 
end, let 0 < Un G E for n = 1 , 2 ,... such that E || Un || converges. Let 
(ufc : A: = 1, 2, . . .) be the same sequence as in Exercise 16.4, so Vk < 2~^w 
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for some w € and all k. Write Sn = vi + • • • + Vn for n = 1,2, — The 
sequence (sn : n = 1, 2, . . .) is a tu-uniform Cauchy sequence, so in view of 
the uniform completeness Sn converges tu-uniformly to some element s. Then 
II s - Sn ||-^ 0 and, since Sn is increasing, it follows that Sn T i-^-, s = Evk> 
But then s is also the supremum of the partial sums of the series Eun, so 
s EJ Ufi . 

Exercise 16.7. (i) Show that the following normed Riesz spaces have the 
weak Riesz-Fischer property, but not the Riesz-Fischer property. 

(a) E consists of all continuous functions / on [0,1] such that the graph 
of / consists of a finite number of straight line segments; the norm is the 
uniform norm. Observe that every non-negative continuous function oii [0,1] 
has a majorant in E. 

(b) E is the linear subspace of Li([0, 1], )Li), where /i is Lebesgue measure, 
consisting of all / G Ti([0, 1], /i) assuming finitely or countably many different 
values. Observe that every non-negative function in Li has a majorant in E. 

(ii) Let fjL be Lebesgue measure in X = [0, 1]. Show that the space 

E = Li{X, fi) n Lqc{X^ /x), 

equipped with the Li -norm, does not have the weak Riesz-Fischer property. 
Note that E'^ contains many increasing Cauchy sequences that fail to be 
bounded above. Show also that E contains a sequence converging in norm to 
zero such that the sequence is not bounded, neither above nor below. 

Hint: For the weak Riesz-Fischer property in (ii), observe that E is an 
ideal in so E is Dedekind complete. The space E is not a Banach lattice, 
however. Now use Exercise 16.5. 



17. Order Continuous Norms 

Before dealing with the main subject in this section, that is to say, with the 
properties of Banach lattices having order continuous norm (the definition 
will follow), we return for some moments to directed sets. Since these sets 
will occur on several further occasions in the sequel, it is convenient to fix 
some notations similar to those for monotone sequences. If D is an upwards 
(or downwards) directed set in the Riesz space E, we shall write D | (or 
D i). If D t and D has the supremum /o, we shall write D t /o- Similarly, 
if D i and D has infimum /o, we write D | /q. It was proved in Theorem 
15.7 that if D t in the normed Riesz space E and D converges in norm to 
/o, then D t /o- Similarly, of course, if D | and D converges in norm to /o, 
then D I fo. Recall that, by definition, the upwards directed set D converges 
in norm to /o if for any e > 0 there exists an element /(e) € D such that 




104 CHAPTER 8 The Riesz-Fischer Property and Order Continuous Norms 



Wf-fo II < e for all / G D satisfying / > /(e). It is not surprising that for a 
directed set in a normed Riesz space there is also a notion similar to that of 
a Cauchy sequence. The upwards directed set D in the normed Riesz space 
E is called a norm Cauchy system if for any e > 0 there exists an element 
f{e)eD such that || /i — /2 ||< e for all /i, /2 in D satisfying f\ > /(e) and 
/z ^ /(^)- The definition for a downwards directed set is similar. It is evident 
that if the directed set D converges in norm, then D is a Cauchy system. In 
the converse direction, we shall prove that in a Banach lattice every Cauchy 
system converges (in norm). For this purpose we first present a lemma. 

Lemma 17 . 1 . Lei D be an upwards directed Cauchy system in the normed 
Riesz space E. Then there exists an increasing sequence in D such that the 
sequence and D have the same upper bounds (where it is possible that the 
set of these upper bounds is empty). A similar assertion holds for downwards 
directed Cauchy systems. 

Proof. Let (e^ : n = 1,2,...) be a sequence of positive numbers such that 
€n i 0 . By hypothesis there exists an element fi in D such that || f — fi || < 
ei for all / G D satisfying f > f\. Also, there exists /| in D such that 
II f — f 2 II ^ ^2 for all f e D satisfying / > /| • Now, choose /2 € D such that 
/z > /i V /I . Then /2 > fi and all / > /2 in D satisfy 

0</-/2</-/2*,so ||/-/2||<62. 

Similarly, it is seen that there exists fs in D such that /a > /2 and || f — f 3 || < 
€3 for all / G D satisfying f > fs. Continuing, we obtain an increasing 
sequence (/n : n = 1, 2, . . .) in D such that || f — fn ||^ for all / G D 
satisfying / > /^. In particular we have || fm — fn 11 ^ for m > n. This 
shows that the sequence is a Cauchy sequence. 

To show that (/„ : n = 1,2,...) has the required property concerning its 
upper bounds, it is sufficient to prove that if g is any upper bound of the 
sequence, then g is an upper bound of D, i.e., g\/ f = g for every / G D. To 
this end, let / G D and fn in the sequence be given. There exists an element 
f'^D such that f>f\/fni and so 

II (/V/n)-/n||<|| /'-/n||<€n. 

By one of the Birkhoff inequalities it follows that 

0 < (» V /) - g = g V (/ V /„) - £/ V /„ < (/ V 

and so 



II (5 V /) - 5 ||<|| (/ V /„) - fn ||< e„. 

This holds for every n. Since €„ i 0 , it follows that || {g ^ f) — g ||= 0 , so 
(5 V /) - fif = 0, i.e., gV f = g. m 
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Theorem 17.2. Every norm Cauchy system in a Banach lattice converges 
(in norm). If the system is upwards directed, the norm limit is the supremum 
of the system. In other words, if D ^ and D is a norm Cauchy system, then 
D converges in norm to some fo, and D | /q. Similarly, if D is downwards 
directed. 

Proof. Let D be an upwards directed Cauchy system in the Banach lattice E. 
Then, by the lemma, D contains an increasing Cauchy sequence {fn : n = 
1,2, . . .) such that || / — /n ||^ Cn i 0 for all f e D satisfying f > fn- Since 
E is a Banach lattice, the norm limit fo of the sequence exists and, because 
fn is increasing with n, the norm limit is also the supremum, i.e., fn T fo- 
We prove that D converges in norm to /q. Given e > 0, there exists a natural 
number no such that || fo — fn ||< e/2 for all n > no- Now choose n > no such 
that the corresponding tn satisfies Cn < e/2. Then, for any f € D satisfying 
/ > /n, we have 

II / - /O ll<|| f - fn\\ + \\ fn- fo ||< 6n + c/2 < e. 

This shows that D converges in norm to fo- In view of fn T fo it follows from 
the lemma that D | /q. Note that D 1 fo follows also from Theorem 15.7. ■ 

Exercise 17.3. Recall that there exist normed Riesz spaces containing up- 
wards directed Cauchy systems that fail to be bounded above (see Exercise 
16.7(h)). Show that every upwards directed Cauchy system in the normed 
Riesz space E is bounded above if and only if E has the weak Riesz-Fischer 
property. 

If D is an upwards directed set in the Riesz space E and D is bounded 
above, then the set G of all upper bounds of D is not empty and it is evident 
that G is downwards directed. Hence, the set 

G-D^{g-f:geG,feD) 

is downwards directed because if gi — fi and g 2 — /2 are given in G — D and 
we choose gs < gi A g 2 in G and fs > fi\/ f 2 in D, then 

93 - fs < {91 - fi) A {92 - f 2 )- 

The set G — D is a subset of E'^ and sometimes it is important to know 
whether or not G — D has an infimum. The following lemma provides an 
answer for the case that E is Archimedean. 

Lemma 17.4, If D ^ in the Archimedean Riesz space E and D is bounded 
above with G as the set of its upper bounds, then G — D i 0. 
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Proof. Assume that 0 < ti; < ^ — / for all ^ € G and all / G H. We have to 
prove that w = 0. Fix g £ G.lt follows from g—w > / for all / G D that g-w 
is an upper bound of D, i.e., g — w e G. Thus, g £ G implies that g — w£G. 
By induction we get g - nw £ G for n = 1, 2, — But then g - nw > f for 

every / G D, so (fixing f £ D as well) nw < ^ — / for n = 1, 2, Since E 

is Archimedean, it follows that w = 0. m 

We now introduce a notion, somewhat stronger than Dedekind complete- 
ness. 

Definition 17.5. (i) The Riesz space E is said to be order separable if every 
set in E possessing a supremum contains a finite or countable subset having 
the same supremum (equivalently, every set possessing an infimum contains 
a finite or countable subset having the same infimum). 

(ii) The Riesz space E is said to be super Dedekind complete if E is order 
separable and Dedekind complete, i.e., if every set in E which is bounded 
above has a supremum and contains a finite or countable subset having the 
same supremum. 

Theorem 17.6. (i) The Riesz space E is order separable if and only if ev- 
ery upwards directed set in E~^ possessing a supremum contains a finite or 
countable subset having the same supremum. In this case the subset of the 
upwards directed set in E^ may be assumed to be a monotonely increasing 
sequence. 

(ii) The Riesz space E is super Dedekind complete if and only if every 
upwards directed set in E~^ which is bounded above possesses a supremum 
and contains a finite or countable subset having the same supremum. 

(Hi) If E is order separable or super Dedekind complete, then the same 
holds for any ideal in E. 

Proof, (i) Assume that every upwards directed set in E~^ possessing a supre- 
mum has a finite or countable subset having the same supremum. Let D be 
a subset of E possessing a supremum, say supD = /o, and assume first 
that D contains finite suprema (i.e., D contains all finite suprema of its own 
elements). This implies that D T /o- Choose fi £ D and denote the set 
(/ V /i : f £ D) by D\. Then the subset Di of D satisfies Di t fo and f > fi 
holds for all f £ D\. Let D2 — {f — f\ : f £ Di). Then D2 is a subset of 
E~^ and D2 T /o — /i • Hence, by hypothesis, D2 contains a finite or countable 
subset having the same supremum as D2. It follows immediately that Di (and 
hence D) has the same property. 

Now let it be given only that D is a subset of E having the supremum 
fo. Adjoining to D all finite suprema of its elements we obtain a set D3 still 
having supremum fo. Hence, by what has been proved already, D3 contains 
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a finite or countable subset {gi->g2-> — -) having supremum /o- The elements 
gn{n = 1,2,...) are not necessarily members of £), but each gn is a finite 
supremum of members of D. Replacing each gn by these members of D we 
obtain a finite or countable subset of D having /o as supremum. Finally, let D4 
be any upwards directed subset of having supremum /o and let (/ii, • • •) 

be a subset of D4 such that sup /in = /o- We shall define a sequence (fci, A:2, . . .) 
in D4 such that A:i < A:2 < • • • and kn > hn for all n (so snp kn = /o)- Let 
ki = hi and let k2 G D4 be such that k2 > /ii V /12 = A:i V /12. Next, let 
k^ € D4 be such that ks > A:2 V /13. Generally, if ki^...,kn are already 
defined, let A^n+i ^ D4 be such that kn+i '> kn^ /in+i- 

(ii) The proof follows by combining the results in part (i) and in Theorem 
12.1(i). 

(iii) Follows from (i) and (ii). ■ 

As an example, let fi he a, a-finite measure in the point set X. The Riesz 
space Lq = Lo(A, /i) of all (real) /x-measurable functions on X is now super 
Dedekind complete. This is seen by observing that the proof for Dedekind 
completeness of Lq (in Example 12.5(iii)) is based on the fact that if D is a 
bounded subset of Lq , then D contains a countable subset the (pointwise) 
supremum of which is the supremum of D. It follows that every ideal in Lq 
is super Dedekind complete; in particular, all spaces Lp{X, g) ioi 0 < p < 00 
are super Dedekind complete. Looking again at the proof for Lq, it may be 
of some interest to observe that the proof begins by showing that the space 
Li{X,ii), with p{X) finite, is super Dedekind complete. 

The Riesz space E of all (real) bounded functions on an uncountable 
point set X, with pointwise ordering, is Dedekind complete, but not super 
Dedekind complete. To see this, let for example D be the set of all functions in 
E assuming the value one at one point of X and vanishing at all other points. 
Then supD is the function identically one and D does not have a finite or 
countable subset with the same supremum. Observe that if p is the counting 
measure in X (i.e., each point of X has measure one), then E is exactly the 
space Loo{X,p). Of course, the measure p is not cr-finite in this case. 

All preparations are made to introduce now the notions of order continuous 
and cr-order continuous norms. 

Definition 17.7. The normed Riesz space E is said to have order continuous 
norm if, for any subset D f 0 in E, we have inf(|| / ||: / G D) = 0. The norm 
is said to be a -order continuous if, for any sequence fn i 0 in L^, we have 
ll/nlliO. 

Some comments are appropriate. Evidently, the norm in E is cr-order con- 
tinuous if and only if /„ | /o (or /„ i /o) implies that || /o - /„ |H 0. i-O-, 
fn converges in norm to /q. Conversely, it follows in any normed Riesz space 
from fn T (or /„ i) and || /o - /« 0 that /„ | /o (or /„ i /o). Hence, order 
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convergence and norm convergence for monotone sequences are equivalent if 
and only if the norm in E is cj-order continuous. Similarly, the norm in E is 
order continuous if and only if | /o (or D I fo) implies that 

inf(||/-/o||:/€D) = 0. 

i.e., D converges in norm to /q. Conversely, it follows in any normed Riesz 
space from D ^ {oi D 1) and norm convergence of D to fo that fo = supD 
(or /o = infD ). Hence, norm convergence of an upwards (or downwards) 
directed set D to fo is equivalent to fo = sup D (or fo = inf D) if and only 
if the norm in E is order continuous. 

It is evident that if E is order separable and the norm in E is cr-order 
continuous, then the norm is order continuous. This holds in particular for 
the spaces jLp(AT, //), 1 < p < oo, where p is a cr-finite measure in the point 
set X. The sequence space -£qo and the space Loo([0, l],p), with p Lebesgue 
measure, are examples of Banach lattices with norm failing to be cr-order 
continuous. 

Theorem 17.8. Any Banach lattice having order continuous norm is super 
Dedekind complete. 

Proof. Let be a Banach lattice having order continuous norm and let D 
be an upwards directed set in E such that D is bounded above. Denote the 
set of all upper bounds of jD by G. In view of Lemma 17.4 we have G — D J, 0, 
so 



■mi{\\g-f\\:geGJ&D) = 0, 

since the norm in E is order continuous. Therefore, given e > 0, there exist 
g e G and fiED such that \\ g - fi ||< e. Since 0 < f 2 — fi < g - ft for all 
/2 € D satisfying /2 > /i, it follows that || f 2 - fi ||< e for all /2 > fi in D. 
This shows that D is a norm Cauchy system. The space E is a Banach lattice, 
so the Cauchy system D converges in norm to some fo^E and fo is now the 
supremum of D (see Theorem 17.2). Furthermore, D contains an increasing 
sequence having the same supremum (see Lemma 17.1). These results show 
that E is super Dedekind complete. ■ 

In the next theorem we present the first characterization of Banach lattices 
having order continuous norm. 

Theorem 17.9. For a Banach lattice E the following conditions are equiv- 
alent. 

(i) E has order continuous norm. 

(ii) E has a -order continuous norm and E is Dedekind a -complete. 

(Hi) Every sequence in E which is increasing and bounded above converges 
in norm. 
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Proof, (i)-^ (ii) Evident, since in view of the preceding theorem E is super 
Dedekind complete. 

(ii) — > (iii) Let (/„ : n = 1, 2, . . .) be an increasing sequence in E which is 
bounded above. Then, since E is Dedekind cr-complete, the supremum of the 
sequence exists, so /n T /o- It follows that fo-fnl 0, so || fo~fn Hi 0 since 
E has (T-order continuous norm. This shows that converges in norm to /q. 

(iii) — > (i) Let D i 0 in E*. We have to show that inf(|| / ||: / € D) = 0, 
and for this purpose we may just as well assume that D contains finite infima 
(i.e., D contains all finite infima of its own elements), since this does not make 
any difference for the number inf(|| / ||: / € D). Now fix some foeD and 
define Di to be the set of all {f A fo : f e D). Then Di i 0 and 

inf(||/||:/eZ):)=inf(||/||:/€Z)), 

so we may just as well assume that we have to do with Di from the beginning 
on. In other words, we may assume that D iO and D has an upper bound /q. 
The set D 2 = {fo — f : f E D) satisfies D 2 t /o? from which it follows that 
D 2 is a norm Cauchy system, because otherwise there would exist some e > 0 
and an increasing sequence /i < /2 < • * • in D 2 such that || fn+i—fn ||> ^ for 
n = 1 , 2 ,..., contradicting our hypothesis (iii). Hence, since £* is a Banach 
lattice, D 2 converges in norm to some g e E and g = sup D 2 . But sup D 2 = fo, 
and so ^ = /o- It has been proved thus that D 2 converges in norm to fo- Since 
D 2 = (/o — / : / € D) by definition, it follows that D converges in norm to 
the null element, i.e., given e > 0, there exists an element f{e) E D such that 
II / II < € for all / € D satisfying / < /(e). Hence, inf(|| / ||: / € D) = 0 ■ 

The results in the following exercise are essentially due to H. Nakano 
(1943). 

Exercise 17.10. let E be a normed Riesz space, but not necessarily a Ba- 
nach lattice. Show that the conditions (ii), (iii) in the theorem above are still 
equivalent and each of these is equivalent to 

{V) E has order continuous norm and E is super Dedekind complete. 

Hint: The proofs for (i’) (ii) — » (iii) are as in the theorem. In the proof 
that (iii) implies (i’), use Lemma 17.1 to see that the Cauchy system D 2 con- 
tains an increasing Cauchy sequence having supremum /o, and therefore (by 
hypothesis (iii)) converging in norm to fo- To show that E is super Dedekind 
complete, let D f and let D be bounded above. Then again D is a Cauchy 
system since otherwise (iii) would be violated. It follows that D contains an 
increasing Cauchy sequence having the same upper bounds as D. By hypothe- 
sis (iii) the sequence converges in norm to some fo and, once more by Lemma 
17.1, /o is the supremum of the sequence as well as of D. 

As defined in section 8, the elements f^g in the Riesz space E are said 
to be disjoint if inf(| / |, | ^ |) = 0, i.e., | / | A | |= 0. The sequence 
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(/n : n = 1, 2, . . .) in £■ is said to be a disjoint sequence if every two elements 
in the sequence are disjoint, i.e., inf(| fm i, | /n I) = 0 for m ^ n. It is 
admitted here that fn = 0 for one or more values of n. If A: > 2 is a natural 
number, the sequence (/„) in E is said to be a k-dis joint sequence if for every 
A:-tuple of elements in the sequence the infimum of the absolute values of these 
elements is the null element of E. A disjoint sequence, therefore, is the same as 
a 2-disjoint sequence. Evidently, every A:-disjoint sequence is (k + l)-disjoint, 
but the converse does not hold in general. Disjoint sequences in a Banach 
lattice possessing order continuous norm have a special property. As shown 
in the last theorem, it is true in such a space E that every order bounded 
increasing sequence converges in norm. This implies easily that every order 
bounded disjoint sequence in E~^ converges in norm to the null elernent. The 
proof is almost immediate. Let {un '■ n = 1,2, . . .) be such a sequence, say 
^ ^ Un < uq for all n and Um /\Un = 0 ioi m ^ n. Then the partial sums 
Sn = Ui + Un satisfy Sn T ^nd 

Sn, — V • • ■ V Un ^ ^0 5 

SO Sn converges in norm. But then || Un || = || Sn — Sn-i ||-^ 0 as n — > oo. It 
is a remarkable result that this property of disjoint sequences characterizes 
Banach lattices having order continuous norm, that is to say, the Banach 
lattice E has order continuous norm if and only if every order bounded disjoint 
sequence in E~^ converges in norm to the null element. The proof is not trivial 
and some preliminary discussion is needed. The first point we shall discuss is 
a certain method to obtain a disjoint sequence from a given sequence. There 
exist two variants of the method, one of which can be used for order bounded 
sequences in any arbitrary Riesz space and the other one works for norm 
bounded sequences in a Banach lattice. 

Theorem 17.11. (i) Let E be a Riesz space and assume that {un : n = 
1,2,...) is an order bounded sequence in E~^ , say 0 < Un < u for all n. 
Define the sequence {vn :n = l,2,...)6yui=0 and 

'^n = (^n - nE1~luk - n~^u)^ for n = 1, 2, . . . 

Then (Vn) is a disjoint sequence such that 0 < Vn < Un holds for all n. 

(a) Let E be a Banach lattice and assume that {un : n = 1,2, ...) is a 
norm bounded sequence in E~^ . Define the sequence (w„ : n = 1, 2, . . .) by 

ui = (ui - + , 

Vn — (un — 2 Uk — £'^„_(.x2 for n = 2, 3, . . . 

Then {vn) is a disjoint sequence such that 0 < Vn < Un holds for all n. 
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Proof, (i) Let 2 < m < n. Then 

Vn < {Un -nUm)'^, 

Vjn = {Um — mE^~^Uk — 7n~^u)^ < {Um — m~^Un)^ < 

{Um - n~^Un)'^ = n~^{nUm - Un)^ = n~^{un - nUm)~, 

so Vn /\Vm = 0, since {un — num)^ A (un — nujn)~ = 0. It is evident that 
0 < ^ for 9-11 n. 

(ii) Note first that E^2~^Uk converges absolutely because the sequence 
(un) is bounded in norm. Hence, the partial sums converge in norm and 
their limit is also their supremum. Thus, according to our conventions about 
notations, Ef^2~^Uk exists. The same holds for E^i2~^Uk- Now, if 1 < m < 
n, we have 



Vn S {V'n 2 Ufn)^ 1 

Vm < {Um - 2-^Un)^ = 2~^{2^Um ~ Un^ = 2~^{Un ~ 

SO Vn /\Vm= 0. 

Finally, observe that in part (i) the same result holds if we define Vn by 
Vn = {un - ~ 

where a„ t oo- A similar remark holds for (ii), provided converges.* 

It is of importance for what follows to estimate Un — Vn in part (i) of the 
last theorem. Using that f — {f — g)'^ = / A ^ for arbitrary / and g (formula 
(2) in the proof of Theorem 5.2), we obtain for n > 2 that 

0 < Un — Vn = Un — {Un ~ uE'^~^Uk ~ Tl~^u)^ = 

Un A {nEi~^Uk + n~^u) <Un ^ {nEi~^Uk) -f n~^u 

and 



Un~Vn>UnA (nX’^'^Ufe). 

Hence, writing wi = 0 and Wn = Un A {nEi~^Uk) for n = 2, 3, . . ., we have 

Vn + VUn ^ Un < Vn + Wn + Tl~^U for 72 = 1, 2, (1) 

For further information we have to investigate, therefore, the behaviour of the 
sequence {wn)> 
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Theorem 17.12. Let E be an arbitrary Riesz space. If {un : n = 1,2,...) 
is a (A; + 1)- disjoint sequence in and {wn : n = 1,2,...) is defined by 
wi = 0 and 



Wn = Un A (nEj^luj) for n = 2, 3, . . . , 

then (wn) is a k-disjoint sequence in E~^ . Evidently, if (un) is order bounded, 
then {wn) is order bounded. 

Proof. Let J = {n(l), . . . ,n(A:)} be a set of k natural numbers {k > 2) and 
assume that n(l) is the smallest number in J. Ifn(l) = 1, then tfn(i) = w\ = 
0, and so ml{wn : n € J) = 0. If n(l) > 1, we have 

0 < mi{wn :ne J) < Un(i) A • • ■ A Un{k) A n{l)Eji^^~'^Uj < 

7l(l)^j^_l Un(^l'^ A ■ • • A Un{k) A Uj = 0, 

since (u„) is (A; + l)-disjoint. This shows that {wn) is a A:-disjoint sequence.* 

Speaking somewhat unprecisely, we may derive now from formula (1) 
above that every positive order bounded and {k + l)-disjoint sequence in 
a Riesz space is almost equal to the sum of a positive disjoint sequence and 
a positive k- disjoint sequence. In particular, it follows from (1) that if E is 
a normed Riesz space having the property that, for some k > 3, every order 
bounded (A: — 1)- disjoint sequence tends in norm to zero, then the same holds 
for every order bounded A:-disjoint sequence. Hence, it is easy now to prove 
the following theorem. 

Theorem 17.13. If every order bounded disjoint sequence in the normed 
Riesz space E tends in norm to zero, then, for every k = 2,3,..., every 
order bounded k-disjoint sequence tends in norm to zero. 

Proof. The theorem holds for A: = 2, so by induction it holds for every 
A: = 2, 3, ... . ■ 

We shall now formulate and prove the main theorem in this section con- 
taining (as already announced) another characterization of Banach lattices 
possessing order continuous norm. 

Theorem 17.14. Let E be a Banach lattice. Then E has order continuous 
norm if and only if every order bounded disjoint sequence in E converges in 
norm to zero. 
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Proof. We have seen already that if E has order continuous norm, then 
every order bounded disjoint sequence converges in norm to zero. For the 
converse, assume now that every order bounded disjoint sequence in E has 
this property. Equivalently, assume that, for A: = 2, 3, . . ., every order bounded 
A:-disjoint sequence in E converges in norm to zero. We have to show that 
E has order continuous norm or, equivalently, we have to show that every 
order bounded increasing sequence in E converges in norm (see Theorem 
17.9). Assuming that the last condition is not satisfied, there exists an order 
bounded increasing sequence in E that does not converge in norm. We may 
assume that the sequence is contained in E'^ and, passing to a subsequence 
if necessary, we obtain an increasing sequence (u„) such that 0 < tXn < u for 
some u G E~^ and || Un+i — Un ||> e for some e and all n. Let k{k > 2). be a 
natural number such that |1 k~^u ||< e/2 and define Vn by 

Vn = (tfcn +1 - Un — k~^u)~^ for n = 1, 2, 

We prove that (vn) is a A:-disjoint sequence (and so || ||— » 0 as n oo). For 

the proof, let J = {n(l), . . . , n{k)} be an arbitrary set of k different natural 
numbers with n{k) the largest among these numbers. Then 

0 — ^j=l(^n(j)+l ~ '^n(j)) — ^n=l (^^+1 “ ~ 

'^n{k)+l ~ '^1 ^ '^1 

SO w = inf(un+i — Un : n e J) satisfies 

kw < - < u. 

It follows that 

inf(u„ 4 .i — Un — k~^u : n e J) w — k~^u < 0, 

which implies in view of one of the distributive laws (Corollary 6.2) that 
inf(t?n : n G J) = 0. Hence, (vn) is an order bounded A:-disjoint sequence. As 
observed already, it follows that ||t;n||— >0asn-^oo. But then, since 

(^n-fl ^n) ~ (^n+1 ^n) (^n+l k u)”^ = 

{Un+1 - Un) A k~^U, 

we get 

II ^n+l II II Un “h {Un-\-l Un) A Aj U || ^ || Vn || d" || A^ tZ || <C 

II Un II +2 ^ 

for sufficiently large n. This contradicts the assumption that || Un+i —Un ||> e 
for all n. Hence, every order bounded increasing sequence in E converges in 



norm. 
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The last theorem is due to P. Meyer-Nieberg (1972) and, independently, 
to D.H.Fremlin (1974). Their proofs are different. The proof presented here 
is a somewhat modified version of Fremlin’s proof (which works for the more 
general case of a topological Riesz space). 

Exercise 17.15. Let /i be a countably additive cr-finite (and non- negative) 
measure in the point set X and let 1 < p < oo. Show that the norm in 
Lp{X, p) is order continuous. Show that if, for example, p is Lebesgue measure 
in X = [0, 1], then Loo{X^ p) does not have order continuous norm. Show that 
C([0, 1]) does not have order continuous norm. 

Hint: Use Theorem 17.9. 

Exercise 17.16. If E is a normed Riesz space (but not necessarily a Banach 
lattice), then every order bounded increasing sequence in E is a norm Cauchy 
sequence if and only if every order bounded disjoint sequence in E converges 
in norm to zero. Prove this. 

Some conditions necessary and sufficient for a normed Riesz space or a 
Banach lattice to have an order continuous norm were mentioned already. 
There are several further conditions of this kind. One of these, due to T. Ando 
(1965), is contained in the following theorem. 

Theorem 17.17, The normed Riesz space E has order continuous norm if 
and only if every norm closed ideal in E is a hand. Furthermore, if E is a 
Banach lattice having order continuous norm, then every norm closed ideal 
in E is a projection hand. 

Proof. Let E be a normed Riesz space with order continuous norm. Further- 
more, let A be a norm closed ideal in E. For the proof that A is a band, 
assume that D is an upwards directed subset of A"^ with supremum uq, so 
D t ^ 0 - We have to show that uq C A. Since the norm in E is order continu- 
ous, it follows from D ^ uq that (|| uq — u ||: u € D) i 0. Hence, similarly as in 
the first part of the proof of Lemma 17.1, there exists an increasing sequence 
0 ^ ^ U 2 < • in D such that \\ uq — Un ||i 0 as n — > oo. Since Un € A 

holds for all n and A is norm closed, it follows that uq € A. 

Conversely, assume that every norm closed ideal in E is a band. It is 
sufficient now to prove that D | uq in E+ implies that {\\ Uq — u \\: u e D) I 0. 
For this purpose, choose e > 0 and then choose a such that 0 < a < 1 and 
II (1 — a)uQ II < e .It follows then from 

0 ^ ^0 ~ = (1 “ Q;)uo + auQ — u < {1 — a)uo + {auQ — u)'^ (2) 

for every u e D that 



Uo-U ||< £+ II {auo - u)'^ II . 
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Since the set {{auQ ~ u)'^ : u £ D} is downwards directed, it is sufficient to 
prove now that || {auo — u*)'^ ||< e for some u* £ D since then || uq — u ||< 2e 
for all u £ D satisfying u> u*. Observe that 

{u — auo : u £ D) 'I {1 — a)uo, so {{u — auo)^ : u £ D} T (1 ~ o:)tio- 

Therefore, denoting by A the ideal generated by the set of all {(u — o-Uq)'^ : 
u £ D}, it is evident that uq is an element of the band B generated by A. 
The norm closure A~ of is a band by hypothesis, so B is a subset of A~ 
(since B is the smallest band containing A). Therefore, it follows from uq £ B 
that Uq £ A~ . This implies that for the given e > 0 there exists an element 
V £ A such that |1 uq — 'y ||< e. Then £ A and 

I ^^0 - 1 = 1 1^1 ^0 - I 5 so II Uq - ||< e. 

We may assume, therefore, just as well that 0 < v £ A. Similarly, v may be 
replaced by u A uq, so we may assume that 0 < v < tto holds. Now observe 
that by the definition of the ideal generated by a given set of elements (see 
section 7) any element in the ideal is already contained in the ideal generated 
by a finite number of elements of the given set. This implies in our case 
(since the set {(u — auo)"*" : u £ D} is upwards directed) that there exists an 
element u* £ D such that v is an element of the principal ideal generated by 
(n* — auo)'^. Hence 

V X {u* — auo)~ = {oiUQ — u*)^. 

Each of the disjoint elements v and {auo — u*)'^ is majorized by uq, so 

V + {auo — < Uq. 

It follows that II {auQ — u*)"*" ||<|| uo — 1|X which is the desired result. 

It remains to show that in a Banach lattice E with order continuous norm 
every norm closed ideal is not only a band but even a projection band. This 
follows immediately by observing that in this case E is super Dedekind com- 
plete (see Theorem 17.8), which implies that E has the projection property 
(in view of the main inclusion theorem; Theorem 12.3). Every band in E is 
therefore a projection band. ■ 

The inequality in formula (2) is known as Ando ’s inequality. The inequal- 
ity will play a further important role in the discussion of order continuous 
operators (in section 22). 

Exercise 17.18. Let E = Li([0, l],)u) fl Lcx^{[0,l]^ where /i is Lebesgue 
measure. Equipped with the Li -norm, E is a normed Riesz space but not a 
Banach lattice. Show that the norm in E is order continuous and every norm 
closed ideal in E is a projection band. Hence, the property that every norm 
closed ideal is a projection band does not necessarily imply that the space is 
a Banach lattice. 
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Exercise 17.19. In section 11 we have defined a cr- ideal in the Riesz space E 
as an ideal A with the property that if E A forn = 1, 2, . . . and sup /„ = /o 
exists in E, then fo e A. Show that the following conditions for the ideal A 
in E are equivalent. 

(i) A is a (7-ideal in E. 

(ii) If Un E for n = 1, 2, . . . and Un T in E, then uq E A (compare this 
with Theorem 11.7). 

(iii) If /n E A for n = 1, 2, . . . and /„ /o (in order) in E, then /o E A (i.e., 
A is an order closed ideal). 

Assume now that jE? is a normed Riesz space. Show that E has a-order 
continuous norm if and only if every norm closed ideal is a cr-ideal, i.e., every 
norm closed ideal is order closed. 

Hint: It is easy to see that (i) and (ii) are equivalent and (iii) implies (ii). 
For the proof that (ii) implies (iii), assume that (ii) holds and let /n E A for 
n = 1, 2, . . . with fn — > fo (in order). Then / + G A for all n and Jq. 

Let 9n = fn ^ fo Show that 

0</o+-ff„<|/o+-/+|. 

Write Un = sup(5 fi, . . . , p„) for n = 1, 2, . . . and show that 0 < Un in A with 

0 < /o+ < /o+ -3„ <1 /o+ -/+ H 0. 

Hence € A by hypothesis. Similarly /q“ G A, and so fo G A. 

The proof for the last part is very similar to the proof that E has order 
continuous norm if and only if every norm closed ideal is a band. 

Exercise 17.20. (i) Recall (see section 11) that a linear operator (linear 
mapping) P from the vector space V into itself is called a projection if = P, 
i.e., P(P/) = Ff for every f eV. In the case that V = E is a Riesz space, the 
projection P in P is said to be a positive projection if Pu > 0 for every u>0 
in P. As shown in Theorem 11.4, every band projection P in P is a positive 
projection having the further property that 0 < Pu < u holds for every u>0 
in P. The range B of the band projection P (i.e., the set of all p E P satisfying 
g = Pf for some / E P) is a projection band, i.e., P 0 = P, and Pf = 0 

for every f ^ Not every positive projection is a band projection, as simple 
examples in already show. We shall indicate, however, how to show that 
if P is a positive projection having an ideal A in P as its range, then A is 
a. projection band and the corresponding band projection Pa on A satisfies 
Pa ^ P (be., Pau < Pu for every u E P"^). To prove that A is a projection 
band, show that for any u E E~^ we have the decomposition 



u= {u A Pu) + {u — (u A Pu)} 



(3) 
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with 0 < u A Pu 6 A and 0 < u — {u A Pu) E A^. This will imply that 
E = A^ A^^ and hence yl is a projection band (see Theorem 11.3). For the 
proof that (3) holds, observe first that any G ^ is of the form g = Pf for 
some f,sog = Pf = P^f = Pg. Now, let u E E~^ be given. Then uAPu E A, 
so it is sufficient to prove that u — {uA Pu) E A^^ i.e., p = v A{u-- {uA Pu)} 
satisfies p = 0 for every v E A~^. We have p E A, so Pp = p. Furthermore 
p <u — {u A Pu), which implies that 

p = Pp < P}u — (u A Pu)} = Pu — P{u A Pu) = Pu — {u A Pu). 

It follows that 

p < {u — {uA Pu)} A {Pu — {u A Pu)} = (u A Pu) — {u A Pu) = 0. 

It is obvious, by the uniqueness of the decomposition, that the component of 
u E E~^ in the projection band A is u A Pu, so Pau = u A Pu < Pu. 

It is an immediate corollary that the set of ideals that are the range of 
some positive projection is the same as the set of all projection bands. This 
result is due to T. Ando (1969). 

(ii) Let £* be a normed Riesz space having the projection property. Show 
that the norm in E is order continuous if and only if every norm closed ideal 
in E is the range of a positive projection. 

(iii) Let be a Banach lattice. Show that the norm in E is order continuous 
if and only if every norm closed ideal in E is the range of a positive projection. 




CHAPTER 9 
Linear Operators 



18. Linear Operators in Normed Spaces and in Riesz 
Spaces 

If T is a mapping from the vector space V into the vector space W, i.e., if 
T has domain V and range W (notation T : V W), then (as well-known) 
T is called a linear mapping (also called a linear transformation or a linear 
operator) if 



T{af + Pg) = aTf + PTg 

for all / and g in V and all (real or complex) numbers a and p. For brevity 
we shall usually say operator instead of linear operator. It is evident that the 
set C{V^W) of all operators from V into IF is a vector space if, for Ti,T2 in 
C{V^W) and a, P real or complex, we define aT\ 4- PT2 by 

(aTi + pT2)f = aTif + pT^f for all / € F 

If F, W, Z are vector spaces and Ti , T2 are operators such that T\ : W Z 
and T2 : F — > IF, then the product operator T1T2 : F — > Z is defined by 

(TiT2)/ = Ti{T2f) for all / G F 

For any vector space F the space £(F, F) of all operators from F into itself is 
usually denoted by C{V). The space C{V) is an algebra because, for T\ and 
T2 in £(F), the product T1T2 is likewise an element of C{V). Note that the 
familiar distributive laws hold in £(F), such as for example (Ti + T2)T^ = 
T1T3 + T2T3. In general the multiplication is not commutative. The operators 

TT, TTT, ... in C(V) are denoted by T^,T^, If P € C{V) satisfies the 

equality = P, then P is called a projection. Note that if P is a projection, 
then P = P^ forn = 1, 2 , — The identity operator in C{V) is usually denoted 
by /, i.e., If = f for all feV. 

Any linear operator from the vector space F into the space M of real 
numbers or the space C of complex numbers (depending on whether F is a 
real or complex vector space) is called a linear functional on F. Hence, the set 
of all linear functionals on F is exactly the vector space £(F, M) or P(F, C). 
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This space is called the algebraic dual space of F , and it is sometimes denoted 
by instead of £(F, E) or £(F, C). 

Let T :V W he an operator from the normed space V into the normed 
space W. Norms will be denoted by || ■ || as before; it will be clear from 
the context whether this denotes the norm in F or in IF. The operator T 
is said to be continuous at the point fo G F if |1 fn — fo ||— ^ 0 as n — > oo 
implies || T/„ — T/o ||— > 0, and T is said to be continuous on V if T is 
continuous at each point of F. Furthermore, T is called a hounded operator 
(more precisely, a norm bounded operator) if there exists a constant A > 0 
such that II Tf ||< A || / || for all / G F. In the particular case that IF = E 

or IF = C, the operator T is then a linear functional on F, continuous at the 

point /o, continuous on F or bounded respectively. Since T is linear, these 
three properties coincide. We present the proof. Note first that T is continuous 
at fo if and only if for any e > 0 there exists 6 > 0 such that || f — fo ||^ b 
implies || Tf -Tfo ||< €. 

Theorem 18.1. If V and W are (real or complex) normed spaces and 
T : V W is a linear operator, then the following conditions for T are 
equivalent. 

(i) T is continuous at one point /o G F. 

(ii) T is continuous on V. 

(Hi) T is norm bounded. 

In particular, therefore, a linear functional on V is norm bounded if and 
only if it is continuous. 

Proof, (i)— ^ (ii) We assume that T is continuous at fo. Choose /~ G F 
arbitrarily. We prove that T is continuous at /“. For this purpose, assume 
that II /„ — /~ ||— > 0 as n — > oo, i.e., fn f" in norm. Then, for v = f — fo, 
we have /n — — 't’ = /o in norm, so T fn — Tv Tfo by hypothesis, 

i.e., Tfn T fo +Tv = T/~ in norm. This shows that T is continuous at /~. 

(ii)-^ (iii) T is continuous at the origin by hypothesis, so there exists a 
number (5 > 0 such that || / ||< (5 implies || Tf ||< 1. In other words, || / ||< 1 
implies || T f ||< b~^. If / ^ 0 is now arbitrary in F, then || / ||~^ / has norm 
one, so T(|| / ||“^ /) has norm at most , i.e., || Tf ||< || / ||. Hence, 

for A = we have || Tf ||< A || / || for every / G F. 

(hi)— > (i) Let || T/ ||< A || / || for every / G F. It is sufficient to prove 
that T is continuous at the origin (i.e., at the null element of V). This is clear 
since || fn |H 0 implies \\Tfn ||< ^ || fn IH 0. ■ 

It is evident that the set B{V,W) of all norm bounded operators from F 
into IF is a (real or complex) vector space, a linear subspace of the vector 
space £(F, IF) of all linear operators from F into IF. If IF = EorIF = C, 
the corresponding ^(F, E) or B{y, C) of all norm bounded linear functionals 
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on V is called the Banach dual space of V (or norm dual space of V) and 
is denoted by V* (or sometimes by V'). Linear functionals are often denoted 
by — For any T € B(V^W), let, by definition, || T || be the infimum 
of all numbers ^4 > 0 such that || Tf ||< ^ || / || holds for all f ^ V. Then 
II Tf II < II T II • II / II for all / G F, but || T || is now the smallest number 
having this property. The number || T || is called the norm of the operator 
T. This is an appropriate name because || T || is a norm in B{V, W). Indeed, 
it is obvious that || T ||> 0 for all T and || T ||= 0 if and only if T is the 
null operator. Furthermore, || aT ||=| a | • || T || for every a G M or a € C. 
Finally, 



II (Ti +T 2 )/ ||<|| Ti/ II + II T 2 / ||< (II Ti II + II T2 id- II / II, , 

SO that, in view of the definition of the norm, we have 

I|Ti+T2||<||Ti|| + ||T2||. 

It is evident from the definition that 

II T 11= supdl Tf II / II / ||: / / 0) = supdl Tf ||:|1 / ||< 1). 

In particular, if (/:? is a bounded linear functional on V, i.e., if (p e V*, then 
I <p{f) |<|| II ■ II / II for every / 6 V and 

II T 11= sup(| </?(/) I / II / ||: / 0) = sup(| <p(/) |:|| / ||< 1). 

It is a natural question to ask for conditions under which the normed space 
B{V, W) is a Banach space. We prove that if LF is a Banach space, then so 
is B{V^W). Before giving the proof, it is of use to observe that any Cauchy 
sequence in a normed space is norm bounded. Indeed, if (/n : n = 1, 2, . . .) is 
a Cauchy sequence, then, for some natural number ni, we have || fm — fn II < 1 
for all m > n > ni, so II fm II — II fni II +1 for 9^11 rn > Ui. Furthermore, note 
that if fn — > fo in norm, then || /„ ||— >|| /o ||. This follows from 

lll/n||-||/olll<||/n-/o||. 



Theorem 18.2. If V is a normed space and W is a Banach space, then 
B{y, W) is a Banach space. In particular, since M and C are Banach spaces 
with respect to the familiar absolute value as norm, the Banach dual V* of 
any normed space V is a Banach space. 

Proof. Let (T^ : n = 1, 2, . . .) be a Cauchy sequence in B{V, W). Then, as 
observed above, the sequence (|| ||: n = 1,2, . . .) is bounded, say || ||< 

M for all n. For any / G F it follows from 

I|t„/-t„/ ||<||t„-t„||-||/|Ho 
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as n > m oo that the sequence {Tnf :n = l,2,...)isa Cauchy sequence in 
W. Since W is a, Banach space, the norm limit of Tnf {asn oo) exists in W. 
Denoting this limit by T/, we thus define a mapping T : V W. Obviously 
the mapping T is linear, i.e., T is a linear operator. Since Tnf T we have 
II Tnf IHII Tf II for every /. Prom 

\\Tnf \\<\\Tn\\^\\f\\<M\\f\\ 

for every n and every / it follows, therefore, that || Tf ||< M || / || for every 
/. This shows that T is norm bounded, i.e., T € B{V, W). 

Finally, let e > 0 be given. Since 

\\Tnf-Tmf |H||Tn/-T/ II 

as m oo and || Tnf — Tmf ||< e || / || for all m > n > n(e), we have 
II Tnf — Tf II < € II / II for all n > n(e) and all /, and so || Tn — T ||< e for all 
n > n(e). This shows that Tn T in B(F, W). ■ 

Let now V and W be ordered real vector spaces, not necessarily Riesz 
spaces and not necessarily normed (see Definition 4.1 for the definition of an 
ordered vector space and Exercise 7.5(ii) for an example of an ordered vector 
space which is not a Riesz space). Recall that an element f eV is a positive 
element if / > 0 and that the set (/ : / G F, / > 0) is called the positive cone 
of V. Similarly for W. The linear operator T : V W is called a positive 
operator if T maps the positive cone of V into the positive cone of TF, i.e., if 
f > 0 in V implies T/ > 0 in TF. It is now evident that the space C(V,W) 
of all linear operators from V into TF becomes an ordered vector space by 
defining that Ti > T 2 in £(F, TF) whenever T\ — T 2 is positive. The operator 
T G £(F, TF) is said to be a regular operator if T can be written as T = Ti — T 2 
with Ti and T 2 positive. The set £r(F, TF) of all regular operators from V 
into TF is a linear subspace of C(V,W). It is clear from the definition that 
T G T(F, TF) is regular if and only if T is majorized by a positive operator, 
i.e., if there exists a positive operator Ti such that T <T\. The null operator 
0 is the null element of £(F, TF) as well as of £r(F, TF) and T is positive if 
and only if T > 0. 

There is still another important class of linear operators from V into TF. 
For the definition we recall that an order interval in F is a subset of F of 
the form (/ : /i < / < / 2 ), where fi and /2 are elements of F satisfying 
fi ^ /2 (see the definition in section 3). We shall denote the order interval 
if ‘ fi < / < / 2 ) by [/i,/ 2 ], in accordance with the notation for a closed 
interval in E. The operator T : V W is said to be an order bounded operator 
whenever T maps any order interval in F into (not necessarily onto) an order 
interval in TF. It is easy to see that T is order bounded if and only if T maps 
any order interval of the form [0, /] in F into an order interval in TF. It follows 
immediately that every positive operator T is order bounded, because T maps 
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any order interval [0, /] into the order interval [0, T/]. We have, therefore, the 
following simple theorem. 

Theorem 18.3. If V and W are ordered vector spaces and T : V W is 
a regular operator, then T is order bounded. 

Finally, note that the set Cb(V,W) of all order bounded operators from 
V into W is a linear subspace of C{V,W). This follows by observing that 
the algebraic sum of two order intervals is contained in an order interval. 
Precisely, the algebraic sum of [^1,^2] and [^3,5^4] is contained in, but not 
necessarily equal to, the interval + ^3,^2 + ^4]- Hence, 

CriV, W) C Cb(V, W) C C{V, W). 

In one of the next sections (section 20) we shall deal with an important situa- 
tion {V and W Riesz spaces with W Dedekind complete) in which Cr{V, W) 
and Cb{V,W) coincide. 

In the case that we have to deal with normed Riesz spaces we can say more. 
If E" is a (real) Banach lattice and E is a (real) normed Riesz space, then every 
order bounded operator from E into E is norm bounded. The proof will show 
that this is true even if E has the weak Riesz-Fischer property instead of 
being a Banach lattice. Since regular operators are order bounded, it follows 
that under these conditions for E and E every regular operator from E into 
E is norm bounded. 

Theorem 18.4. If E is a (real) Banach lattice and F is a (real) normed 
Riesz space, and T : E F is an order hounded operator, then T is 
norm bounded. It follows that every regular operator from E into F is norm 
bounded. 

Proof. Note first that any order interval [/i , 72] is norm bounded. To see 
this, note that any / in [0, /2 - fi] satisfies || / ||<|| /2 - fi ||-, so any / in 
[/i,/2] satisfies 



||/||<||/2-/i|| + ||/i||. 

Assume now that T : E F is order bounded but not norm bounded. Then 
there exists a sequence {f^ : n = 1, 2, . . .) in E such that || T f^ ||> 2n^ || || 

for all n. Note that fn^O for all n, so (replacing fn by /n/ || fn ||) we may 
assume that || fn ||= 1 and || T fn ||> 2n^ for all n. Since || T fn || is less than 
or equal to || T fff || -1- || T f~ [j, it follows that at least one of || T f([ || and 
II T f~ II exceeds . Hence, we may assume that 

fn > 0, II /„ ||< 1 and II Tfn 1|> forn = 1, 2, . . . . 

Writing = n~'^fn, we get 
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Un C \\ Un \\< n ^ and || Tun ||> n for n = 1, 2, 

It follows that E II Un || converges, so (since E is a Banach lattice and, 
therefore, has the Riesz-Fischer property) the element s = Eun exists in E. 
This shows that all Un are contained in the order interval [0, s]. Since T is 
order bounded, all Tun are then contained in some order interval in F. But 
then the sequence of all Tun is norm bounded, which contradicts || Tun ||> ?^ 
for all n. Hence, the operator T is norm bounded. ■ 

Remark, (i) If it is only given that E has the weak Riesz-Fischer property, 
then it follows just as well from the convergence of || Un || that all are 
contained in some order interval [0, s], so the proof proceeds as above. 

(ii) The space of all order bounded operators from a Banach lattice into 
itself may be properly larger than the space of all regular operators. As an 
example we mention the case that E = F is the space C[— 1, 1] and T : E ^ F 
is defined by 

(Tf){x) = f{siii{x~^)} - /{sin(x + x~^)} for 0 <| x |< 1, 

(T/)(0) = 0. 

It is easy to see that Tf e C[— 1, 1] = F for every f e E and T is order 
bounded. It is more difficult, however, to show that T is not regular. 



19. Riesz Homomorphisms and Quotient Spaces 

In algebraic ring theory ring homomorphisms play a particular role among 
the additive mappings from one ring into another, because they preserve the 
multiplicative structure as well as the additive structure. Similarly, Riesz ho- 
momorphisms (or lattice homomorphisms) play a particular role in the space 
of all linear operators from one Riesz space into another one, because they 
preserve the lattice structure as well as the vector space structure. We present 
the definition. 

Deflinition 19.1. The linear operator T from the Riesz space E into the Riesz 
space F is called a Riesz homomorphism (or lattice homomorphism) if 

T{fVg) = {Tf)W{Tg) 

holds for all / and g in E. 

Before mentioning some characterizations of Riesz homomorphisms we 
observe already that a Riesz homomorphism is necessarily a positive operator. 
To see this, note that if / > 0, then 

Tf = T(/ V 0) = (T/) V (TO) = (T/) V 0 = (T/)+ > 0. 
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Theorem 19.2. Let T : E F be a linear operator from the Riesz space E 
into the Riesz space F. Then the following conditions for T are equivalent. 

(i) T is a Riesz homomorphism, i.e., 

T{f y g) = (Tf) V (Tg)for all fand gin E. 

(a) T(f Ag) = (Tf) A (Tg) for all f and g in E. 

(Hi) fAg = 0 implies {Tf) A (Tg) = 0. 

(iv) I Tf h T{\ f I) for all f e E. 

(v) Tf-^ = (Tf)^ for all f e E. 

Proof, (i)— > (ii) This follows immediately from 

f 9 = if y g) + if ^ 9)^ 



(ii)— > (iii) Evident. 

(iii )_4 (iv) Since /"*" A/“ = 0, we have (T/“*“) A (Tf~) = 0 by (iii). Recall 
now that, generally, u Av = 0 implies \ u — v \ = \ u v \=z u + v. Hence, in 
the present situation, 

I Tf 1=1 T/+ - Tf- 1= r/+ + Tf- = T{\ f I). 

(iv)— » (i) We have 

2T(/V^) = T(/ + ^+|/-p|)=T/ + r^ + T(l/-^|) = 

Tf + Tg+ \Tf-Tg \= 2{{Tf) V (Tg)}. 

Finally, it is evident that (i) implies (v). Conversely, (v) implies (iv) in view 
of /- = (— /)“^, which implies by (v) that Tf~ = (T/)~, and so 

I Tf 1= (T/)+ + {Tf)- = Tf+ + Tf- = T{\ f I). 

Note that if T is a Riesz homomorphism, then f -L g implies T f ± Tg. 
This follows immediately from 

\Tf\A\Tg\= T{\ / I) A T(U I) = T(| / I A I I) = TO = 0. 

The converse does not hold. If, for example, — T is a Riesz homomorphism, 
then f 1. g implies Tf ±Tg, but T is not a Riesz homomorphism. If, however, 
T is a positive operator with the property that f J- g implies Tf ± Tg, then 
f A g = 0 implies T f ATg = 0, and so T is now a Riesz homomorphism. 

Note also that any order projection P on a projection band B in the 
Riesz space E’ is a Riesz homomorphism. This is clear since it follows from 
0 < Pf < f for every f >0 in E that f Ag = 0 implies Pf A Pg = 0. 

A Riesz homomorphism T mapping the Riesz space E onto the Riesz space 
F in a one-one way is called a Riesz isomorphism. The inverse operator T~ ^ 
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from F onto E is now also a Riesz isomorphism and the spaces E and F are 
said to be Riesz isomorphic. 

Every Riesz isomorphism T : E F is one-one, onto and positive. Is it 
true that, conversely, any linear operator T : E F which is one-one, onto 
and positive is a Riesz isomorphism ?. The answer is negative, as shown by the 
following example. Let E = with the familiar coordinatewise ordering and 
F = with the lexicographical ordering (i.e., (xi,X 2 ) < (^ 1 , 2 / 2 ) whenever 
< Vi or ^1 — Vh ^2 ^ 2 / 2 ) si'iid let T : E F he the identity operator. Then 
T is one-one, onto and positive, but T is not a Riesz isomorphism because 
T~^ is not positive. The situation improves if T~^ is positive. 

Theorem 19.3. Let T : E F be a linear operator which is one- one and 
onto. Then T is a Riesz isomorphism if and only if T and T~ ^ are positive. 

Proof. It is evident that if T is a Riesz isomorphism, then T and T~^ are 
positive. Assume now, conversely, that T and T~^ are positive. Then, for / 
and g in £*, it follows from f < f V g and g < f V g that Tf < T{f V g) and 
Tg < T{fVg), so 



{Tf)y{Tg)<T{f\/g). (1) 

Similarly, we have (T~^h) V (T~^k) < T~^{h\/ k) for all h and k in F. There 
exist unique / and g in E such that h = Tf and k = Tg^ so we get that 
f y g < T~^{{Tf) V {Tg)}. Applying T to both sides, we now obtain 

T{fVg)<{Tf)V{Tg). (2) 

Combination of (1) and (2) shows that T{fyg) = {Tf) V (Tp), so T is a Riesz 
homomorphism. Since T is one-one and onto, T is a Riesz isomorphism. ■ 

The kernel or null space (i.e., the set (/ : T/ = 0)) of a linear operator 
T :V ^ W between vector spaces is a linear subspace of V and the range of 
T (i.e., the set {g : g = Tf for some f e V)) is a. linear subspace of IT. If JE 
and F are Riesz spaces and T : E F is a Riesz homomorphism, then it is 
clear that the range of T is a Riesz subspace of F and it is not difficult to see 
that the kernel k{T) of T is an ideal in E. For the proof, observe first that it 
follows from T(| / |) =| Tf | that / G k{T) if and only if | / |g k{T). Hence, 
if / G k{T) and | ^ |<| / |, then 

0<T(|5|)<T(|/|) = 0, 

SO I p |g k{T)^ which implies g G k{T). Thus, the kernel k{T) is an ideal. 

If A is a linear subspace of the (real or complex) vector space V, we can 
divide V into equivalence classes modulo A. This is done by introducing in V 
the equivalence relation defined by saying that fi and /2 in V are equivalent 
whenever /i — /2 C A. The set of all elements in V equivalent to a given f € V 




19. Riesz Homomorphisms and Quotient Spaces 127 



is called the equivalence class of / and denoted by [/]. Hence [fi] = [/2] if 
and only if fi and /2 are equivalent, i.e., if and only if /i — /2 € A. The linear 
subspace A itself is one of the equivalence classes; it is the equivalence class 
containing the null element of F, so = [0]. In other words, f e A if and 
only if [/] = [0] . The set of all equivalence classes is called the quotient space 
of V modulo A and it is denoted by V/A. As well-known, the set V/A is a 
vector space if we define the vector space operations by 

[/] + b] = [/ + »] for all [/] and [g], 
a[f] = [af] for all [/] and all a. 

It is easy to see that these definitions are not contradictory. For example, 
note that if fi , /2 are in [/] and gi , Q2 are in [g] , then fi -f gi is in the same 
equivalence class as /2 + ^2? he., 

ifi + 9i) - (/2 + 92) ^ A. 

Assume now that E* is a Riesz space and A is an ideal in E. We shall 
prove that the vector space E/A can be partially ordered in such a manner 
that E/A is a Riesz space with respect to the partial ordering. 

Definition 19.4. Let A be an ideal in the Riesz space E. Given [/] and [g] 
in E/A, we shall write [/] < [g] whenever there exist elements fi G [/] and 
gi € [g] satisfying fi < gi. 

Before showing that this defines a partial ordering in E/A, we observe 
that the following properties are immediately evident from the definition. 

(i) [/] < [9] if and only if for every fi £ [/] there exists an element gi e [g] 
satisfying fi<gi. 

(ii) [/] ^ [9] if and only if for every fi £ [/] and every gi £ [g] there exists 
an element q £ A such that gi — f\> q. 

Theorem 19.5. If A is an ideal in the Riesz space E, the quotient space 
E/A is a Riesz space with respect to the ordering defined in Definition 19.4- 

Proof. We show first that E/A is an ordered vector space. To do this we 
have to prove first of all that what was defined in Definition 19.4 is indeed a 
partial ordering. 

(i) It is clear that [/] < [/] for every [/]. 

(ii) If [/] < [5] and \g] < [/i], let fi in [f],gi and g2 in [gr] and hi in [h] 
satisfy fi < gi and g2 < hi. Then 



fi< 9 i=g 2 + (gi - 52 ) <hi + {gi - 52 )- 




128 CHAPTER 9 Linear Operators 



Since gi~g2 C A, we have /ii + (pi — 5^2) C [/i], which shows that [/] < [h]. 

(iii) Let [/] < [p] as well as [p] < [/]. Then there exist /i,/2 in [/] and 
P15P2 in [p] such that fi < pi and p2 < /2- It follows that 

0 < Pi - /i < (pi - /i) + (/2 - P2) = (/2 - /i) + (pi - P2) € A, 
so gi- he A, Le., [/] = [p]. 

Having established that we have a partial ordering in E/A, we prove now 
that the ordering is compatible with the vector space structure. It is obvious 
that [/] < [p] implies a[f] < a[g] for every a > 0. Finally, to show that 
[/] < [p] implies [/] + [h] < [g] + [h], choose / G [/] and p G [p] satisfying 
/ < p and choose h G [h] arbitrarily. Then / + /i < p + /i, so [/ + h] < [p + h] , 
i-o., [/] + [h] < [p] + [h]. 

It remains to show that E/A is a, Riesz space with respect to the ordering. 
Precisely, we shall prove that [/] V [p] exists for all [/] , [p] and is equal to 
[/ V p] . It is evident that [/ V p] > [/] as well as > [p] , so it will be sufficient to 
show that any upper bound [/i] of [/] and [p] satisfies [h] > [/ V p] . Given that 
[h] is such an upper bound, choose elements /, p, h in [/], [p], [h] respectively. 
Then there exist pi,P2 in A such that /i > / + pi and h > p + p2, so for 
p = Pi A p2 € A we have h > / + p and h> g + q. Therefore, 

h>if + q)\/{g + q) = {fVg)+q. 

Since q e A, this shows that [h] > [/Vp], as desired. Note that it follows from 
f + g = (/Vp) + (/Ap) that [/] A [p] exists and satisfies 

[/]A[5] = [/A^]- ■ 

The Riesz space E/Ais called the quotient Riesz space of E modulo the ideal 
A. The mapping / ^ [/] is a Riesz homomorphism of E onto E/A and A 
is the kernel of the homomorphism. This shows that every quotient space of 
E modulo some ideal is a Riesz homomorphic image of E. Conversely, let T 
be a Riesz homomorphism of the Riesz space E into the Riesz space F. The 
image T{E) of E* is a Riesz subspace of F, so T is a Riesz homomorphism 
onto the Riesz space T{E). Let A be the kernel of T. Then A is an ideal in F, 
and the mapping [/] T f is now a Riesz isomorphism of E/A onto T{E). 
Hence E/A and T{E) are Riesz isomorphic. This shows that every Riesz 
homomorphic image of a Riesz space E is Riesz isomorphic to the quotient 
space of E modulo the kernel of the homomorphism. 

The situation is, therefore, analogous to the situation in algebraic ring 
theory, where we have ring homomorphisms and quotient spaces modulo ring 
ideals. 

One of the problems when dealing with Riesz homomorphisms is to de- 
termine under which conditions the Riesz homomorphic image of an Archi- 
medean Riesz space is again Archimedean. In other words, the problem is to 
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determine which properties an ideal A in the space B should possess in order 
that B/A will be Archimedean. In general B/A is not Archimedean even in 
the case that B is super Dedekind complete. Conversely, a non- Archimedean 
space may possess an Archimedean quotient space. 

Example 19 . 6 . (i) Let B be the space ioo of all (real) bounded sequences 
and A the principal ideal generated by the element u = (u(l),u(2), . . .) with 
u{n) = for all n = 1,2, — Note already that any element in B with only 
finitely many non-zero coordinates is contained in A, so elements differing only 
in a finite number of coordinates are contained in the same equivalence class 
modulo A. Now, let e = (1, 1, . . .) and v = {v{l),v{2), . . .) with v{n) = n~^ 
for all n. Given the natural number k, we have v{n) < k~^e{n) for all n> k 
and so, taking into account the above remark, we see that [v] < k~^[e] with 
H ^ [0] holds in B/A. This holds for all k = 1,2, . . ., and so B/A is not 
Archimedean. 

(ii) If E = with lexicographical ordering and A is the set of all points 
(0, X 2 ) in then B is not Archimedean, A is a band in B and B/A is Riesz 
isomorphic to the space R of real numbers (with the familiar ordering), so 
B/A is even super Dedekind complete. 

Before presenting necessary and sufficient conditions for a quotient space 
to be Archimedean we recall that if E is a Riesz space and u € E"*", then 
/^(n = 1,2,...) is said to converge w- uniformly to / whenever, for any € > 0, 
there exists a natural number n(e) such that | f — fn 1“^ holds for all 
n > n(e) and fn is said to converge (relatively) uniformly to / (notation 
fn ^ f (un)) whenever fn converges u- uniformly to / for some u £ B~^. 
Furthermore the subset D of £" is said to be uniformly closed (un-closed) if 
it follows from fn^D for all n and fn~^f (un) that f £ D (see section 15 
for this definition). The main result in the next theorem is now that if A is 
an ideal in the Riesz space £*, then B/A is Archimedean if and only if A is 
un-closed. 

Theorem 19.7. If B is an arbitrary Riesz space and A is an ideal in B, 
then the following conditions for A are equivalent. 

(i) B/A is Archimedean. 

(ii) A is uniformly closed. 

(Hi) If {un : n = 1,2, ...) is an increasing sequence in A*^ which is uni- 
formly convergent to u, then u £ A. 

(iv) „ If u,v £ B~^ and {nu — v)'^ £ A for n = 1,2,..., then u £ A. 

Proof, (i)— > (ii) Let A be an ideal in B such that B/A is Archimedean and 
let fn — ^ /(e-un) for some e £ B~^ with fn € A for all n. We have to prove 
that f £ A. Given e > 0, it follows from 
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for n > n{e) that [/] < e[e]. The last inequality holds for every e > 0, so 
[/] = [0] siiice E/A is Archimedean. This shows that f ^ A. 

(ii) -^ (iii) This is evident. 

(iii) -^ (iv) Let u,v e E'^ and {nu — v)'^ € A for n = 1, 2 , We assume 

that A satisfies the condition in (iii) and we have to prove that u is a member 
of A. On account of 

0 < u — {u — =1 — (u — |<| u — {u — n~^v) |= n~^v 

it is evident that the increasing sequence 

Wn = {u — n = 1 , 2 ,... 

converges t;-uniformly to u. Since Wn ^ A for all n, it follows from condition 
(iii) that u E A. 

(iv) -^(i) We assume that (iv) is satisfied and we prove that E/A is Archi- 
medean. To this end, assume that u,v e E'^ and n[u] < [v] for n = 1,2, 

Then 



[0] = {n[u] — [v])'^ = [{nu — t?)"^] 

for all n, and so {nu — v)'^ e A for all n. It follows from (iv) that u e A, i.e., 
[u] = [0]. This shows that E/A is Archimedean. ■ 

Corollary 19.8. If E is Archimedean and A is a a -ideal in E, then E/A 
is Archimedean. 

Proof. Let A be a a-ideal in the Archimedean Riesz space E and assume 
that the increasing sequence (u„ : n = 1,2,...) in A”*" converges uniformly 
to u. Then, by Theorem 10.3(i), Un converges to u in order, i.e., 0 < T u. 
Here we use that E is Archimedean. Since Un E A for all n and A is a cr-ideal, 
it follows that u e A. This shows that condition (iii) in the last theorem is 
satisfied, and so E/A is Archimedean. ■ 

Exercise 19.9. Let T be a Riesz homomorphism from the Riesz space E 
into the Riesz space F. 

(i) Show that for any Riesz subspace F of E the image T{V) is a Riesz 
subspace of F. In particular, the image T{E) of E itself is a Riesz subspace 
of F. Show that for any Riesz subspace W oi F the inverse image T~^{W) = 
{f • f ^ V-,T f e W) is a Riesz subspace of E. 

(ii) Show that for any ideal A in E the image T(A) is an ideal in T{E). 
Show that if Ai and A 2 are ideals in E, then 



T(AinA2) = r(Ai)nr(A2). 




19. Riesz Homomorphisms and Quotient Spaces 131 



(iii) Show that for any ideal B in T{E) the inverse image T is an 

ideal in E and for any ideal B\ in F the inverse image T~^{Bi) is an ideal 
in E. 

(iv) Show that for any principal ideal Au in generated by u € E~^, the 
image T{Au) is the principal ideal generated in T{E) by Tu. 

(v) Show that for any subset D oiE the set T{D^) is a subset of {T(D)}^. 

(vi) Show that the image of a projection band in £* is a projection band 
in T{E). 

Hint: (i) Let PF be a Riesz subspace of F. It is evident that T~^{W) is a 
linear subspace of E. U f,g e T~^{W), then Tf and Tg are members of IF, 
so T{f yg) = (Tf) V (Tg) € IF, i.e., fVge T~\W). 

(ii) To show that T{A) is an ideal in T{E), it is sufficient to show that if 
0 < u € ^ and 0 < m < Tu with m € T(E), then m G T{A). Since m = Tf 
for some f £ E and m = it is easy to see that m = Tf'^ and so m = Tw 
ioT w = u A e A. 

For ideals Ai,A 2 in E it is sufficient to prove that T{Ai) fl T{A 2 ) is a 
subset of T{A\ n A 2 ). If / is a member of T{Ai) D T(j 42), then so if | / |, so 
let \ f \=Tu with 0 < u e Ai and \ f \=Tv with 0 < u € ^ 2 - Then w = uAv 
satisfies 0 <w £ A\r^ A 2 and Tw =| / |. Hence | / |g T{Ai n A 2 ). 

(iii) Let B be an ideal in T{E). To show that T~^{B) is an ideal in E, it 
is suflRcient to show that 0 < u < v e T~^{B) implies u G T~^{B). This is 
easy. It follows from 0 < Tu < Tv € B that Tu € B and so u 6 T~^(B). If 
B\ is an ideal in F, then B\ 0 T{E) is an ideal in T{E) and so T~^{B{) = 
T~^{Bi n T{E)} is an ideal in E. 

(iv) The image T{Au) is an ideal in T{E). Since Tu e T{Au), the ideal 
generated in T{E) by Tu is a subset of T{Ay). For the proof of the converse, 
assume 0 < m G T{Au), so m = Tv for some v e Au- Then v < au for some 
real a > 0, so m = Tu < aTu, i.e., m is a member of the ideal generated in 
T{E) by Tu. 

(v) If m G T{D^), then m = Tf for some / G so f ± g for all g E D. 
Then m = Tf ±Tg for all ^ G T, so m G {T{D)}^. 

(vi) Let R be a projection band in E and let C be the disjoint complement 
of H, so H 0 C = T. The images T{B) and T(C) are ideals in T{E) and 
T{B) X T{C). Given m G T{E)^ we have m = Tf for some f £ E\ let 
f = fiF f 2 with fl £ B and /2 G C. It follows that m = Tf = Tfi + T/ 2 , so 
T{E) = T{B) +T{C). Then, by Theorem 11.1, T{B) and T(C) are bands in 
T{E). 
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20. Order Bounded Operators 

In the present section we shall prove an important result which lies at the 
foundations of operator theory in Riesz spaces. Briefly stated, it says that if E 
and F are Riesz spaces with F Dedekind complete and T : E F is linear 
operator, then T is regular if and only if T is order bounded. In other words, 
using the notations introduced in section 18, we have Cr{E^F) = Ch{E,F). 
Moreover (and this is the really interesting point), the vector space Cb{E^ F) 
is now a Dedekind complete Riesz space with the set of positive operators 
(from E into F) as positive cone. This implies that every T € Cb{E^F) can 
be written as T = T“*" — T ~ , where and T~ are positive operators such 
that T+ = T V 0, T~ = (—T) V 0 and T+ A T~ = 0. The case that F = R is of 
special interest. Since E is Dedekind complete, it follows that regular linear 
functionals on E are the same as order bounded linear functionals and the 
space £^(JEJ,R) = Cb(E^'R) is a Dedekind camplete Riesz space. This space, 
denoted by E" for convenience, is called the order dual of E. The theorem 
stating that Cr{E^ F) = Ch{E^ F) is a Dedekind complete Riesz space is due to 
L.V. Kantorovitch (1936) in the Soviet Union and to H. Freudenthal (1936) in 
the Netherlands. The theorem on with further results on order continuous 
linear functionals (see the next section), is due to F. Riesz (1937) in Hungary 
who, already in 1928 at the Bologna International Mathematical Congress, 
presented his ideas about linear functionals on certain ordered vector spaces, 
which is one of the reasons why lattice ordered vector spaces are now known 
as Riesz spaces. We proceed with the details, but first we recall the definition 
of an additive mapping. Let D be a subset of the vector space V having the 
property that f^g £ D implies f + g £ D. Let W be another vector space. 
The mapping r : D W is now said to be an additive mapping whenever 
'^(/ + 5^) = 'T'if) + '^{ 9 ) holds for all / and g in D. 

Lemma 20.1. (Extension lemma). Let E and F be Riesz spaces with F 
Archimedean and let the mapping r : E~^ F^ be additive. Then there 
exists a uniquely determined positive linear operator T : E F such that T 
extends r, i.e., Tu = r{u) for every u £ E~^ . 
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Proof. It is immediately evident by induction that r{nu) = nr(u) for any u G 
E~^ and n = 0, 1, 2, — Then, for n = 1, 2, . . we have r{u) = r(n • n~^u) = 
nr(n“^u), so = n“^r(u). Hence r{ru) = rr{u) for any rational 

r > 0. If a > 0 is irrational, choose rational r and r' such that 0 < r < a < r'. 
Then ru < au < r'u^ so 

rr(u) = r(ru) < r{au) < r{r'u) = r'r{u). 

Letting r ^ a and r' j a, we have rr{u) | ar{u) and r'r{u) | ar{u); note that 
we use here that F is Archimedean. It follows that ar{u) < r{au) < ar{u), 
so r{au) — ar{u). Now observe that if u, u, ui, G satisfy u — v = ui~vi 
and so n 4 - Ui = Ui + u, then 

r(u) 4- t{vi) = t{u 4- Vi) = r{ui + v) = r{ui) 4- t(u), 

so t{u) — t{v) = r{ui) — r(vi). Hence, since every f £ E has at least one 
decomposition f = u — v with u and v in E ~^ , it follows that if we define T on 
E by T/ = r(u) — r(u), then Tf depends only on / and not on the particular 
decomposition of /. Note already that T is now defined on E and Tu = r{u) 
holds for every u G 

The thus defined mapping T : E ^ F is linear. For the proof that T is 
additive, let / and in £" be given. Then there exist u, t;,ui,ui in E'^ such 
that f = u — v and g = u\ — ui, and so 

T{f + g) = T{u u\ - {v ui )} = t{u + ui) - t{v 4 - vi) = 

t{u) + r(ui) - t{v) - r{vi) = T{f) 4- T{g). 

From r{au) = ar{u), holding for all u G E'^ and all a > 0, it follows easily 
that T{af) = aT{f) holds for all / G £* and all real a. It has thus been 
proved that T : E F is a. positive linear operator which extends r. 

Finally, for the proof that T is unique, assume that Ti : F is another 

operator extending r. Given f = u — v with u and v in F"*", we have 

Ti/ = T,u - Tiv = r{u) - r{v) = Tf, 



so Ti = T. ■ 

Theorem 20.2. Let E and F be Riesz spaces with F Dedekind complete. 
Then the linear operator T : E F is order bounded if and only if T is reg- 
ular. In other words, Cij{E,F) = Cr{E,F). Furthermore the space Ciy{E,F) 
is a Dedekind complete Riesz space with the set of positive operators from E 
into F as positive cone. 




20. Order Bounded Operators 135 



Proof. It was proved already in Theorem 18.3 that every regular operator 
is order bounded. For the proof in the converse direction, assume now that 
T : E F is order bounded. Then, for any given u G E'^ , the set {Tv : 0 < 
V < u) is contained in an order interval in F, and so the set is bounded above. 
It follows, since F is Dedekind complete, that the supremum 

t{u) = sup(Tu : 0 < V <u) 

exists in F. Note that r{u) > 0 and r{u) >Tu. We prove that r is additive 
on E~^. Given u\ and U 2 in F"^, we have 

r(ifci) + t{u 2 ) = sup{T(ui + U 2 ) : 0 < ui < ui,0 < U 2 < U 2 } < r{ui + U 2 ). 

In the converse direction, if u G E'^ satisfies 0 < v < u\ + U 2 , there exist v\ 
and V 2 in E~^ satisfying v\ + V 2 = v such that 0 < < u\ and 0 < V 2 < U 2 

(by the Riesz decomposition property). Hence 

Tv = Tvi 4- Tv2 < t{ui) H- t{u2). 

Taking the supremum on the left for all v satisfying 0 < u < ui 4 U 2 , we 
get t{ui + U 2 ) < t{ui) + t{u 2 ). It has been shown thus that r is an additive 
mapping from E~^ into F"^, so by the extension lemma above there exists a 
positive operator T\ : E F which extends r. Now define the operator T 2 
by T 2 = Ti — T, so T = Ti — T 2 . In view of the definition of r we have 
Tiu = t{u) > Tu for every u G F+, so T 2 U > 0, i.e., T 2 is a positive operator. 
It follows that T = T\ —T 2 with T\ and T 2 positive, and so T is regular. 

It remains to prove that the vector space £b{E^ F) is a Dedekind complete 
Riesz space. Let T G £b{E, F) and the positive operator T\ be as above, so 

T\u = sup(ru : 0 < u < u) for every u G F"^. 

Then Tiu > 0 and T\u > Tu^ so T\ is an upper bound of T as well as of 
the null operator 0. If T' is another upper bound, then T'u > T'v > Tv for 
0 < V < u, so 

T'u > sup{Tv : 0 <v < u) = Tiu. 

It follows that Ti is the least upper bound of T and 0, i.e., Ti=TV0 = T^ . 
For arbitrary S and T in Cb{E, F) the operator 

T + {S-T)-^ =T^{{S-T)yO} = SyT 

is then the least upper bound of S and T and — {(— 5)V(— T)} is the greatest 
lower bound of 5 and T. It has thus been proved that F6(F, F) is a Riesz 
space having the set of positive operators from F into F as positive cone. 

To show that Cb{E^ F) is Dedekind complete, assume that D is an upwards 
directed set in {Cb{E^ such that D is bounded above. We have to prove 
that D has a supremum in Cb{E^ F). To this end, let r{u) = sup(Tu :T £ D) 
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for every u € . Note that r{u) exists in F since D is bounded and F is 

Dedekind complete. For T\ and T 2 in D there exists £ D such that T 3 > Ti 
and T 3 > T 2 , so for ui, U 2 G E'^ we have 

TiUi + T2U2 < Ts{ui + 1x2) < r(ui + 1x2), 

which implies, by taking suprema on the left, that 

r{ui) + r{u 2 ) < r{ui + 1 x 2 ). 

In the converse direction, it follows from 

T{ui + U 2 ) = Tui + Tu 2 < t{ui) + t{u 2 ) 

for every T £ D that r{ui 4- U 2 ) < t(ixi) + r(iX 2 ). Hence, the mapping r : 
E+ ^ F+ is additive, so (by the extension lemma) there exists a positive 
operator Tq : E ^ F which extends r. Since Tqu = sup(Txx : T £ D) for 
every u £ E~^, the operator Tq clearly satisfies Tq = sup D. m 

The space E is Dedekind complete. Therefore, as observed already, we 
may specialize to the case that F = E, which results then in the following 
corollary. 

Corollary 20.3. For a Riesz space F, a linear functional on E is order 
bounded if and only if it is regular. The vector space E" of all order bounded 
linear functionals on E, called the order dual of E, is a Dedekind complete 
Riesz space. 

We proceed with some formulas concerning the operators T,T^^T~ and 
|T|=r+ + r- VT-. 

Theorem 20.4. As before, let E and F be Riesz spaces with F Dedekind 
complete and let T,T\,T 2 be order bounded operators from E into F. Then, 
for any u £ E~^ , we have 

(1) T^u = sup(Tx; : 0 < x; < xx), 

(2) —T~u = inf(Tx; : 0 < x; < xx), 

(3) (Tj V T 2 )(xx) = sup(Tix; + T 2 W : v > 0,w > 0,v -h w = u), 

(1) (Ti A T 2 )(xx) = inf(Tix; + T 2 W : v > 0,w > 0,v + w = u), 

(5) \T\ (u) = sup(T/ :| f \< u) = sup(| Tf |:| / |< u), 

and for any f £ E we have 

(6) I Tf |<| T I (I / I). 
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Proof. is the operator called T\ in the proof of Theorem 20.2 and T\ is 
the extension of r, defined in that proof by 

t{u) = sup{Tv : 0 <v <u) ioT u £ . 

Hence, (1) follows. For (2), note that in view of (1) we have 

-T~u = Tu - T'^u = inf{T(ti — w) :0 < w <u} = inf{Tv : 0 < v < u). 

For the proof of (3), write T 3 = Ti V T 2 , so T 3 = (Ti — T 2 )“*“ + T 2 . It follows 
that 



(Ti V T 2 )(u) = Tsu = sup(Tii; - T 2 V :0 <v <u) T 2 U = 
sup{Tit; -f T 2 {u - v) <v <u), 
which is the desired result. The proof of (4) is similar. 

Next, we prove the inequality in (6). For u G we have Tu < 
T-^u <1 T I (u) and -Tu < T~u <| T | (u), so 

\Tu\={Tu)\/{-Tu) <\T\ (u). 

U f e E is arbitrary, then 

i Tf 1=1 T/+ - T/- |<| T/+ I + I Tf- \< 

|T|(/+)+|r|(/-)=|T|(|/|). 

It remains to prove the formulas (5) for | T | (u). We have 

I T I (u) =T+u + T“u = 
sup{Tv : 0 < t? < u) + sup(— Til? :0 <w <u) = 
sup{T{v — w) : 0 < V < u^O < w < u}. 

From 0<v<u,0<w<uit follows that v — w < u and w — v < u, so 
\ V — w \< u. Hence 

\T \ (u) = sup{T(v - w) : 0 < V < u,0 < w < u} < sup(T/ :] / |< u). 

In the converse direction, | / |< u implies Tf <| Tf |<| T | (| / |) <| T | (u), 
so 



sup(T/ :| / |< u) < sup(| Tf 1:| / |< u) <| T | (u). 

Therefore, (5) follows. ■ 

Before presenting another application of the extension lemma, we recall 
some definitions and notations. If <7 is a mapping from the set X into the set Y 
(with X and Y non-empty) and is a subset of X, then the restriction of a 
to Xi is denoted by a \ X\. Hence, a | X\ maps Xi into Y and {a | Xi){x) = 
a{x) for every x £ X\. Furthermore, if E and F are Riesz spaces and p is a 




138 CHAPTER 10 Order Bounded Operators 



mapping from into ^ then p is said to be monotone if 0 < v < it in E~^ 
implies that 0 < p{v) < p{u) in F~^. Examples: (i)p is the restriction T | E'^ 
of a positive linear operator T : E F^ {ii)F = M and p is a Riesz norm in 
E'^ (or, rather, p is the restriction to E^ of a Riesz norm in E). 

Theorem 20.5. As before, let E and F be Riesz spaces with F Dedekind 
complete and let A be an ideal in E. Furthermore, letT : A F be a positive 
linear operator and let p : E'^ — > F~^ be a monotone mapping majorizing T on 
A~^ , i.e., p{u) >Tu for every u € A~^ . Then there exists a positive operator 
Ta E F which extends T and which vanishes on A^, i.e., TAf = Tf 
for all f £ A and TAf = 0 for all f £ A^. The operator Ta is the minimal 
positive extension of T, that is to say, if T\ is another positive extension of 
T, then Tiu > Tu for all u £ E^ . 

Proof. For any u £ E~^, let 

r{u) = sup(Ti? : v £ A,0 < V < u). 

Note that the supremum exists in F~^ since Tv < p{v) < p{u) for every v £ A 
satisfying 0 < v < it and F is Dedekind complete. The mapping r : E'^ — ^ F'^ 
is additive; the additivity proof is almost the same as for the mapping r in 
Theorem 20.2. Hence, by the extension lemma, there exists a positive operator 
Ta ' E F extending r. Since r(it) = Tit for every it £ A'^ and r{u) = 0 
for 0 < It € it is evident that Ta extends T and Ta vanishes on A^. If 
Ti is another positive extension of T, then Tiu > Tiv = Tv foi v £ A~^ and 
0 < V < u £ E"*", so 



Tilt > sup(Ti? ■ V ^ A,0 < V < u) = Tau. 

This shows that Ta is the minimal positive extension of T. ■ 

We mention some special cases. 

(i) If 5 : E ^ F is a positive operator and T is the restriction S \ A, 
then Ta is, therefore, the minimal positive extension to F of 5 | A, i.e., 
Ta = {S \ A) A- Since S itself is a positive extension of 5 | A, it is evident 
now that (5 | A) a < S. Usually (5 | A) a is simply denoted by Sa- Observe 
that if A and B are ideals in E such that A C B, then Sa ^ Sb ^ S. 

(ii) If F = M and cr : E~^ is a monotone mapping majorizing on 

A"^ the positive linear functional ip defined on A, then p can be extended to 
a positive linear functional pa on E in such a way that Pa ^ for any other 
linear extension 'll; of p. This holds in particular if there exists a Riesz norm 
in E majorizing p on A“*". 
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Exercise 20.6. Show that if in the last theorem the ideal A is a principal 
ideal generated by an element w € E'*’, then 

t{u) = snp{Tv : v € < v < u) = sup{T(u A nw) : n = 1 , 2 , . . .} 

for every u E . Note that it is sufficient for the existence of r(u) to assume 
that F is Dedekind or-complete. 

Hint: li v E A^ satisfies 0 < t; < u, then v < u A nw for some n (n 
depending on v). Conversely, if v = u A nw, then 0 < u < u and v E Ayj. 

Example 20.7. In this example, let E = and F = where n and m are 
natural numbers greater than or equal to one and where the ordering in both 
spaces is coordinatewise, which makes them Dedekind complete Riesz spaces. 
For A: = 1, . . . , n, let be the element of having its A:-th coordinate one and 
all other coordinates zero. Similarly, for j = 1, . . . , m, let bj be the element of 
having its j-th coordinate one and all other coordinates zero. The positive 
cone of MP- is, therefore, the set of all u = aiai 4- • ■ • + an^n with > 0 
for all k = 1, . . . ,n. Similarly for Any linear operator T : E^ — > E^ 
is completely determined if one knows the images Tak{k = 1, . . . ,n). Hence, 
if Tttfc = EjLitjkbj for k = l,...,n, then T is completely determined by 
the coefficient matrix {tjk)- Evidently, T is a positive operator if and only 
if all Tak{k = 1, . . . ,n) are elements of the positive cone in E^, i.e., if and 
only if tjk > 0 holds for all j = 1, . . . , m and k = 1, . . . , n. It follows that 
if S and T are linear operators from E” into E"^ with matrices {sjk) and 
(tjk) respectively, then 5 < T if and only if Sjk < tjk for all j, k. For an 
arbitrary T : E^ E"^ with matrix (tjk), let us write = max(tjfc,0) and 
tjj^ = max(— tjfe,0), so and t~j^ are non-negative numbers (one of them or 
both zero) satisfying - tjj^ = tjk and F tjj^ =| tjk |. Let Ti and T 2 
be the operators with matrices (ft^) and respectively. Then Ti and T 2 
are positive operators such that Ti — T 2 = T. This shows that every linear 
operator from E^ into E"^ is regular (and, therefore, order bounded). Since 
fjk ^ tjk as well as > 0, the operator Ti majorizes T as well as the null 
operator, i.e., Ti is an upper bound of T and of 0. If 5, with matrix (sjk), is 
another upper bound, then Sjk > tjk and Sjk > 0, so Sjk > t^k- This shows 
that Ti is the least upper bound of T and 0, i.e., Ti = T V 0 = T~^. Similarly, 
T 2 = (“T) V 0 = T ~ . Hence, T = — T“ , where T+ and T~ have matrices 

(tt^) and {tjj^) respectively. It follows that | T |= T+ V T~ = T~^ T~ has 
the matrix (| tjk |). 

This matrix result can be generalized to certain operators T from E into 
F, where E and F are Riesz spaces of (real) measurable functions on point 
sets Y and X respectively and where the operator T is of the form 

{Tf){x) = J^T{x,y)f{y)dy 
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for all f £ E. The function T(a:, y), called the kernel of T, takes over the role 
of the matrix (tj/e). One of the results is that the operator \T \= T+ V T~ in 
the space Cb{E,F) has the kernel | T{x^y) |. 

In Theorem 20.4 it has been shown that if E and F are Riesz spaces with 
F Dedekind complete and the operator T : E F is order bounded, then 

T'^u = snp{Tv : 0 <v <u) and | T | (u) = sup(T/ : —u < f <u) 

for every u € E'^ . There exist dual formulas, due to LNamioka (1957), as 
follows. It is sufficient for the validity of these formulas to assume that F is 
Dedekind cr-complete. 

Theorem 20.8. Let E and F be Riesz spaces with F Dedekind a -complete. 
Furthermore, let T : E F be a positive operator. Then 

Tf^ = max{Sf : 0 < S < T) and T(| / |) = max(Sf : -T < S < T) 

for every f £ E. In particular, if (p is a positive linear functional on the 
Riesz space E, then 

= max(V’(/) <^p) and ip{\ / |) = max(i/)(/) : -if < tp < <p) 

for every f £ E. 

Proof. For 0 < 5 < T and f £ E fixed, we have Sf < Sf~^ < T/’*', so 
Tf~^ is an upper bound of the set {Sf : 0 < S < T). For the proof that Tf^ 
is the maximum of the set, let be the minimal positive extension of the 
restriction of T to the principal ideal generated by i.e., (see Exercise 20.6 
above) 

Tj+ (u) = sup{T(u A nf^) : n = 1, 2, . . .} 

for u £ E'^ . Here it is used that Dedekind cr-completeness of F is sufficient. 
The operator Tj+ satisfies 0 < T^+ < T, so Ty+ is an admissible 5. Note that 
A- if ) = 0 since / is disjoint to the principal ideal generated by For 
the operator Tf+ the desired maximum is now obtained because 

Tf^ if) = Tf^ (/+) - Tf^ ir) = T/+ - 0 = T/+. 

To prove the second formula, observe first that if — T < 5 < T, then 

Sf = Sf+ - Sf- < Tf+ + Tf- = T(| / I), 

so T(| / I) is an upper bound of the set {Sf : —T < S < T). For the proof 
that T(| / I) is the maximum, consider the operator 5 = [Tf+) — [Tj-). Then 
-T < 5 < T and 



Sf = if) - Tf- if) = Tf+ + T/- = T(| / i) 




20. Order Bounded Operators 141 



so this S yields the desired maximum. ■ 

In Exercise 6.8 it was indicated how to prove in a Riesz space E that 
if 0 = zo ^ ^2:1 < - "< Zn = z and the positive elements u and v satisfy 
u + v = z, then there exist sequences 

0 = Uo < Ui < ’ ■ ‘ < Un = u and 0 = Vq < Vi < ' • • < Vn = v 

such that Uk + Vk = Zk for A: = 1 , . . . n. By induction it follows easily that if 
0 = zq < zi < ■ ' ■ < Zn = z and the positive elements Uj{j = 1, . . . , m) satisfy 
= ^5 then there exist sequences 

0 '^jO — ttji — ‘ ‘ — '^jn — tij ( j — I5 . . . 5 ?n) 

such that Uik + U 2 k 4- • • • 4- Umk = for A: = 1 , . . . , n. This result can be 
reformulated. Write Vk = Zk — Zk-i for A: = 1, . . . ,n, so > 0 for all k and 
Eji^^^Vk = z = EjLiUj. Also write Wjk = Ujk — for A: = 1 , . . . , n, so 

y^jk ^ 0 for all k and E^^^wjk = ujn = Uj for all j as well as 

^ j=\^jk ^j'^j^k—l ~ ^k ^k—1 ~ ^k 

for all k. Hence, the following theorem (known as the general Riesz decompo- 
sition theorem) holds. 

Theorem 20.9. If in the Riesz space E the positive elements uj{j = 
l,...,m) and Vk{k = l,...,n) satisfy EJ^iUj = EJ^^^Vk, then there exist 
positive elements Wjk for j = 1 , . . . , m and k = 1, . . . ,n such that 

E]l^^iWjk = Uj and EJ^iWjk = Vk for all J, k involved. 

The general Riesz decomposition theorem plays an important role in one 
more theorem concerning SvT and S AT, where S and T are order bounded 
operators. 

Theorem 20.10. Let E and F be Riesz spaces with F Dedekind complete 
and let S and T he order hounded operators from E into F. Then the fol- 
lowing holds. 

(i) For any fixed u G E'^ , the set 

Du = {E'j^i \Tuj I ; all Uj G E'^ and EjUj = u), 

where n is also variable, is upwards directed and has | T | (u) as its supre- 
mum, i.e., Du T| ^ I (^)- 

(a) Similarly, 

Pu = {S'j^i{Suj) V {Tuj): all Uj G E^ and EjUj = u} 
satisfies Pu t (5vT)(u). 
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(Hi) Also, 

{E'j_i(Suj) A (Tuj): all Uj € and EjUj = u} I {S AT){u). 



Proof. If u = Efuj = (all Uj,Vk € E~^), there exist in view of the 

last theorem elements Wjk{j = 1,. . . ,n;k = 1, . . . , m) such that Uj = EkWjk 
for all j and Vk = EjWjk for all k. Then Ej \ Tuj | and Ek \ Tvk | are both 
less than or equal to EjEk \ Twjk I* This shows that the set is upwards 
directed. Since E \Tuj |< Z* | T | {uj) =\ T \ {u), the set Du has | T | (u) 
as an upper bound, so sup^)^^ exists and satisfies supD^ <| T \ (u). For an 
inequality in the converse direction, note that if f e E satisfies \ f \< u, then 

T/<|T/| = |r(/+)-T(/-)|< 

I T(f+) I + 1 nr) I + 1 T(u- 1 / 1) |6 

so Tf < mpDu- It follows that 

I r I (u) = sup(T/ :| f \<u) < sup Du. 

This, together with supD^^ <| T | (u), shows that \ T \ (u) = sup Du- 

(ii) In Theorem 5.2 it was proved that 2(/ V g) equals / + g-\- | / — p | for 
all / and ^ in a Riesz space. Hence 

2(5 V T){u) = 5tz 4- Tu+ | 5 - T | (u) = 

Su 4- Tu 4- sup(Z'^ I Suj — Tuj | : all Uj G E~^ , Euj = y) = 
sup{I7”(5uj + Tuj+ I Suj — Tuj |): all Uj G E^ ,Euj = u} = 
2sup{Ei(Suj) V (Tuj): all Uj G E~^ , Euj = u) = 2 sup Pu. 

It is evident in view of what was proved in part (i) that the set 

{El I Suj —Tuj I : all uj G E~^ ,Euj = u) 
is upwards directed, and so the set Pu is upwards directed. 

(hi) Similarly, using now that 2{f Ag) = f + g— \ f — g \. m 

Exercise 20.11. Once more, let E and F be Riesz spaces with F Dedekind 
complete and let Ti and T 2 be order bounded operators from E into F. It has 
been shown in Theorem 20.4 in the present section that, for any u G E^, we 
have 



(Ti AT2){u) = inf(riv 4- T2t£; \ v >Q,w >Q,v + w = u) 

and similarly for (Ti V T 2 ){u), with sup instead of inf. It may be asked if the 
same holds if we require in addition that v and w in v P w = u are disjoint, 
so V A If; = 0. In order that such suitable components v and w oi u may exist 
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it is reasonable to assume additionally that E has the principal projection 
property. Hence, assume now that E has the principal projection property 
and F is Dedekind complete. Prove that 

(Ti A T 2 ){u) = mi{Tiz + T 2 {u - z) : z A {u - z) = 0}, 

(Ti V T 2 ){u) = snp{Tiz + T 2 {u - z) : z A {u - z) = 0}. 

Show first that the second formula follows from the first by observing that 

Ti VT2 = -{(-Ti)A(-r2)}. 

Next, show that the formula for T\ A T 2 holds if it holds for the special case 
that T\ A T 2 — 0. To see this, assume that it holds in the special case and 
prove that it holds generally by observing that 

{Ti - (Ti A Ta)} A {Ta - (Ti A Ta)} = 0. 

For the proof in the special case, assume that Ti A T 2 = 0 and let u € E~^ be 
given. We know that 

(Ti A T 2 ){u) = inf {Tit? + T 2 {u — v) : 0 <v <u} = 0 
and we wish to show that 

inf{Ti 2 : + T 2 {u — z) : z A {u — z) = 0} = 0. 

The idea is now to indicate for any v satisfying 0 < v < u an appropriate z 
satisfying z A {u — z) = 0 and such that z < 2v and u — z < 2{u — v), because 
then 

Tiz 4- T2{u - z) < 2{Tiv 4- T2(u - v)}, 
which will immediately imply the desired result. 

At this point it will help to assume for a moment that the elements of 
E are real functions on a point set X with u the unit function, so if we 
look for functions z satisfying z A {u — z) = 0 we have to find them among 
the characteristic functions of subsets of X. Now, if v is given such that 
0 < t?(x) < 1 for all X and we wish to find a characteristic function z such 
that 

z{x) < 2v{x) and 1 — z{x) < 2{1 — ^( 2 :)}, 

it is obvious that z must be the characteristic function of the set on which 
2v{x) > 1, i.e., z is the order projection of u on the band generated by {2v — 
u)'^. This is what we also do in the general case. Let P be the order projection 
on the band generated by (2^;— u)"*" and set z = Pu, so zA{u—z) = 0. Observe 
that u < 2v + {u — 2v)~^ and P{{u - 2v)~^} = 0, so z = Pu < 2Pv < 2v. It 
remains to show that u — z < 2{u — t;), i.e., 2v — u < z = Pu. Now, 

2v — u < {2v — = P{{2v — 

so the proof will be complete if we can prove that {2v — u)~^ <u. Show that 
this holds indeed. The result in this exercise is due to Yu. A. Abramovitch 
(1971). 
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21. Order Continuous Operators 

We shall now turn our attention to a special kind of linear operators mapping 
a Riesz space E into another Riesz space F, called order continuous operators. 
As long as nothing more is assumed about F the interest is focused mainly 
on positive operators, but if F is Dedekind complete any regular operator 
T : E F has an absolute value | T |, and then we can say more. We begin 
by presenting the definition of an order continuous operator. 

Definition 21.1. The linear operator T mapping the Riesz space E into the 
Riesz space F is said to be order continuous if, for any downwards directed 
set D in E having infimum the null element (i.e., D J, 0 in £^), we have 
inf(| r/ |: / € D) = 0 in F. 

Some immediate consequences are listed below. 

Theorem 21.2. (i) If T is order continuous, then so is aT for any real 
number a. 

(a) If T > 0 (i.e., if T is positive), then T is order continuous if and 
only if it follows from D I 0 in E that {T f : f E D) I 0 in F ( equivalently, 
D u in E implies (T/ : / € jD) | Tu in F). 

(Hi) If T > 0 and T is order continuous, and if 0 < S < T, then S is 
order continuous. 

For a discussion of further properties we recall a lemma about subsets of 
E. 

Lemma 21.3. If D and G are subsets of the ordered vector space E such 
that do = inf D and go = inf G, then 

do go = inf(d g : d E D, g E G). 



Similarly for suprema. 
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Proof. It is obvious that do + po is a lower bound of the set of all d + If h 
is another lower bound we have h — g < d foi every g ^ G and every d £ D, 
so 



h — g < inf(d : d e D) = do. 

Hence h — do < g for every g £ G, which implies 

h-do< inf{g : g e G) = go- 

This shows that h < do + go, and so do 4- go is the greatest lower bound of the 
set of all d + g foT d £ D, g £ G . ■ 

Theorem 21.4. (i) If the positive operators T and S are order continuous, 
then aT 4- /3S is order continuous for all real numbers a, (3. In particular, if 
T = T\ —T 2 with Ti and T 2 positive and order continuous, then T is order 
continuous. 

(a) If —Ti < T < T 2 with Ti,T 2 positive and order continuous, then T 
is order continuous. 

Proof. We prove first that if T and S are positive and order continuous, then 
so is T 4- S. To this end, we have to show that D i 0 implies (T/ 3- Sf : f £ 
D) i 0. It is clear that the set of all T/ 4- 5/ is downwards directed and the 
null element is a lower bound. If h is another lower bound and f\ , /2 are given 
in D, there exists fs £ D such that /s < fi and /s < / 2 , so 

h<Th + Sh < Tfi 4- 5 / 2 . 

Hence h < inf(T/i Sf 2 : /i ,/2 ^ D) =0, where the last equality (in view 
of Lemma 21.3 above) follows from 

inf(T/ :f£D) = inf (5/ : f £ D) = 0. 

This shows that inf {T f + Sf : f £ D) = 0. 

For a, (3 real numbers and f £ D we have 

\{aT + pS)f\<\aTf\ + \pSf\= 

I a I -r/+ \p\^Sf<i\a\ + \(3 \){Tf + Sf) i 0, 
so inf{| (aT + ^5)/|:/GD} = 0. 

(ii) If — Ti < T < T 2 with T\,T 2 positive and order continuous, then 
0 < T + Ti < T2 4- Ti 

with T 2 4- Ti positive and order continuous. It follows that T 4- Ti is positive 
and order continuous, and so T = (T 4- Ti) — Ti is order continuous. ■ 

As the reader may already have expected the notion of a cr-order contin- 
uous operator (countably order continuous operator) may be defined as well. 
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Definition 21.5. The linear operator T : E F is said to be a~order 
continuous if, for any monotone sequence fn I 0(n = 1,2,.. .),we have inf(| 
Tfn |: n = 1,2,...) = 0. For T positive this means, therefore, that /n i 0 
implies Tfn i 0. 

All properties proved so far for order continuous operators hold (with 
appropriate modifications) for cr-order continuous operators. Observe that if 
T : E F is positive, then T is a-order continuous if and only if T has 
the property that if /n(n = 1,2,...) converges in order to / in E, then Tfn 
converges in order to Tf in F (equivalently, fn-^OiiiE implies Tfn 0 in 
F). Since T > 0, it is trivial to see that if /n — > 0 implies Tfn 0, then fn 10 
implies Tfn i 0, so in this case T is <j-order continuous. Conversely, if T is cr- 
order continuous and /n — ^ 0, then there exists a sequence {pn - n = 1,2,...) 
such that \ fn Pn I 0^ so 

I Tfn |<| T/+ I + I Tf- 1= T/+ + Tf- = T(| fn I) < Tpn i 0, 
which shows that T/^ — > 0. 

As a further remark observe that if E is order separable, then order con- 
tinuous and cr-order continuous operators from E into F are the same. This 
is clear because any set D | 0 in contains a decreasing sequence /n i 0 (by 
Theorem 17.6), so if T is cr-order continuous, then inf {\ Tfn |) =0 and hence 
inf (I Tf \: f e D) = 0, which shows that T is order continuous. 

It will be proved now that there exist E and F for which every positive 
linear operator from E into F is order continuous and there also exist E and 
F for which the only order continuous (or even cr-order continuous) positive 
linear operator from E into F is the null operator. 

Example 21.6. (i) Let E be a normed Riesz space of type Lp = Lp{X,p) 
for some p satisfying 1 < p < oo and let T be a positive operator from E = Lp 
into some normed Riesz space F (for example into Lp itself). The norm in 
Lp is order continuous, i.e., D i 0 in Lp implies (|| / ||: / € D) i 0 in E (see 
Exercise 17.15). Furthermore, T is norm bounded (since by Theorem 18.4 
every positive operator from the Banach lattice Lp into a normed Riesz space 
is norm bounded). Hence || T/ ||<|| T || • || / || for every / G Lp. Therefore, 
D i 0 in Lp implies (|| / ||: / € D) | 0, and so (|| Tf ||: / G D) J, 0. Since 
{Tf : f e D) is downwards directed in F, it follows that {T f : f e D) I 0. 
It has been shown thus that D | 0 implies {Tf : f e D) i 0, so T is 
order continuous. Therefore, every positive operator from E into F is order 
continuous. In particular, choosing F = E, it follows that every positive linear 
functional on Lp is order continuous. 

(ii) As on earlier occasions, let C([0, 1]) denote the Riesz space of all real 
continuous functions on [0,1] with the familiar pointwise ordering. We shall 
prove that the only positive cr-order continuous operator from C([0, Ij) into 
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M is the null operator. In other words, the only positive cr-order continuous 
linear functional on C([0, 1]) is the null functional. For the proof, let (r^ : n = 
1,2,...) be the set of all rational numbers in [0,1] and, for any pair (m, n) of 
rational numbers, let Umn be a continuous function on [0,1] such that 

(a) 0 < Umn{3^) < 1 for all x and Umn{rn) = 1, 

(b) Umn{3^) = 0 for I X - Tn |> 

Furthermore, let Vmn = sup(u„^i, . . . , Umn)- Then Vmi < Vm2 < * • *, the 
pointwise limit fm of this increasing sequence exists on [0,1] and fm satisfies 
0 < /m(3:) < 1 for all x and /m(^n) = 1 for all r„. In view of condition (b) the 
set Fmn = (x : Vmn(x) > 0) is of Lebesgue measure at most 2/m for every 
n. Therefore, since Fmn is ascending as n increases, the set (x : fm{^) > 0) 
is of measure at most 2/m. Keeping in mind that fm{rn) = 1 for all n, it 
is easy to see now that (for m > 2) the function fm is not continuous on 
the whole of [0,1], i.e., fm is not a member of C([0, 1]). However, once more 
since fmi'f'n) = 1 for all it is evident that the supremum of the sequence 
{vmiiVm 2 i • ‘ exists in C([0, 1]); the supremum is in fact the function e, 
identically one on [0,1]. Hence Vmn T e. 

Assume now that there exists a a-order continuous positive linear func- 
tional (p on C([0, 1]), not the null functional. Without loss of generality we 
may assume that (p(e) = 1. In view of Vmn T e we have <p{vmn) T = 1, so 
there exists a natural number rim such that 

ip(e--ymn„) < 

As observed, the set (x : Vmn{^) > 0) is of measure at most 2/m for every n, 
in particular for n = rim- Finally, let 

Wm = inf (uini , V2u2 ^ • • • , ) 

for every m. Then Wm i and (x : Wm{x) > 0) is of measure at most 2/m. 
Therefore, Wm i 0 in C([0, 1]); this holds even pointwise almost everywhere. 
It follows that (p(wm) i 0. But 



6 Wm SUp(e Vim ? • * • ? ^ Vmum ) — (^ r^lni ) + ••• + (e Vmum ) 
for every m, so 

p{e - Wm) < 2 “^ H h < 2 "\ 

which implies p{wm) > on account of p{e) = 1. This contradicts p{wm) i 
0‘. It follows that the only <j-order continuous linear functional on C([0, 1]) is 
the null functional. We present an extension of this result in the exercise 
which follows. 
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Exercise 21.7. Let ^ be a cr-finite measure in the point set X and let p and 
q be real numbers satisfying 1 < p < oo,p~^ + g“^ = 1 (so q = oo Up = 1 and 
q = 1 if p = oo). Recall that if f E Lp = Lp{X^p) and g £ Lq = Lq{X,p)^ 
then 

I / fgdu \< [ \fg\d^i<oo 

Jx Jx 

and observe that if 0 < g e Lq is fixed, then (p{f) = fgdp is a positive 
linear functional on Lp. In view of what was proved in part (i) of the last 
example, the positive linear functional (p is order continuous for 1 < p < oo. 

(i) Show that if p = oo, then (p is order continuous as well. 

(ii) Let T be a positive (j-order continuous operator from the Riesz space 
E into Lp{X,p) and let 0 < g E Lq{X^p) be given. Show that defined by 

i>if) = [ {{Tf)ix)}g{x)diJ. 

Jx 

for all / € E, is a positive cr-order continuous linear functional on E*. If T is 
order continuous, then so is '0. 

(iii) Show that if 0 < / € Lp is given and / has the property that 

fgdp = 0 for all 0 < p € Lg, then / = 0 (almost everywhere). 

(iv) As before, C7([0, 1]) denotes the Riesz space of all real continuous func- 
tions on [0,1]. Show that the only cr-order continuous operator from C([0, 1]) 
into Lp{X,p) is the null operator. 

Hint: For (iii), observe that fdp = 0 for every subset E of A of finite 
measure. If / is not almost everywhere zero, there exists a set E of finite 
measure such that f{x) > e for some € > 0 and all x E E. Contradiction. For 
(iv), choose E = C([0, Ij) in (ii) and use part (ii) of the last example. 

The result that the only cr-order continuous linear functional on ^([0, Ij) is 
the null functional may seem surprising at first because it follows for example 
that the familiar Riemann integral on C([0, Ij) is not cr-order continuous, 
although the Riemann integral has the property that if (un : n = 1, 2, . . .) is a 
sequence in <^([0, Ij) satisfying Un{x) J, 0 for every x E [0, 1], then / Un{x)dx f 
0. This follows from Lebesgue’s theorem on integration of monotone sequences 
or, alternatively, from a theorem known as Dini’s theorem asserting that Un 
converges uniformly to zero. This seems to contradict the result mentioned 
above. Observe, however, that i 0 in C([0, 1]) is not the same as u„(x) f 0 
for every x E [0, Ij. It is evident that u„(x) | 0 pointwise implies Un i 0 in 
C([0, Ij), but the converse does not hold (remember that we had Vmn T e in 
the last example, but the pointwise limit of the sequence is not the function 
e). This explains why a positive linear functional (p on C{[0^ Ij) satisfying 
^(^n) i 0 if Un{x) i 0 pointwise need not yet be cr-order continuous. 
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22. The Band of Order Continuous Operators 

We return to the situation that E and F are Riesz spaces with F Dedekind 
complete. As proved in Theorem 20.2, the set C}j{E^F) of all order bounded 
operators from E into F is a Dedekind complete Riesz space. We recall that 
this is at the same time the set of all regular operators from E into F. The 
set of all order continuous operators in Ch{E^ F) will be denoted by £n(F, F) 
and, similarly, the set of all cr-order continuous operators in Cb{E, F) will be 
denoted by Cc{E^ F). As long as E and F are fixed, we write £5, and £c- 
Evidently we have Cn Q Fc C Cij. We prove first that £„ and £c are bands 
in £5. 

Lemma 22.1. Let T e Ct. Then T e Cn if and only if and T~ are 
members of Cn, i-e., if and only if | T |g £n- Similarly, T € Cc if and only 
if T~^ and T~ are members of Cc, i.e., if and only if | T |e £c- 

Proof. The proof will be given for Cn ; the proof for Cc is quite similar. We 
show first that T e Cn implies that T+ € Cn- Hence, assume that T e Cn and 
D I 0 in E. We have to prove that inf(T“*‘u : u E D) = 0. For this purpose 
we may assume that there exists an element uq e D such that 0 < u < ixq for 
all u € D (choose Uq E D arbitrarily and observe that for any v E D there 
exists u E D satisfying u < u Auq). Now choose v E E'^ such that 0 <v <uq. 
Then, for any u E D, we have 

0 < V — {v Au) = {v A Uq) — {v a u) < Uq — U, 

SO (since 0 < p < q implies Tp < T+p < T+g) we get 

T{v — {v A u)} < T^{uq — u). 



It follows that 



0 < T+u <1 T{v A u) I +T+U0 - Tv. 

Since T E Cn and (f A u : u E D) J, 0, we have 

inf{| T{v Au) \: u E D} = 0, 

so 0 < inf(T'^u : u E D) < T^uq — Tv. This holds for all u G F satisfying 
0 < u < Uq- Hence 



0 < inf(T"'"u : u E D) < 

T'^uq — sup(Tt; ; 0 < < uq) — T~^uo — T~^uq = 0, 

and so inf (T'^u : u E D) = 0, which is the desired result. It follows that T~^ E 
Cn- For the proof that T E Cn implies T~ E Cn, observe that T~ = {-T)~^. 
Therefore, T E Cn implies | T | = T"^4-T“ E Cn (since by Theorem 21.4(z) the 
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sum of positive order continuous operators is order continuous). Conversely, 
it follows from 0 < T~^ T \ and 0 < T” <1^1 that order continuity of 
I T I implies order continuity of and T~, so that (by Theorem 21.4(i) once 
more) T = T'^ — T~ is order continuous as well. ■ 

Theorem 22.2. and Cc bands in C^. 

Proof. We present the proof for Recall Theorem 21.4(i) in which it was 
shown that if T and S are positive and order continuous, then aT + is 
order continuous for all real a,0. Now, if Ti and T2 are members of Cni then 

Ti + T2 = (T+ +T2+) - (Tf +T2-) 

with Ti 4- T 2 and Tf + T 2 positive and order continuous. Hence, T\ + T 2 is 
order continuous. It follows immediately that £„ is a linear subspace of £5. 
The last lemma shows that if 0 <| T2 |<| Ti | and T\ € £n, then T2 € £n- 
Hence, £„ is an ideal in £5. For the proof that £n is a band, assume that G 
is an upwards directed set of positive operators in £^ having supremum To 
in £fe, so sup(T : T e G) = Tq. This implies that 

Tqu = sup(Tu :T e G) in F for every u e E'^ 

(see the last part of the proof of Theorem 20.2). We have to show that To G £n, 
i.e., we have to show that if D J, 0 in £*, then inf(Tou : u e D) = 0 in F. It 
may be assumed that there exists an element uq e D such that 0 < u < uq 
for all u e D. Then T{uq — u) < Tq{uo — u) for all T € C and all u € Z), so 

TqU ^ Tu TqUq — Tuq. 

Keep T e G fixed. Because To is positive and D is directed downwards, the 
set {Tqu : u e D) is directed downwards as well and so inf(Tou : u e D) 
exists in F~^ since F is Dedekind complete. Thus, we get 

inf(Toti : u G D) ^ Tit 4- TqUq — Tuo 

for every u e D. It follows that 

inf(Tou : u e D) < inf {Tu : u G D) 4- TqUq — Tuq. 

Since inf(Tu : n G D) = 0, we thus obtain 

inf(Tou : u e D) < TqUq — Tuq. 

Prom now on we do not keep T fixed any more. Instead, observing that the 
last inequality holds for every T G G, we derive from this inequality that 

inf(Tou : u e D) < TqUo — sup(Tuo : T G C) = TqUq — TqUo = 0, 



which is the desired result. 
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The disjoint complements of Cc and in £5 will be denoted by £5 and 
£t respectively. Elements of £5 are called singular operators. Since £5 is 
Dedekind complete, the space £5 is the direct sum of £c and £g as well as 
the direct sum of £„ and £t, so 

£6 = £c0^s = >Cn®£t. 

In view of £„ C £^ we have £5 C £^ and it follows that each T € £5 has a 
unique decomposition 

— Tn + Tc^t + Tg with G £n, Tg C £§ and Tc,t C £c n £^. 

Observe here that the intersection £c n £t is a band in Cc as well as in £f , and 
so it is a band in £5. The operator is called the order continuous component 
of T and Tc = T„ + Tc,t is called the a -order continuous component of T. 
Finally, Tg is the singular component of T. 

Note that CcCi Ct = { 0 } if and only if Cc = Cn, i-e., if and only if every 
(T-order continuous operator (from E into F) is order continuous. This occurs 
for example if E is order separable because then, if D i 0 in F, there exists a 
sequence Un 10 contained in D (see Theorem 17 . 6 (i)). As we have seen in the 
example in the preceding section, it may happen that £„ = £5 (so Cc = £5 
and Ct = Cg = {0}) and it may also happen that Cc = {0} (so £„ = {0} and 
Cg=Ct = A). 

Let T : E F. As well-known from linear algebra, the linear subspace of 
E consisting of all / G F satisfying T/ = 0 is called the null space or kernel 
of T. In the present case in which we have available the notion of absolute 
values, the set Nt of all / € F satisfying | T | (| / |) = 0 is called the null 
ideal or absolute kernel of T. It is immediately evident that Nt is an ideal 
in F. Also, if T is order continuous, then | T | is order continuous, so Nt 
is now a band. The converse does not always hold, as the following simple 
example shows. Let the positive linear functionals ifi and (p2 on E = C([ 0 , 1]) 
be defined by f{x)dx and ^p2{f) = /(O) for all / G F. It is easily 

seen that N^p^ is a band but N^p^ is not. Note that both ipi and (/?2 are singular 
(since every positive linear functional on F = C([ 0 , 1]) is singular). Returning 
to the general case that we have an order bounded operator T : F ^ F, the 
condition that Nt is a band is necessary, but not sufficient, for T to be order 
continuous. Strengthening the condition a little, we can make it necessary and 
sufficient. It was observed by W. A. J. Luxemburg ( 1979 ) that if not only Nt 
is a band but Ns is a band for every S in the ideal generated by T in £5, 
then T is order continuous. This was known earlier for linear functionals, i.e., 
if 99 is a linear functional on F and N^ is a band in F for every in the ideal 
generated by 99 in F~, then (p is order continuous. We present the proof (due to 
C.D.Alipr antis and O.Burkinshaw, 1983 , and simpler than earlier proofs), but 
first we recall (see Theorem 20.5 and the remarks belonging to that theorem) 
that if 0 < T : F F and A is an ideal in F, then Ta denotes the minimal 
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positive extension of the restriction T \ A, so Ta = T on A and = 0 on 
A^. Furthermore, as already observed there, if A and B are ideals such that 
ACB, then 0 < < T. 

Theorem 22.3. Let T : E F be an order hounded operator and let At 
be the ideal generated by T in Ch = Cb{E^F). Then T is order continuous 
{a -order continuous) if and only if the null ideal Ns is a band {a -ideal) for 
every S G At- 

Proof. If T is order continuous, then so is every S G At^ and hence Ns 
is a band. For the proof in the converse direction we may assume that T 
is positive. Let Q < D uq in E. Then 0 < {Tu \ u e D) '\< Tuq in F. 
Hence, since F is Dedekind complete, there exists an element p in F~^ such 
that 0 < {Tu : u £ D) 'I p. We have to prove that p = Tuq. For this purpose, 
choose € such that 0 < € < 1, let denote the ideal generated by (euo - u)+ 
for u G D and, for brevity, write Tu instead of Ta^ , where Tu = Ta^ is the 
minimal positive extension of the restriction T | so = T on and 
Tu = 0 on A^. In particular, 

Tu{euo — u)'^ = T{euo — u)~^ and Tu{euo — u)~ = 0, 

the first part of which implies T(euo - u)+ < TuUq. The main idea is now to 
use again, for any u £ D, Ando’s inequality 

0 < uo - u = (1 - e)uo + {euo - u) < {1 - e)uo + {euo - u)+, 

introduced already in Theorem 17.17. This iniplies, for any u £ D, that 

0 < Tuq — p < T{uq — u) < 

(1 - e)Tuo + T{euo - u)+ < (1 - e)Tuo + 

Since D the set {{euQ — u)^: ueD} is downwards directed, and so the set of 
operators {Tu : ueD) is downwards directed, i.e., T >Tu l>0. Hence, because 
Cb{E,F) is Dedekind complete, there exists an operator S £ Cb{E,F) such 
that i 5 > 0, so T^uq i Suq. If we can prove that Suq = 0, it will follow 
from TuUo I Suo = 0 that 



0<Tuo-p< (1-6 )Tuo. 

This holds then for every e satisfying 0 < e < 1. It follows that Tuq - p = 0, 
as desired (note that we use here that e t 1 implies (1 - e)Tuo i 0 since F is 
Archimedean). 

For the proof that Suq = 0, observe first that S £ At and S{euo-u)~ = 0 
for every u£ D (since 0 < 5 < for every u £ D), so {euo - u)~ £ Ns for 
every u £ D. Hence, since 

{euQ - u)~ = {u- euo)^ t ('^o ~ = uq - cuq 
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and Ns is a band, we get (1 — e)uo € Ns, i.e., uq € Ns- In other words, 
Suq = 0, which is what we wish to prove. It is only at the last moment that 
we use the hypothesis that Ns is a band. 

The proof for the case of cr-order continuity is similar. ■ 

Corollary 22.4. Every order bounded operator from E into F is order con- 
tinuous {a -order continuous) if and only if the null ideal of every order 
bounded operator from E into F is a band {a -ideal). 

Example 22.5. This example serves to illustrate the last theorem. Let X 
be an infinite point set and let E be the set of all real functions f on X 
having the property that there exists a real number, call it /(oo), such that 
for any e > 0 the inequality | f{x) — /(oo) [> e holds for only finitely many 
X e X. The set E is a Riesz space with respect to pointwise addition, scalar 
multiplication and ordering. Clearly, every / € E is a bounded function. The 
space E is not Dedekind complete or even Dedekind cr-complete; it is easy to 
indicate an increasing sequence 0 < Un < e (where e is the function identically 
one) such that the sequence does not possess a supremum. If, however, D is 
an upwards directed set in then uq = supD exists in E if and only if 
Uq £ E and uq{x) = snp{u{x) : x £ D) holds for every x £ X. To see this 
observe that Huq £ E is an upper bound of D such that uo{xq) > supp u{xq) 
at some point xq we can change the value of uq at xq to snpjy u{xq) and we 
still have an upper bound of D. Fix a countable subset {xi,X 2 , - - -) oi X and 
define the positive linear functional (p on E hy 

^{f) = /(oo) + E^2~'^f{xn) for every f £ E. 

The null ideal is the set of all f £ E satisfying f{xn) = 0 for n = 1, 2, 

Note that /(oo) = 0 for every / £ N^p. Since 0 < D ^ uq in E implies that 
uo(a:) = sup{u{x) : u £ D) for every x £ X {as observed already), it follows 
that iVy, is a band in E. The functional (p, however, is not order continuous. 
To see this, let D consist of all characteristic functions of finite subsets of X. 
Then D 1 e (where e is the function identically one), but s\ip{(p{u) : u £ D} 
is not 99(e), simply because the supremum is and 99(e) = 1 + 

It follows now from the last theorem that there must exist a linear functional 
^ on E such that 0 < < 99 and N^ is not a band. It is easy to find a ip 

having these properties. Let ip{f) = /(oo) for all f £ E. Then 0 < -0 < 99 and 
N^ = {f £ E : /(oo) = 0). Let D be the same as above, so 0 < D | e. Then 
u £ N^ for every u £ D, but e is not a member of N^. Hence, N^p is not a 
band. 

Exercise 22.6. Let AT, E and be as in the last example. Show that if X is 
uncountable, then (p is cr-order continuous, whereas for X countable 99 is not 
cr-order continuous. 
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There exist some formulas for the order continuous and a-order continuous 
components Tn and Tc of a positive operator T : E F. To understand these 
formulas it is convenient to prove first some further results about directed 
sets. We know already that if and D2 are subsets of the ordered vector 
space E such that supDi = uq and supZ )2 = then the algebraic sum 

Di + D2 = {u + V : u e Di^v £ D2) 

has supremum uq + vq (see Lemma 21.3). Hence, if 0 < jDi t and 0 < D 2 T 
uo, then 0 < Di 4- D 2 T ^0 + '^^o- We shall need the following variant. 

Lemma 22.7. Assume that D\ and D2 are subsets of the ordered vector 
space E such that supDi = uq and sup(Di + D2) = uq A- vq. Then supZ)2 
exists and supJ 92 = vq. In particular, if 0 < Di 'I uo ,0 < D2 and {Di + 
D2) t (uo + '^o); then 0 < D2 ^ vq. 

Proof. For every fixed v £ D 2 we have u v < uq + vq foi every u £ D\, so 

SUp(u : U £ Di) + V < Uq + Vq, 

i.e., Uq V < Uq Vq, wMch shows that Vq is an upper bound of D 2 . If w is 
any other upper bound of D 2 , then u + v < uq + w for all u £ D\ and all 
V £ D 2 , so 

sup(w + V : u £ Di,v £ D2) <uq-\-w, 

i.e., uqTvq < uqTw, which implies that vq < w. This shows that sup D2 = vqm 

We specialize to indexed equidirected sets in a Riesz space (see Definition 
10.7 and Theorem 10.8). Recall that the upwards directed sets {ur) and {vr) 
are called equidirected if for any ti and T 2 in the index set (r) there exists 
C (r) such that 

Ut-3 > Uri V Ur2 and Ut-3 > Vri V Vr2 

hold simultaneously. In Theorem 10.8 it was indicated also that if 0 < Ur T ^0 
and 0 < T ^0 with equidirected sets, then 0 < {ur F Vr) T ('*^0 + '^^o)- 

Lemma 22.8. If (ur) and (vr) are equidirected with 0 < Ur T ^o ?0 < Vt 
and 0 < (ur + Vr) T (^0 + vq), then 0 < Vr ^ Vq. 

Proof. For any ti and T 2 in (r) there exists £ (r) with the property 
mentioned above, so 



^Ti Vj-2 ^ ^T3 ^T3 — aQ Vq . 

This shows that uo + vo is an upper bound of the algebraic sum {(u^-) 4- (vr)}- 
Recall that this algebraic sum is the set of all +^^ 2 - Since uq-I-vo is already 
the supremum of the set of all {ur + Vr : r £ (r)}, it follows that uq + vq 
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is the supremum of the algebraic sum {{ur) + (t?r)}- But then, by the last 
lemma, vq = sup^ so that, since it is given that 0 < we may conclude 

that 0 < Ut- T ■ 

We now turn to the problem of expressing the order continuous component 
Tn of a positive operator T (from E into F with F Dedekind complete) in 
terms of T itself. Let uq € E~^ be given and choose an arbitrary upwards 
directed set D in E'^ having supremum uq, so 0 < D | uq. Then the element 
sup(Tu : u E D) exists in F~^. Now do this for all such D in E^ and take the 
infimum T^uq of the thus obtained elements, so 

T*Uq = inf {sup(Tu : u G D)}. 

u£D^uq 

Evidently, the set consisting of uq only is one of the possible sets D, so T^uq < 
Tuq. We show first that T^{uq + vq) < T^^uq + T^^vq for all uq and vq in 
E'^. For this purpose, assume that 0 < Di t and 0 < D 2 T so in view 
of Lemma 21.3 we have 0 < {Di + D2) T (^0 + ^o)? where D\ + D2 is the 
algebraic sum of Di and D 2 . Once more by Lemma 21.3 we have 

T^{uq + x;o) ^ sup(Tu 4- Tv : u E Di^v E D 2 ) = 

sup(Tu : u E Di) + sup(Tu : v E D 2 ). 

Taking infima on the right we get T^(uo + x;o) T^uq + T^uq. For the 
inequality in the converse direction, assume that 0 < D t {uq + vq). Then, 
writing = w Auq and = w — for any w E D, we have 

0 < t UO 1 Uyj -h Vyj = W and 0 < t '^0- 

The last fact follows by observing that w\ < W 2 in D implies 

0 < (u^y )2 - {Uw)i = {W 2 A Uo) - {wi A Uq) < W 2 ~ Wi 

(by one of the Birkhoff inequalities) , and so 

{Vw)l =Wi- (Uu,)l <W2- (u^y)2 = (Vw)2^ 

This shows already that the sets (uty) and (vw), indexed by means of the index 
set (tt;), are upwards directed and equidirected. It follows then from the last 
lemma that 0 < fiy T '^o- Applying now to uq and vq^ we obtain 

T^uo + T^^vq < sup Tu^y + sup Tuiy = 

w w 

supT(uty + Vyj) = sup(Tio : w E D). 

w w 

This holds for all upwards directed sets 0 < D t (^0 -\-vq). Hence, taking the 
infimum on the right for all such sets, we get T^uq + < T^{uq + vq). 

Combining the two inequalities, we find the result that 
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T*{uo + vq) = T*uq + T*vq for all uq.vq in . 

Thus, is additive on and can be extended, therefore, to a positive 
operator (still denoted by T*) from E into F. Observe already that T* =T 
if T is order continuous. This is immediately clear from the definition of T*. 

In a similar manner as in the linearity proof for it can be proved also 
that (5 4- T)^ = 5^ + holds for all positive operators S and T (from 
E into F). We indicate how to show that < (5 + T)^uq. If 

0 < D t tfco, the upwards directed sets {Su : u e D) and {Tu : u e D) are 
equidirected, so 

+ T*uo < 

sup(5u : u e D) + sup(Tu : u e D) = sup{(5 + T)u : u e D}. 

This holds for all sets 0 < D t uq, so that, by taking the infimum on the right 
for all such sets, we obtain 

S*uo+T*uo < {S + T)*uo. 

Similarly as we have assigned T* to T by means of upwards directed sets 
we can assign an operator to T by means of sequences. This is done by 
defining, for any uq G the element T°uq in F'^ by 

T^uq = inf {supTun : n = 1, 2, . . .}, 

0<Unluo 

where, as indicated, the infimum is taken over all possible sequences 0 < Un T 
uo in E^ . The proof that T° is a positive linear operator is similar to that for 
T^. The same holds for the proof that {S + TY = + T°. 

The necessary preparations have been made now to prove that the thus 
defined operators and T® are exactly the components Tn and Tc of T. The 
main difficulty in showing that {ox Tc = respectively) holds is the 

proof that is order continuous (or T° is cr-order continuous respectively). 

Theorem 22.9. Let T be a positive operator from the Riesz space E into 
the Dedekind complete Riesz space F with order continuous component Tn 
and (j -order continuous component Tc. Then, for any uq e E~^ , we have 

TnUo = inf {sup(Tu : u e D)}, 

0<D^uq 

TcUq = inf {sup(Tu^ : n = 1, 2, . . .)}. 

0<Un'tUo 
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Proof. We present the proof for Tn- Defining as above, we have to prove 
that Tn = T^. Since Tn is order continuous, the equality Tf = Tn holds and 
hence it follows from 0 < Tn < T that 0 < T„ = Tf < T^. Assuming for a 
moment that it has been proved already that is order continuous, we have 
(T^)^ = T*, and so it follows from 0 < T^ < T that T* = {T*)n < Tn^ 
Combining the results, we get Tn = . 

All that remains to be proved is the order continuity of . The proof is 
very similar to the proof of Theorem 22.3, where in the last part we have a 
positive operator S such that its null ideal Ns is a band and we also have a 
directed set 0 < G | {uq — euo) having the property that Sv = 0 for all v € G. 
Since Ns is a band we may then conclude that S{uq — €Uq) = 0. In the present 
situation it will not be known that Ns is a band so that we can only conclude 
from G t {uq — €Uq) and Sv = 0 for all u G G that — euq) = 0. This, 

however, will be sufficient for what we wish to prove. The fully written out 
proof follows now. 

Let 0 < D t tfco in £*. Then 0 < (T^u : u £ D) '\< T^^uq in F. Hence, 
since F is Dedekind complete, there exists an element p in F~^ such that 

0 < (T^u : u e D) 'I p < T^uq. 

We have to prove that p = T^^uq. For this purpose, choose e such that 0 < 
e < 1, let Aii denote the ideal generated in E by {euo — u)~^ ioi u e D and, 
for brevity, write Tu instead of Ta^ , where Tu = Ta^ is the minimal positive 
extension of the restriction T | so = T on and = 0 on (Au)^. 
In particular, 

TuW = Tw for 0 < tx; < (euo — u)~^ and Tu{€Uq — u)~ = 0, 
the first part of which implies 

T^feuo — u)'^ = inf {sup Tic : w € G} = 

0<GUeuo-u)+ 

inf {supTuW :weG} = Tf {euo - u)~^ < Tf uq. 
0<G|(euo— 

The main idea is now to use Ando’s inequality (as in the proof of Theorem 
22.3) 

0 ^ = (1 — ^)'^o + — u) < {1 — €)uq 4- {euo — u)~^ . 

It follows, for any u E D, that 

0 < T^uq — p < T^{uq — u) < 

(1 - e)T*uo + T*{euo - u)+ < (1 - e)T*uo + T*uq. 

Since D t, the set {(etto — u)~^ : u E D} is downwards directed, and so the set 
of operators {Tu : u E D) is downwards directed, i.e., T >Tu i> 0. Hence, 




22. The Band of Order Continuous Operators 159 



because Ch{E^ F) is Dedekind complete, there exists an operator S G Cb{Ej F) 
such that Tti I 5 > 0. In view of 

0 < Tf - 5^ = (Tu -S)^ <Tu-S 10 

it follows that J, 5^. In particular, T^uq J, S^^uq. If we can prove that 
S'^uq = 0, it will follow from T^uq | 5^uq = 0 that 

0 < T^uo — p < (1 — t)T*UQ. 

This holds then for every e satisfying 0 < e < 1. It follows that — p = 0, 
as desired. Note that we use here that e T 1 implies (1 - e)T^uo f 0 since F 
is Dedekind complete. 

For the proof that = 0, note that it follows from 0 < S <Tu and 

Tu{tUQ — u)~ =0 that 

S{u — €Uq)'^ = S{euo — u)~ = 0 for every u E D. 

Hence, since (u—euo)^ T (uq— euo)"^ = uq—cuq, we see now from the definition 
of 5^ that S^{uq — €Uo) = 0, i.e., S'^uq = 0, which is what remained to be 
proved. 

The proof that Tc = T° holds is similar. ■ 

The theorem thus proved is due to A.R. Schep (1978) and the present proof 
is due to C.D. Aliprantis and O. Burkinshaw (1983). The case that F = E, i.e., 
the case that we have a positive linear functional (p with components (pn and ^pc 
was known earlier; the formula for (pn was established by W.A.J. Luxemburg 
(1965) and the one for (pc by W.A.J. Luxemburg and A.C.Zaanen (1963). 

Exercise 22.10. Let E and F be Riesz spaces with F Dedekind complete 
and let T be a positive operator from E into F. 

(i) Let A be an ideal in F. As before, the minimal positive extension of 
the restriction T | A is denoted by Ta- Show that if T [ A is order continuous 
(cr-order continuous) on A, then Ta is order continuous (cr-order continuous) 
on E. 

(ii) The order continuous and cr-order continuous components of T are 
denoted by Tn and Tc respectively. Recall that Tg = T — Tc is the singular 
component of T. Furthermore, let us write Tt = T — Tn^ Show that for any 
uq E E^ we have 



TtUQ = sup {inf(Tu :u E D)], 

uo >jDi0 

TgUo = sup {inf(Tu„ : n = 1,2, . . .)}. 

Uo>Uni0 

Hint: Assuming T | A to be order continuous on A, we have to prove that 
0 < D ^ Uq in E implies {Tau : u E D) TaUq. It is sufficient to prove that 
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TaUq < sup(T^u : u e D), the inequality in the other direction being evident. 
Choose V E A such that 0 < u < uq. Then {v Au : u E D) in A, so 
{T{vAu) : u E D} t Tv. Since u >vAu implies > Ta{vAu) = T(t?Au), 
it follows that 

s\ip{Tau :u E D)> sup{T(u Au) :u E D] = Tv, 
so 

sup(T^u : u E D) > sup{Tv : v E A,0 < v < uq) = TaUq. 
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23. Order Denseness 

In this brief section we discuss the notion of order denseness. This could have 
happened earlier, but there was no need for that. 

Definition 23.1. The Riesz subspace V of the Riesz space E is said to be 
order dense in E if for each u > 0 in E (i.e., u > 0,u ^ 0) there exists an 
element v eV such that 0 < t; < tt. 

It is evident that if V is order dense in E, then = {0}. To see this, 
observe that if u e and u would satisfy u > 0, then there would exist an 
element v E V such that 0 < v < u. But then 176^0 1^^, so u = 0, which 
would yield a contradiction. 

Also, if V is an order dense Riesz subspace of E and Vi is an order dense 
Riesz subspace of F, then Vi is an order dense Riesz subspace of E. This 
follows immediately from the definition. 

It is not true that a Riesz subspace V satisfying = {0} is always order 
dense in E. Example: If E = C([0,1]) and V is the Riesz subspace of all 
constant real functions on [0,1], then = {0}, but V is not order dense in 
E since if u{x) = x on [0,1], then 0 < u E E but there is no G F satisfying 
0 < V < u. Another example: If E is the lexicographically ordered plane 
and F is the horizontal axis (i.e., F is the set of all points (x,0),x G E), then 
F is a Riesz subspace such that F^ = {0}, but F is not order dense since if 
u = (0, 1), there is no G F satisfying f) <v <u. 

Theorem 23.2. Let V he an order dense Riesz subspace of the Riesz space 
E and let D be an upwards directed subset of V. Furthermore, let foEV. 
Then D | /o holds in V if and only z/ D | /o holds in E. Similarly if D is 
downwards directed. 

Proof. It is sufficient to show that if D is a downwards directed subset of F, 
then DIO holds in F if and only if D I 0 holds in E. It is evident that DIO 
in E implies D J, 0 in F. Assume now that D | 0 in F, but D has a lower 
bound u > 0 in E. Then there exists an element v E V satisfying 0 < v < u, 
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so > 0 is a lower bound of D in V . This contradicts D I 0 in V. Hence, 
D 10 £ E. m 

If F is a Riesz subspace of E and V is order dense, then = {0}, but 
as we have seen it does not always follow conversely from = {0} that V 
is order dense. For ideals the situation is diflFerent; we shall prove now that if 
A is an ideal in E, then A is order dense if and only if A^ = {0}. 

Theorem 23.3. For an ideal A in the Riesz space E the following holds. 

(i) A is order dense in E if and only if A^ = {0}. 

(a) The ideal A® A^ is order dense in E. 

(Hi) A is order dense in A^^ (and, therefore, A is order dense in the band 
[A] generated by A). 

Proof, (i) Assume first that A is order dense in E and let 0 < u £ A^. 
We have to prove that u = 0. If u > 0, there exists some v £ A such that 
0 < V < u. Then v £ A as well as v £ A^, so v = 0. Contradiction. For the 
converse, assume that A^ = {0}. Let 0 < u £ E be given. Then w Au > 0 
for at least one w £ A~^ (because if not, we should have u £ A^ = {0}, which 
contradicts u > 0). Writing v = w Au,we have now that 0 < v < u and v £ A 
(because 0 < v < w £ A). Thus, for any u > 0 in E there exists some v £ A 
such that 0 < V < u. This shows that A is order dense. 

(ii) In view of part (i) it is sufficient to show that {A 0 A^)^ = {0}. If 
/ e (A © A^f, then f ± A and f ± A^, so f £ A^ n A^^ = {0}. 

(iii) The disjoint complement of A in A^^ is A^ fl A^^ = {0}. Hence, by 

part {i),A is order dense in A^^. m 

If E is Archimedean, more can be said about order dense Riesz subspaces. 

Theorem 23.4. The Riesz subspace V of the Archimedean Riesz space E is 
order dense in E if and only if, for any u £ E~^ , we have 

{v £ V : 0 < V < u) 'I u. (1) 

Hence, if A is an ideal in E, the ideal A is order dense in E if and only if 
the band generated by A is the entire space E. 

Proof. If (1) holds for every u £ E~^, then V is obviously order dense in E. 
For the converse, assume that V is order dense, but for some u £ E^ the 
element u is not the supremum of the set D = {v £ V : 0 < v < u). Then 
there exists an upper bound z oi D not satisfying z > u, and so w = z Au is 
an upper bound of D satisfying w < u, i.e., v < w < u tor all v £ V. By the 
order denseness of V there exists an element vi £ V satisfying 0 < vi < u — w. 
Since it is evident now that vi £ D, we have vi < w, so 
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2v\ — v\ + v\ < w + {u — w) = 

which shows that 2v\ G D. By induction 0 < nvi < u holds for n = 1,2, — 
This contradicts the hypothesis that E is Archimedean. Hence, u — sup D, 
i.e., (1) holds. 

The statement for the ideal A follows by combining the formula (1) above 
and formula (4) in Theorem 7.8, in which it is stated that the band generated 
by A consists of all / G satisfying 

I / 1= sup(ifc G A : 0 < u <1 / I). ■ 

If E is not Archimedean, the result in the last theorem does not always 
hold. Example: If E = M? with lexicographical ordering and V is the vertical 
axis, i.e., V is the set of all points (0,y) with t/ G E, then V is an order dense 
band in E, but the point u = (1, 1), for example, is not the supremmn of the 
set of all t; G F satisfying 0 < v < u. 

In section 10 the notion of a strong unit in a Riesz space was introduced. 
The element u > 0 in the Riesz space E is called a strong unit if the principal 
ideal Au generated by u in E satisfies Au = E. In a similar manner, we can 
define weak units. 

Definition 23.5. The element e > 0 in the Riesz space E is called a weak 
unit if the principal band Be generated by e in E satisfies Be = E. 

If E is Archimedean, we see from the last theorem that e G E^ is a weak 
unit in E if and only if the principal ideal Ae is order dense in E, i.e., if 
and only if Af = {0} (equivalently, {e}^ = {0}). Observe that if E is not 
Archimedean and e is a weak unit in £*, then Ag is order dense, but in the 
converse direction there may exist elements e > 0 for which Ag is order dense 
without e being a weak unit. Example: E = with lexicographical ordering 
and e = (0, 1). 

Exercise 23.6. Show that if A and B are order dense ideals in the Riesz 
space E, then AD B is an order dense ideal in E. 

Hint: For any given 0 < u e E there exists v £ A such that 0 < < u, 

and so there exists w £ B such that 0 <w <v. 

Exercise 23.7. If F is a Riesz subspace of the Riesz space E such that the 
ideal Ay generated by F is order dense (equivalently, (Ay)^ = {0}), then F 
is not necessarily order dense, but it remains true that F^ = {0}. Show this. 
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24. The Carrier of an Operator 

In the present section we assume that E and F are Riesz spaces with F 
Dedekind complete. As we have seen in earlier sections (Theorem 20.2 and 
Theorem 22.2), the vector space Cb{E, F) of all order bounded linear operators 
from E into F is a Dedekind complete Riesz space and the subset £„ = 
Cn{E^ F) of all order continuous operators in £5 is a band in Recall that 
for T e £b the set 

TVt = (/ € £ :| T I (I / I) = 0) 

is an ideal in F, called the null ideal of T. For T order continuous, the null 
ideal Nt is a band in E, but the converse does not always hold. As proved 
in Theorem 22. 3, T is order continuous if and only if Ns is a band in E for 
every operator S in the ideal generated by T in £5. By definition, the disjoint 
complement (Nt)^ of Nt is called the carrier of T and denoted by Ct- The 
carrier Ct is, therefore, a band in E. Note that T and | T [ have the same null 
ideal and hence have the same carrier. Also, | 5 |<| T | implies Nt C Ns, 
and so Cs Q Ct- In particular, if is the order continuous component of T, 
then I T„ |<| T I, so Ct^ C Ct- Similarly Ct^ C Ct, where Tc is the cr-order 
continuous component of T. We shall first prove a simple lemma. 

Lemma 24.1. For S and T positive operators from E into F, we have 

(‘^) Nsvt = Ns+t = Ns n Nt , Csvt = Cs+t = (Cs + CtY^ - 
(ii) Cs Q {Nt)*^^ if and only if Cs J- Ct cLfid also if and only if Ct C 
{Ns)^^- 

Proof. (i) From {(5 + T)/2) < (5 V T) < (5 + F) it follows immediately 
that Nsvt = Ns+Ti and so Csvt = C's+t- It is evident from the definition 
of a null ideal that Ns-\-t = Ns n Nt- Furthermore, 

(Cs + Ct)'^ = {Cs)‘^ n {Crr = {Ns)^‘‘ n = 

{NsnNT)^’^ = {NsyT)‘“^, 

where we have used that {A n = A‘^‘^ n B‘^ for ideals A and B (see 
Exercise 8.6). It follows that 

{Cs + Ct)^^ = (Ns^t)^^^ — (Nsvt)^ = CsyT- 

Note that it follows from Cs+t = {Cs + CtY^ that the order bounded oper- 
ators T satisfying Ct = {0} form an ideal in £5. 

(ii) Cs C {NtY^ implies Cs i- {Nt)^ = Ct- Conversely, Cs J- Ct implies 
C5 C {CtY = {NtY^- m 

More can be proved if, besides assuming that F is Dedekind complete, 
we also assume that E is Archimedean. In this case it is not only so that the 
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carrier Ct of an order continuous operator T is the disjoint complement of 
iVr, but conversely Nt is now also the disjoint complement of Ct- To see this, 
observe that Nt is now a band, so Nt = {NtY^ since E is Archimedean. 
Hence 



Nt = = {{NtYY = {CtY- 



Theorem 24.2. Assume that E is Archimedean and F is Dedekind complete. 
Then the following holds. 

(i) If T e Ch{E^F) is order continuous and Ct = {0}, then T = 0. 
Hence, if T is order continuous and T ^ 0, then Ct ^ {0}. It fgllows 
that Cs ^ { 0 } for every operator 5 7 ^ 0 m the ideal generated by an order 
continuous operator T. In particular, if T e Ct has an order continuous 
component Tn ^ 0, then Ct 7^ {0}. Hence, if T e Ct and Ct = {0}, then 
T ± Cn, i-e., T is a member of the disjoint complement Ct of Cn- 

(ii) If T ^ Ct and Cs ^ {0} for every S ^ 0 in the ideal generated by 
T, then T is order continuous. 

(Hi) Every order bounded operator ( from E into F ) is order continuous, 
i.e., Ct = C-n, if and only if Ct 7^ {0} for every T ^ 0 in Ct- 

Proof, (i) Let T be order continuous and Ct = {0}. The null ideal is now a 
band. Since E is Archimedean, the band Nt satisfies Nt = {NtY^- Hence 

Nt = {Nt^^ = {{NT^y = {Ct^ = {OY = E. 

This shows that | T | (| / |) = 0 for every f E E. It follows that | T |= 0, i.e., 

T = 0. 

(ii) Assume first that T is a positive operator (from E into F) such that 
T is not order continuous. Then, in view of Theorem 22.3, there exists an 
operator R satisfying 0 < R < T such that Nr is not a band. Hence, if B 
is the band generated in E by Nr, the operator R is not identically zero on 
B. Let S be the minimal positive extension of the restriction | B to jE^, so 
S = R on B and 5 = 0 on = (Nr)^. Then 0 < S < R <T and 5 = 0 on 
Nr 0 (Nr)^, so Nr 0 (Nr)^ C Ns- Since Nr 0 (Nr)^ is order dense in E, 
it follows that the ideal Ns is order dense in E. Hence (in view of Theorem 
23.3 in the preceding section) the disjoint complement Cs = (Ns)^ satisfies 
Cs = {0}. It has been proved thus that if the positive operator T is not order 
continuous, there exists an operator S such that 0 < 5 < T and Cs = {0}- 

Assume now that T E Ct and Cs 7 ^ {0} for every 5 7 ^ 0 in the ideal 
generated by T. Then T is order continuous because, if not, there would exist 
an operator S such that 0 <| 5 |<| T | and Cs = C\s\ = {0}, which would 
contradict our hypothesis. 
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(iii) Follows immediately from parts (i) and (ii). ■ 

We have seen in part (i) of the last theorem that if T € £5 and Ct = {0}, 
then T is disjoint to every order continuous operator in £5, i.e., T J_ £7^. In 
other words, T is a member of the disjoint complement Ct of £n- Furthermore, 
in the proof of Lemma 24.1, it was observed that the set of operators T 
satisfying Ct = {0} is an ideal in £5. Combining these results, we see that 
the set of operators T € £5 satisfying Ct = {0} is an ideal in £^. As shown 
in part (ii) of the last theorem there exists for any 0 < T € £^ an operator 
S satisfying 0 < 5 < T such that Cs = {0}. The ideal of all operators with 
carrier equal to {0} is, therefore, order dense in Ct- We state this as a theorem. 

Theorem 24.3. Let E and F be Riesz spaces such that E is Archimedean 
and F is Dedekind complete. The set of all operators T £ Cb such that 
Ct = {0} is now an order dense ideal in Ct. 

It may be asked whether perhaps the set of all T with carrier {0} is not 
always equal to the entire space Ct- The answer is negative, as indicated in 
the following exercise. 

Exercise 24.4. In Example 21.6(ii) it was shown that the only order contin- 
uous operator from E = C([0, 1]) into E is the null operator. In other words, 
the only order continuous linear functional on E is the null functional, i.e., 
every order bounded linear functional on E is a member of Ct = £*(£■, E). 
Fix xq € [0, 1] and let the positive linear functional (p on E he defined by 
Tif) = fi^o) for 2tll f E E. Show that consists of all f £ E satisfying 
f{xo) = 0, and so C^ = {0}. Let the positive linear functional 'tp on E he 
defined by 'ip(f) = Jq f{x)dx for all f £ E. Show that = {0}, and so 
C^ = E. 

Under certain conditions, as stated in the next theorem, it follows from 
Cs i- Ct that S LT. For convenience, we shall write “iff” instead of “if and 
only if” at some places. 

Theorem 24.5. Let E and F he Riesz spaces such that E is Archimedean 
and F is Dedekind complete. Furthermore, let S and T be order bounded 
operators from E into F such that one of these, say S, is order continuous. 
Now, 

Cs c iff Cs -L Ct iff Ct Q Ns, 

and if these conditions are satisfied, then S LT. 

Proof. We may assume that S and T are positive operators. Since E is 
Archimedean and S is order continuous, we have Ns = (Ns)^^, and so it 
follows immediately from Lemma 24.1 above that 

Cs c {Nt)‘^‘^ iff Cs ± Ct iff Ct c Ns- 
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Assume now that these conditions are satisfied. Then, for any 0 <u E Nt 0 
Cti we have 0 < u = v w with v € Nt and w G Ct- Hence 

0 < (5 A T)u = {S A T)v + (5 A T)w < Tv + Sw = 0 + 0 = 0, 

where Sw = 0 in view of Ct Q Ns ^ This shows that SAT vanishes on 
Nt 0 Ct- Since Nt 0 = Nt 0 {Nt)^ is order dense in E (see Theorem 

23.3), it follows now from Theorem 23.4 that every positive element of the 
Archimedean space E is the supremum of a set of elements in Nt 0 Ct- 
Observing also that 5 A T is order continuous (because 0 < {S AT) < S and 
S is order continuous), we see that S AT vanishes on E, i.e., S JlT. m 

In the last theorem it was shown that under certain conditions Cs X Ct 
implies that 5 X T. Does the converse hold as well? The answer is that this is 
not so in general (see the exercise at the end), but at least the converse holds 
for linear functionals. We present the details. 

Theorem 24.6. Let (f and he order bounded linear functionals on the 
Archimedean space E ( i.e., (p and ^ are members of the order dual E~) such 
that one of these is order continuous. Then ip 1. xf if and only if C^p 1. C^. 

Proof. The functionals ip and xp are order bounded operators from the Archi- 
medean space E into the Dedekind complete space E and one (at least) of p 
and xp, say xp, is order continuous. Hence, by the preceding theorem, it follows 
from C^p X C^ that p Lxp. To prove the converse, we may assume that p and 
xp are positive, p 1. xp and xp is order continuous. Let 0 < u G C^p = {N^)^ and 
€ > 0 be given. Since {p A xp)u = 0, there exists a sequence {un : n = 1, 2, . . .) 
in E~^ such that 0 < Un < u and 

^{un) + '0(^ ~ Un) X for n = 1, 2, 

Defining Vn = ini {uk : k = l,...,n), we have Vn I and any v satisfying 
0 X 't' < 'L'n for all n also satisfies 

0 < p{v) < p{Vn) < p{Un) < 2“^€ 

for all n, so p{v) = 0. But then v e CpH Np = {0}, i.e., i; = 0. It follows that 
ii 0 < V < Vn for all n, then t; = 0. Hence Vn i 0, which implies (since xp is 
order continuous) that xp{u — Vn) '^{u). Observe now that 

u — Vn — u — mi{uk : k = 1, . . . ,n) = 

snp{{u-Uk) : A: = l,...,n} < r^^i(u-Ufe), 



so 



0 < xp{u - Vn) < Ek^iXp{u -Uk) <e 
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for all n. Thus, since %l){u - Vn) T we see that 0 < t/?(u) < e. This holds 
for every e > 0, and so = 0, i.e., u £ N^, Any u satisfying Q <u£C^ 
is, therefore, a member of i.e., C^CN^. It follows that LC^. 

Note that for the proof that ip implies C iV^ (and hence 1 C^) 
it is sufficient to assume that ip is cr-order continuous. ■ 



Exercise 24.7. In this exercise we present an example showing that SaT = 0 
does not always imply Cs -L Ct, even if S and T are order continuous. Let 
A = [0, 1] and B = [1,2], and let the positive operators 5 and T from l/i([0, 2]) 
into Li([0,2j) be defined by 




fdx)xA and Tf = 



( [ fdx)xB^ 

Jo 



where xa and xb are the characteristic functions of A and B respectively. 
Show that S and T are order continuous (see Example 21.6) and Cs = Ct = 
Li([ 0,2]). Also, for 0 < / G Li([0, 2]), show that (5 A T)f = 0 by observing 
that 0<(S AT) f< (Sf) A (Tf). 
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Order Duals and Adjoint Operators 



25. The Order Dual of a Riesz Space 

According to Corollary 20.3 the linear functional (/? on the Riesz space E is 
order bounded if and only if (p is regular, i.e., if and only if ^ with pi 

and p 2 positive. The vector space of all order bounded linear functionals 
on £■ is a Dedekind complete Riesz space with respect to the ordering defined 
by saying that pi < p 2 holds whenever p 2 — is positive. It follows that for 
any p E E" the functionals p~^ = p\/ 0 and p~ = (—p) V 0 exist in E" and 
p — p+ _ ^ Also, \ p \= p\/ {—p) exists in E'' and | p \= p~^ + p~ . The 

space E" is called the order dual of E (see Corollary 20.3). 

It is evident that if E consists of the null element only, then the same is 
true of E~. It may come as a disappointment, however, that also if is a space 
of infinite dimension it may occur that E~ = {0}. The standard example is 
the space E = Lq{R, fx) of all Lebesgue measurable (real) functions on E. The 
proof that E" = {0} in this case is based on the property that if T is a subset 
of E satisfying 0 < < oo and a is a number satisfying 0 < a < /x(T), 

then there exists a subset Yi of Y such that p{Yi) = a. To see this, define for 
any a € E the subset Ya of Y by Ya = (x e Y : x < a). It is evident that 
fx{Ya) 0 as a — ^ — cx) and fi{Ya) m(^) as u oo. Furthermore, /i(l^) 
is a continuously increasing function of a (prove this). Hence fx{Ya) = a for 
some value of a. In particular fJi{Ya) = fi{Y)/2 for some a. 

Theorem 25.1. The order dual E~ of the Riesz space E = Lq(E,/x) of all 
Lebesgue measurable (real) functions on E satisfies E" = {0}. 

Proof. If 0 < p E E~ and u E E~^ satisfies p{uxx) = a > 0 for some 
set A C E, and if furthermore the measurable sets A„(n = 1,2,...) satisfy 
Xn T A, then p{uxxrt) > ^ for some n. This follows because if p{uxXn) = 0 
would hold for all n, then Yn = X\Xn satisfies p{uxYr,) = Ti'^Xx) = for 
every n, and hence the function 

uo = X^^iUXYr, € E+ 

satisfies p{uo) > fca for A: = 1, 2, . . ., which leads to a contradiction. Note here 
that uq E E~^ follows from the observation that for (almost) every x G E only 
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finitely many terms of E^uxv^ {x) differ from zero. As a consequence of what 
has been proved we see that if is a positive linear functional on E such that 
if{u) > 0 for some u G then ^{uxy) > 0 for some set Y of finite measure 
(since the sets = [— n, n] satisfy Xn | R). Hence, as observed above, it is 
possible to decompose Y into disjoint sets Zi and Z[ of equal measure yiiX) /2. 
For at least one of these, say Zi, we must have > 0- Similarly, Z\ 

has a subset Z 2 of measure /x(y)/4 such that (p{uxz 2 ) > 0. Proceeding by 
induction, we obtain a sequence (Z^ : n = 1,2,...) of subsets of F, descending 
to a set of measure zero and such that an = (p{uxZn) > 0 for all n. Then 

ui = E^^la~^uxZr^ C E~^ and (p{ui) > A: for A: = 1, 2, — 

This is impossible. There does not exist, therefore, any positive linear func- 
tional on E = Lq{R,ii) differing from the null functional. ■ 

Exercise 25.2. Let /j,he n non- negative cr- finite and countably additive mea- 
sure in the point set X such that fi{X) > 0. Assume furthermore that fi has the 
property that for any /u-measurable subset F of X satisfying 0 < /i(F) < 00 
and for any number a satisfying 0 < a < /x(F) there exists a subset Fi 
of F such that /x(Fi) = a. Show that the order dual E‘^ of the Riesz space 
E = Lo(X,/i) satisfies E'^ = {0}. 

How can we find out whether a given linear functional (p on a, given Riesz 
space E is order bounded or not? One possible answer can be found by looking 
at the behaviour of if towards (relatively) uniformly converging sequences. 
Observe that if ip is order bounded and {un : n = 1,2,...) is a decreasing 
sequence in E~^ converging (relatively) uniformly to zero, then 0 < < CnUo 

for some uq € E'^ and an appropriate sequence of numbers (en : n = 1, 2, . . .) 
satisfying Cn i 0, so 



0 < (p'^'iUn) < e„ip'^{uo) i 0, 

and similarly for <p~ . We shall prove now in the converse direction that if (p 
is a linear functional on E such that {ip{un) : n = 1,2,...) is bounded for 
every decreasing sequence (un) in E~^ converging (relatively) uniformly to 
zero, then ip is order bounded. Precisely, we have the following theorem. 

Theorem 25.3. The linear functional ip on the Riesz space E is order 
hounded if sup | ip{un) | is finite for every decreasing sequence {un '■ n = 
0,1,2,...) in E~^ satisfying 0 < Un < 2 ~'^uq for n = 1,2, — Hence, the 
linear functional ip on E is order bounded if and only if ip{fn) 0 for ev- 
ery sequence {fn : n = 1, 2, . . .) in E that converges (relatively) uniformly to 



zero. 
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Proof. It is sufficient to give a proof in one direction. Assume that (p is a linear 
functional on E such that sup | ip{un) |< oo for every decreasing sequence 

{un : n = 0, 1, 2, . . .) in E'^ satisfying 0 < Un < 2 ~'^uq for n = 1, 2, To 

prove that ip is order bounded we have to show (according to the definitions in 
section 18) that ip maps every order interval [0, u] in E into a bounded interval 
in E. In other words, we have to show that the set (| |: 0 < < u) is a 

bounded set in E. If this does not hold, there exists an element uq € E'^ such 
that sup(| ip{v) |: 0 < t; < uq) = +oo. Then 

sup(| ip{v) |: 0 < u < uq/2) = + 00 , (1) 

so there exists an element vi satisfying 0 < <uq/2 such that 

I P>{vi) |> 3 I ip{uo) I -h2. 

It follows that Wi = (uq/ 2) — vi satisfies 

I |>| ^{vi) I I ip{uo) |> 2 I (p{uo) I +2. 

Observe now that the suprema 

sup(| ip{v) |: 0 < < ui) and sup(| ip{v) |: 0 < i; < wi) 

cannot both be finite, since this would contradict the formula (1). Now, if the 
first supremum is +oo, denote vi by txi, and in the other case denote wi by 
Ui. Then 

0 < ui < Uq/2, I ip{ui) \> 2 I ip{uo) I +2,sup(| (p{v) |: 0 < t; < Ui) = +oo. 

Repeating the procedure with uq replaced by Ui, we obtain the result that 
there exists an element U 2 G E~^ such that 

0 < 1 X 2 < ui/2 < ixo/4, 1 ip{u 2 ) |> 2 I ip{ui) |> 4 | 99 ( 1 x 0 ) | +4, 

sup(| ip{v) |: 0 < 1 ; < 1 x 2 ) = 4 - 00 . 

Proceeding by induction, we obtain a sequence (iXn :rx = 0,l,2,...) such that 

0 < iXn < 2“”' 1 x 0 and | ip{un) |> 2^ | (^( 1 x 0 ) | +2^ 

for n = 1,2, — By hypothesis, however, a sequence having these properties 
cannot exist. 

The reader should note that in this proof it would not be sufficient to 
obtain a sequence satisfying | ip{un) 2^^ | (^( 1 x 0 ) | for all n. ■ 

In Lemma 24.1 it was shown that if E and F are Riesz spaces and S and 
T are positive operators from E into F, then the carriers Cs and Ct satisfy 
CsyT = Cs-^T = {Cs + CtY^- In particular, if ip and -0 are positive linear 
functionals on F, then 
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dd 



We shall complete this result by proving that if E is Archimedean and one at 
least of (f and 'll; is a-order continuous, then 



^ ip Alp — C(p C-ip- 

The corresponding formula for more general operators does not always hold; 
see Exercise 24.7 of the preceding section, in which S and T are order con- 
tinuous operators in Li([0, 2]) such that 5 A T = 0 and Cs = Ct = E. It is 
even so that the formula does not necessarily hold if both (p and -0 fail to be 
cr-order continuous; see Exercise 25.5 which will follow soon. 



Theorem 25.4. If p and 'ip are positive linear functionals on the Archime- 
dean Riesz space E such that one at least of p and ip is a-order continuous, 
then the carrier of (p A ip satisfies 

HifA'ip — C (p O 



Proof. We first recall several properties of ideals. For ideals A, B,C in E we 
have (A + P) n a = (A n C) + (5 n C) (Exercise 7.7), (A -f Bf = A^ D B^ 
and (An 5)^^ = (Exercise 8.6). Next, let us inspect once more the 

proof of Theorem 24.6. It was shown that if (p and ip are positive, (p ± ip and ip 
order continuous, then Cp C (and hence ± (7^). As observed already 
in the proof, it is sufficient here to assume that ip is cr-order continuous. In 
other words, <p L ip with ip cr-order continuous implies C 

We are ready now to present the proof itself. It is assumed therefore that 
p and Ip are positive and ip is cr-order continuous. Write x = (/? A'^ for brevity 
and let Pi = p — X ipi = ip — X- Then p = Pi + X ip = ipi + x with 
all occurring functionals positive. Hence 

Np = n and N-p = n AT^. 

Furthermore we have pi _L ip\ with 0 < € E" and 0 < ip\ £ (£''')c(i.e., ip\ 

is (j-order continuous), so C in view of what was observed above. 
Since 

Nifi 0 ^ipi — ^ifi 0 {^ifi 

satisfies 0 — {O}, h follows that ~ {O}^ so (A^j + 

AT^i = E. Observing now that 

Np 4- ^ i^'fpi ~ i^fpi “b ^^ipi ) ^x"> 

we derive from this that 



n = e n = {N^Y^, 
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so 



= (N^ + = 

{N^ + N^f = (AT^)** n {N^f = n C^. 



Exercise 25.5. We present an example of positive linear functionals ^ and 
i/? on the space E = C([0, 1]) of all real continuous functions on [0,1] such 
that if ± 'i/j but neither C^p C or C N^p nor C^pAtp = C^p nC^ holds. 
Let (p{f) = Jq fdx for all / E E and t/?(/) = where (rn : 

n = 1,2,...) is the set of all rational numbers in [0,1]. Show that ip and 
ij) are strictly positive (i.e., / > 0 implies 9^(/) > 0 and i^{f) > 0), so 
N^p = = {0} and C^p = = E. Show that for 'ijjn = 2~'^f{rn) we have 

if ± i/jn- Show that %!) = supj^ ^n=i^nj ^md so ± -0, which implies that 

E'lpA'ifj ~ { 0 }' 

If £* is a normed Riesz space, the order dual E" and the norm dual E* 
are related. Recall that E* is the vector space of all norm bounded linear 
functionals on E. The space E* is a Banach space with respect to the norm 

II ^ 11= sup(| V5(/) I / II / ||; / / 0) = sup(| ipif) |:|| / ||< 1) 
for (f e E* (see Theorem 18.2). 

Lemma 25.6. For 0 < (p E E'' we have 

sup{ip{u) : u e E+, II It ||< 1) = sup(| (p{f) \: f eE,\\f ||< 1), (2) 

where both sides may be infinite. It follows that if 0 < (p E E~ and p> is norm 
bounded, then 



II 9 11= sup(cp(u) :ueE+,\\u ||< 1). 

Hence, if 0 < 'ip < ^p and (p is norm bounded, then 0 is norm bounded and 

U\\<\\<pl 

Proof. For convenience, denote the suprema in (2) by I and r respectively. 
It is evident that I < r holds. In the converse direction we have 

r < sup(y)(| / I) :|| / ||< 1) = sup(v?(| / |) :|1| / |||< 1) = 1. 



Hence, I = r. m 

Lemma 25.7. If ip E E* , then ip E E~. In other words, E* is a subset of 
E". Furthermore, it follows then that \ ip \e E* and ||| ip |||=|| ip ||. 
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Proof. Let ip £ E*. To show that ip E E" holds it is sufficient to prove that 
ip maps any order interval [—u,u] in E into an order interval in E, i.e., we 
have to show that sup(| ip{f) |:| / |< u) is finite. For | / |< u we have 
I <^(/) l<ll ‘pW-W f II. so 

sup(| ip(/) hi / l< u) <11 ip\\-\\u ||< oo. 

This shows, therefore, that ip e E". It follows that | ip | exists in E". For any 
u € E~^ we have 



\(p\(u)= sup(| ¥>(/) |:| / |< u) <11 V? II ■ II u II 

(see Theorem 20.4(5)), so 

sup(| I (w) ; u € E+, II It ||< 1) <11 if II . 

In view of the preceding lemma it follows from this inequality that \ ip \£ E* 
with norm satisfying ||| ip |||<|| ip ||. Conversely, || ip ||<||| ip ||| follows from 
I l<| V>\{\f\) for every /. ■ 

We shall prove now that E* is an ideal in E" and jF* = if £* is a 
Banach lattice. Furthermore, the norm in JF* is a Riesz norm. 

Theorem 25.8. (i) The space E* is an ideal in E", hut E* is not always a 
band in E". 

(ii) The space E* , as a Riesz space with the order inherited from E", 
is Dedekind complete and the norm in E* is a Riesz norm. Furthermore, if 
0 < ipo ^ E* and G is an upwards directed set of positive elements in E* 
such that G T then (|| <^ |h C G) t|| II- 

(Hi) If E is a Banach lattice, then E* = E~. 

Proof, (i) In the last lemma it was shown already that E* is a linear subspace 
of E". For the proof that E* is an ideal in E", assmne that \ 'ip \<\ p \ with 
Ip £ E'^ and p E E*. We have to prove that 'ip is a. member of E*. In virtue of 
the last lemma we have | p |g E*, and so 'ip~^ and 'ip~ are members of E* by 
Lemma 25.6 (since 'ip'^ ^1^1 and %p~ <| p |). It follows that xp is a. member 
of E\ 

For an example in which E"^ is an ideal in E", but not a band, we refer to 
the next exercise. 

(ii) Since E* is an ideal in the Dedekind complete space E~, the space E* is 
Dedekind complete. It was proved in the preceding lemmas that || | p ||| = || p || 
for every p E E* and \\ xp \\<\\ p \\ if 0 < xp < p E E"" . This shows that the 
norm in E* is a Riesz norm. Let now G be an upwards directed set of positive 
elements in E* such that G ^ po, where po is also an element of E*. Then 
Po{u) = sup(</?(u) : p E G) for every u E E'^. Hence, for || tx ||< 1 we have 
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<fo{u) = sup( 9 p(ti) :^eG) < sup(|l \\: if eG), 



so 

II 9?o 11= sup((/?o(t^) : u e || u ||< 1) < sup(|| p \\: p e G). 

Since 0 < p < <po iox every ^ G G, it is evident that || pQ ||> sup(|| p \\\ p £ 
G). It follows that 

(||(^||:<^GG)t|| PQ II - 

(iii) Let £* be a Banach lattice. To show that E* = holds it is sufficient 
that any p £ E" is norm bounded. This follows from Theorem 18.4, wherein 
it was shown more generally that any order bounded operator from a Banach 
lattice into a normed Riesz space is norm bounded. ■ 

Exercise 25.9. (i) Recall that £oo is the Riesz space of all bounded sequences 
of (real) numbers. Let E be the ideal in ioo consisting of all / = (/i, / 2 , ■ • •) 
with fj^^O for only finitely many k. Assume that E is equipped with the 
uniform norm. Show that p, defined by p{f) = E^-^kfk for / € E, is a 
member of E" since is a positive linear functional on E. Show that (p is 
not a member of E*. Let pnif) = ^fc=i^//e for n = 1,2, — Show that 
0 < pn ^ E"^ for every n and T in Hence, E* is not a band in E". 

(ii) Show that if the normed Riesz space E has the weak Riesz-Fischer 
property, then E* = E". 

Hint: For (ii), assume the existence of a positive p in E" such that p is not a 
member of E*. Then, for some sequence (ui, . . .) in E~^, we have || Un \\< I 
and p{un) > for n = 1,2, — For Vn = n~‘^Un we have E || Vn ||< oo, 
so by the weak Riesz- Fischer property there exists an element w £ E such 
that Vn < w for all n. Since p{w) > p{vn) > n for n = 1, 2 , . . ., we have a 
contradiction. 

In accordance with the notations in section 22 the set of all order continu- 
ous linear functionals and the set of all <j-order continuous linear functionals 
on E are denoted by En and ETc respectively. These sets are projection bands 
in E". Their disjoint complements are denoted by Ei and Eg respectively, so 

E = 0 Eg = En 0 EJt . 

Recall that the members of Eg are called singular linear functionals. In Ex- 
ample 21.6(i) it was shown that every positive linear functional on a space 
E of type Lp(X, /i); 1 < p < oo, is order continuous, so E" = En = El and 
El = E J = {0}. In Example 21.6(ii) it was shown that on E = G([0, 1]) the 
only cr-order continuous positive linear functional is the null functional, so 
El = En = {0} and El = El = E". More generally, we shall prove now that 
if E is a Banach lattice having order continuous norm, then every positive 
linear functional on E is order continuous, i.e., E^ = E*. 
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Theorem 25.10. Let E be a Banach lattice having order continuous norm. 
Then E* = = En- 

Proof. It was shown in Theorem 25,8(iii) above that E* = E" holds, so it 
is sufficient to show now that every positive hnear functional on E is order 
continuous. For this purpose, let 0 < (p e E~ = E* and D i 0 in E. Then 
(II u ||: u G D) i 0 since the norm in E is order continuous, and so 

{(p{u) : u € D) < (II 99 II • II u ||: u G D) i 0. 

This shows that p is order continuous. ■ 

Let, once more, E and F be Riesz spaces with F Dedekind complete and 
let S and To be order bounded operators from E into F. It is evident that if 
5 is a member of the ideal generated by To in Cb{E, T), then | To | (| / |) = 0 
implies | 5 | (| / |) = 0, and so Ntq C Ns- Now, let 5 be a member of the 
band generated by To . Then there exists a set G in the ideal generated by To 
such that 0 < G t| 5 I, so 

(T(|/|):TGG)T|5|(|/|)for all / G T. 

Hence, if / G iV^o, then T(| / |) = 0 for all T G G, and so | 5 | (| / |) = 0. 
This shows that Ntq C Ns, i.e., 

Cs = (iVs)'" C = Ct,. 

It has been proved thus that if S is contained in the band generated by some 
operator T, then G5 C Ct- Does the converse hold? In general the answer is 
negative. In Exercise 24.7 we have strictly positive order continuous operators 
S and T from E = Li{[0, 2]) into E itself such that Cs = Ct = E and 5 ± T, 
so neither S nor T is contained in the band generated by the other one. Does 
the converse then perhaps hold if we restrict ourselves to linear functionals? 
Here also the answer is still negative. In Exercise 25.5 we have strictly positive 
linear functionals p and on E = G([0, 1]) such that = E and 

± -0, so once more neither p nor 'll; is contained in the band generated 
by the other one. The situation is better if one at least of p and 'll; is order 
continuous, as indicated in the following exercise. 

Exercise 25.11. Let p and ijj be order bounded linear functionals on the 
Archimedean Riesz space E such that i/j is order continuous. Show that 'ijj is 
contained in the band generated by (/? in £’~ if and only if C C^. 

Hint: As observed above, if ^ is in the band generated by p, then C 
C^. Conversely, assume that C G<^, i.e., ^ so C 

{N^Y^. Since is order continuous the null ideal is a band, and since E 
is Archimedean the band generated by is {N^Y^‘ Hence {N^Y^ = It 
follows that 
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C C (AT^)" = N^. 

Therefore, it is given that N^p C and it has to be proved that | -0 | is in 
the band generated by ip. If not, | ip | has a non-zero component ipi in the 
disjoint complement, i.e., 0 < ip \ and ipi 1. ip with ^ {0} (since 

ipi is order continuous, see Theorem 24.2(z)). Since ipi is order continuous, it 
follows that Cp C (see the proof of Theorem 24.6), and so C 
(see Lemma 24.1). Choose an arbitrary u > 0 in so ipi{u) > 0. Then 
u G so there exists a subset D of such that D u, and hence 

{ipi(v) : u G D) t 'ipi{u) > 0. 

Therefore, ipi{v) > 0 for some v G {N^Y. Then [ <^ | (u) = 0 and \ ip \ (v) > 
ipi{v) > 0, contradicting the hypothesis that Np C N^. 



26 . Adjoint Operators 



As defined in section 18, the vector space of all hnear functionals on the (real 
or complex) vector space V is called the algebraic dual of V. We denote 
the algebraic dual of V by Now, let T : V — > W be a linear operator 
from the vector space V into the vector space W. For any ip G defining 
^(/) = '^(^/) for / G F, we obtain a linear functional ip on F, i.e., 
ip G . Each Ip G determines an element ip oi in this manner, so 
that if we write ip = T^ip we get a mapping from into F^. It is 
evident that is linear. In other words, is a linear operator from 
into F^. Recapitulating, we have 

(T*ip){f) = ip{Tf) for all / G F and all ip eW*. 

Note also that {aTi + 0 X 2 )^ = aXf + j3T2 for all Ti and T 2 (from F into 
IF) and all (real or complex) coefficients a, f3. The operator is called the 
algebraic adjoint of T. 

Assume now that E and F are Riesz spaces with F Dedekind complete. As 
proved in Theorem 20.2, the space Cb{E,F) of all order bounded operators 
from E into F is a De dekind complete Riesz space and hence every T G 
Cb{E^F) can be written as T = T+ — T~ with T+ and T~ positive. Given 
such an operator T, the restriction of to F~ will be denoted by T~. The 
operator T~ is called the order adjoint of T. We prove that T~ maps F~ into 
E~. To this end, choose 0 < ip e F‘' and let ip = T~ip be its image. For any 
f £ E we have 

ipif) = (T-V^)(/) = ^(T/) = i;(T+f) - = v^i(/) - y^2(/), 

where ip\ and ip 2 are evidently positive linear functionals on E. This shows 
that ip = T~ip G E~. It is evident that T~ is positive if T is positive. Hence, 
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if T is order bounded, i.e., T e F), then T" is also order bounded, i.e., 

e Ch{F^,E"). It is even so that T" is order continuous. For the proof we 
may assume that T is positive (and so T~ is positive). Let F be a downwards 
directed subset of F~ satisfying F J, 0. We have to show that ^ G F) | 0 

in F~. For this purpose, choose an arbitrary u G E^ and observe that 

{{T'^^){u) :x!)eD) = {^(Tu) : ^ G F} j 0. 

The following theorem holds, therefore. 

Theorem 26.1. If E and F are Riesz spaces with F Dedekind complete and 
T : E ^ F is order hounded, then the order adjoint T" : F" E" is order 
hounded and order continuous. If T is positive, then so is T'^. Furthermore, 
we have | T" |<| T\". 

Proof. It remains to prove that | T~ |<| T|~. It follows from T <| T | and 
-T <1 T I that <1 T r and -T~ <| T\\ Hence 

|T~|=(T~)V(-r~)<|Tr. ■ 

It is a remarkable result, due to J.Synnatzschke, that if G F„ (i.e., ^j) is an 
order continuous linear functional on F), then | T" | (t/?) =| T\ {'ll)). For the 
proof we need a lemma. 

Lemma 26.2. Let E and F he Riesz spaces with F Dedekind complete and 
let T : E F he an order hounded operator. Then, for every 0 < u e E and 
every 0 < 'ip E F~, we have 

^(\ Tu I) <{\T-\ min). 

Proof. In view of Theorem 20.8 we have 

ip{\ Tu I) = max{x(Tu) :| x |< V’}- 

Hence, there exists an element x in F~ satisfying | x 1^ ^ and 'ip{\ Tu |) = 
x(Tu).It follows that 

rPil Tu I) = xiTu) = {T~x)in) <\ T'x \ (u) < 

{| I (I X l)}(w) < {I T- I (V-)}(k). 

Theorem 26.3. Let E and F he Riesz spaces with F Dedekind complete and 
let T : E ^ F he an order hounded operator. Then 

I T" I (^) =1 T |~('^) for every eF~. 
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Proof. Prom | T" |<| T|~ it follows that | T~ | ('0) <| Ty{ip) for every 
t/; € For the inequality in the converse direction, let 0 < 'ip E and 
0 < u G E" be given. Note first that (by Theorem 20.10) 

I T I (u) = sup(Ej^]^ I Tuj I : all Uj € E'^and FiUj = u). 

Hence, using now that is order continuous, we see that 

{\T\-{mu)=i^{\T\{u)} = 

'ip{sup{E^^i \Tuj |: Uj e E'^ and EiUj = u)} = 

snp{E'j^i'ip{\ Tuj I) : uj € and EiUj = u). 

Therefore, in view of the last lemma, 

{\T\^{'iP)}{u) < sup[E7^i{| T~ I Wjiuj) : uj € E+and = u] = 

= {\T~\miu). 

This holds for every u e E"^, and so [ T\"{'ip) <\ T" \ {ip). Combining this 
with I T" I {ip) <1 T |"('0), we obtain the desired result. ■ 

The order bounded operator T maps E into E and its order adjoint 
T~ is order continuous and maps E~ into E~, i.e., T G Cb{E^F) and 
r~ G Cn{F^^ E~). We shall denote the restriction of T" to E„ by T' . Hence, T' 
is an order continuous operator mapping Fn into E~, i.e., T' G Cn{Fn,E^). 
What we have proved in the last theorem can be expressed briefly by saying 
that I T' 1 = 1 T I'. Observing now that the mapping # from Ct{E,F) into 
Cn{FniE^), defined by #(T) = T' for every T G Cb{E^ E), is a positive linear 
operator from a Riesz space into a Dedekind complete Riesz space, this result 
can be written as 



I ^(r) 1= ^(1 T i), 

holding for every T G Cb{E, F). It is clear, therefore, that ^ is a Riesz homo- 
morphism (see Theorem 19.2). We state this as a theorem. 

Theorem 26.4. (J.Synnatzschke, 1972). Let E and F be Riesz spaces with 
F Dedekind complete and, for any order bounded operator T from E into F, 
let T' be the restriction of the order adjoint T~ to F^. Then the mapping 
transforming T into T' is a Riesz homomorphism, i.e., 

(Ti V T 2 )' = T{ V and (Ti A T2)' = T{ A 

for all Ti and T 2 in Cb{E, F). In particular | T |'=1 T' | for all T G Cb{E, F). 

We turn to the normed case for some moments. First, let V and W be 
normed spaces (not necessarily Riesz spaces) and let T : F — > W be a norm 
bounded operator. The Banach dual space W* of IF is a linear subspace of 
the algebraic dual . The algebraic adjoint of T maps into F^; 
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the restriction of to W* is now called the Banach adjoint of T and is 
denoted by T*. Hence 

(T*'ip){f) = 'ip{Tf) for every f £ V and every Tp € W*. 

Obviously, is a linear functional on F, so € V^. We prove that 
£ F*. Furthermore, T* is linear (since T* is a restriction of the linear 
operator T^) and T* is norm bounded with 1| T* ||<|| T ||. We recall the 
proof. Prom 

I (T*^)(/) 1=1 ^(T/) |<|| ^ II . II Tf ||<]| ^ INI T INI / II 

for all / € F it follows that T*'tp is a. bounded linear functional on F with norm 
at most equal to || ^ || ■ || T ||, i.e., T^'ip £ F* and || ||<|| T \\ ^ \\ i; ||. 

This holds for all ip £ so T* is norm bounded with norm || T* |j at most 
equal to || T ||. More can be proved (see section 37), but for our present 
purposes this is enough. 

The following variant of S 3 mnatzschke’s theorem can be proved now for 
normed Riesz spaces. Note first that any Banach lattice having order contin- 
uous norm is Dedekind complete (see Theorem 17.8). 

Theorem 26.5. Let E and F be Banach lattices such that F has order 
continuous norm (so that, therefore, F is Dedekind complete) and let T he 
an order bounded operator from E into F. As before, let T' be the restriction 
of T~ to Fn and let T* be the Banach adjoint of T. Then T* = T' and, for 
all order bounded T\ and T 2 from E into F, we have 

(Ti VTa)* =Ti* VT 2 * and (Ti A T 2 )* = Tj* A r|. 



Proof. The operator T* is the restriction of to F* and T' is the restriction 
of T~ (and hence the restriction of as well) to Fn. Note now that F* = 
= Fn by Theorem 25.10 (because F is a Banach lattice having order 
continuous norm). Furthermore, Synnatzschke’s theorem holds for all order 
bounded Ti and T 2 from E into F. Observing now that T{ = T(,T 2 = FJ 
and (Ti V T 2 )' = (Ti V T 2 )*, the desired result follows. ■ 

For our final remarks in this section assume again that E and F are Riesz 
spaces with F Dedekind complete and T : F F is an order bounded 
operator, i.e., T £ Cb(E,F). We have seen that the order adjoint T~ of T 
satisfies T~ £ Ci){F~, F~) and T~ is order continuous, so T" £ Ln{F", E~). In 
particular, the restriction V of T~ to F^ satisfies T' £ Cn(Fn,E'^). If T itself 
is order continuous or cr-order continuous, we can say more. 
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Theorem 26.6. If under the above hypotheses T is order continuous, then T~ 
is order continuous and maps into E^. In other words, T' £ £n{Fn , E^) ■ 
Similarly, if T is a-order continuous, then T~ is order continuous and maps 
F^c into 

Proof. Let T : E F he order continuous. To show that T~i!j € E^ for 
every if £ Fn, we may assume that T is positive and we have to prove that 
D I 0 in £■ implies {(T~t/;)(u) : u £ D} J, 0 for 0 < G • Since 

{{T^i)){u) : ueD} = {i^{Tu) : u G F} i 0 

on account of both T and being order continuous, the desired result fol- 
lows. ■ 




CHAPTER 14 

Signed Measures and the Radon-Nikodym 
Theorem 



27. The Space of Signed Measures 

Recall that a non-empty collection F of subsets of the set X is called a ring of 
subsets of X if A E r, B E r implies AU B E F and A\B G F (see Example 
3.4(i)). It follows then that finite unions and finite intersections of sets in F 
are sets in F. The ring F is called an algebra of subsets of X if X itself is 
a member of F. The algebra F is called a cr-algebra if any countable union 
of sets in F is again a set in T (see Example 3.4(ii)). The mapping u from 
the algebra F into E is called a (real) finitely additive signed measure (or a 
charge) on F if u{AiU A 2 ) = z^(Ai) + ^^(^ 2 ) holds for all disjoint Ai and A 2 
in F (see Example 4.3(7)). If T is a <7-algebra and An) = X^i'{An) 
holds for every disjoint sequence {An : n = 1, 2, . . .) in T, then ly is called a 
a -additive signed measure on F. In this section we shall briefly say “signed 
measure” when a cr- additive signed measure is meant. If there is only finite 
additivity, this will be explicitly mentioned. . 

Let now u be such a signed measure on the cr-algebra F of subsets of X 
and assume first that {An : n = 1,2,...) is a disjoint sequence of sets in F. 
Then E | iy{An) | converges. For the proof, let B be the union of the sets An 
for which i'{An) > 0 and C the imion of the remaining sets An^ It follows 
easily that 



v{B) - u{C) = E I v{An) I . 

Next, assume that {Bn : n = 1,2,...) is an increasing sequence of sets in F 
and B = Uf^Bn- Then iy{Bn) converges to iy{B) as n 00 . This follows by 
observing that 



1^{B) = i/{Si U {B2\Bi) U {B3\B2) U . . .} = 

+ E^p{Bk\Bk-i) = lim + E^i^{Bk\Bk-i)} = 

n — KX) 

lim i/{BiLI {B2 \Bi)U . . .U (B„\Bn-i)} = lim iy{B„). 

n — >oQ n — >00 

We shall say that the set A E F is u -positive if iy{B) > 0 for any B E F that is 
a subset of A^ and A E F is strongly u -positive if A is ^/-positive and iy{A) > 0. 
For sets A\ and A2 in jT, it does not necessarily follow from y{Ai) > 0 and 
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i^{A 2 ) > 0 that iy{Ai U A 2 ) > 0. However, it is evident that if Ai and A 2 
are zz-positive, then Ai U A 2 is zz-positive and, if one at least of and A 2 is 
strongly iz-positive, then Ai U A 2 is strongly zz-positive. Hence, by induction, 
UiAk is strongly zz-positive if all Ak{k = 1, . . . , n) are zz-positive and one at 
least of these sets is strongly zz-positive. Assume now that {An : n = 1 , 2, . . .) 
is a sequence of zz-positive sets and one at least of these sets, say for n = no, is 
strongly zz-positive. Then Bn = is strongly zz-positive for n > no and 

the union A = satisfies A = Uf^Bn with u{Bn) T ^{A)- Hence (since 

u{Bn) > 0 for n > no) we have zz(A) > 0. It follows easily that A is strongly 
zz-positive. The definitions and results for zz-negative and strongly zz-negative 
sets are similar. 

It will be proved now that any set A £ F satisfying i'(A) < 0 has a 
strongly zz-negative subset. 

Lemma 27.1. Let u he a signed measure on the a -algebra F and let A £ F 
satisfy zz(A) < 0. Then A has a strongly u-negative subset 

Proof. We define a sequence {An :n = 0,l,2,...) of subsets of A as follows. 
Let t4o = 0 and let 



a\ = sup(zz(H) : B £ F, B C A). 

Then oi > 0 (since 0 C A). If oi < cx), then choose Ai £ F, Ai C A such that 
J^{Ai) > ai/2. If ai = 00 , then choose A\ £ F, A\ £ A such that zz(Ai) > 1 . 
Next, let 

02 = sup(zz(H) : B £ F, B C A\Ai) 

and choose A2 6 T, A 2 C A\A± such that zz(A 2 ) > min{l, 02 / 2 }. Generally, 
if Ao, Ai, . . . , An have been chosen, let 

On+i = sup{zz(H) : B £ F,B C (A\ Ui Ak)} 

and choose An+i C F, A„+i Q A\UiAk such that zz(An+i) > min{l, an+i/2}. 
We thus obtain a disjoint sequence (An) of sets in F, each one a subset of A 
and such that zz(An) > 0 for all n. Hence, writing S = Uf°An, we have 

0 < i7J^zz(An) — zz(5) < 00 , 

which shows that zz(An) — > 0, and so On ^ 0. 

We prove now that A\S is strongly zz-negative. Observe first that 

zz(A\5) = i^{A) — zz(5) < zz(A) < 0. 

Furthermore, if C £ F and C is a subset of A\5, then C is a subset of all 
sets A\ Ak, so zz(C) < On+i for n = 0, 1, 2, . . ., i.e., zz(C) < 0. It follows 
that A\S is strongly zz-negative. ■ 
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It is not difficult to derive from this lemma that the point set X is the 
disjoint union of a //-positive set S\ and a //-negative set 82- The decomposi- 
tion X = Si U 82 is then called a Hahn decomposition of X with respect to 
y. We present the proof. 

Theorem 27.2. (Hahn decomposition). Let v he a signed measure on the 
a-algebra T of subsets of X. Then X is the disjoint union of a y -positive set 
and a y -negative set. 

Proof. If y assumes only non-negative or only non-positive values, the result 
is trivial. Hence, we may assume without loss of generality that y assumes 
both positive and negative values. Therefore, by the lemma above, X has at 
least one strongly //-negative subset. Let 

f3 = mi{y{A) : A e F, A strongly //-negative), 

and let {An : n = 1, 2, . . .) be a sequence of strongly //-negative sets satisfying 
y{An) P- Then, if Bn = ^lAk for every n, the sequence {Bn : n = 1, 2, . . .) 
is an increasing sequence of strongly //-negative sets, so (in view of our earlier 
observations) the set 52 = UA„ = UBn is strongly //-negative and y{Bn) 
converges decreasingly to //(52). Since also P < y{Bn) < i^{An) for every n 
(the first inequality because of the definition of /?), we must have y{Bn) i P, so 
^{ 82 ) = /3(and hence /3 is a finite number). Finally, we prove that S\ = X\S 2 
is //-positive, and X = 5i U 52 is then the desired decomposition. Assuming 
that 5i is not //-positive, there exists a subset C of S\ such that y{C) < 0. 
Then C has a strongly //-negative subset D, so 82 U D is then strongly y- 
negative and 



y{S2 UD) = y{S2) + y{D) < y{S2) = p. 

This contradicts the definition of p. Therefore, S\ is //-positive. ■ 

The Hahn decomposition of the signed measure y is unique except for y- 
null sets, where the set A € P is defined to be a y-null set if not only y{A) — 0 
but also y{B) — 0 for any B e F, B C A. To prove the uniqueness of the Hahn 
decomposition, let X = 5i U52 = 5i 055 be Hahn decompositions cf X with 
Si and Si the //-positive sets. The symmetric differences (5i\5i) U (5i\5i) 
and {82X82) U {82X82) are both equal to {Si fl 5J) U (5! n 82)- Any set 
A e F contained in 5x0 52 satisfies y{A) > 0 (since A C 5i) as well as 
y{A) < 0(since A C 55), so y{A) = 0. Similarly if A C 5i O 52. 

Any (j-additive signed measure is of course also a finitely additive signed 
measure. Any (j-additive signed measure assuming only non-negative values 
on the cr-algebra F is an (ordinary) finite measure on F such as for example 
the Lebesgue measure in a bounded interval of M or, more generally, a more 
abstract finite measure as in Example 9.5. It is not difficult to see, once we 
have the Hahn decomposition available, that every (j-additive signed measure 
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u on r can be written as = jUi — ^2? where /ii and fi 2 are non-negative finite 
measures on T. The proof is simple. If X = 5i U 52 is a Hahn decomposition 
of X with respect to u, where Si is z/-positive and S 2 is i/-negative, we set 

fii{A) = v{A n Si) and fX2{A) = -u{A n S 2 ) 

for every A £ F.lt is evident that fxi and /i2 are <j-additive and assume only 
non- negative values. Also 

z/(A) = //{(A n Si) u (A n 52)} = 

u{A n Si) + z/(A n 52 ) = mi(^) - /^2(^) 

for every A £ F. This decomposition 1 / = /ii — /i2 is called the Jordan 
Decomposition of i/. 

We proceed with another simple result. From the formula 
i/(A) = p{A n Si) + u{A n 52), 

where i^(A n 5i) assumes only non-negative values and vanishes for A C 52, 
whereas z/(An52) assumes only non-positive values and vanishes for A C 5i, 
it follows that h'(A) attains its maximum for A = 5i and its minimum for 
A = 52. Hence 



sup(| i^(A) \: A £ F) = max{z/(5i), — z/(52)}. 

The supremum on the left, for a finitely additive signed measure i/, was de- 
noted by II ly II in Example 4.2(7), and any u for which || ly || is finite was 
said to be bounded. We see now, therefore, that every cr-additive ly on F is 
bounded in this sense. As shown in Example 4.2(7), the set Eh of all bounded 
finitely additive signed measures on the cj-algebra F is a Riesz space with 
respect to the natural definitions of addition, multiplication by real numbers 
and order (z^i < i/2 if ^i{A) < i/2 (A) for every A G T). It is evident now that 
the set Mcr of all cr-additive signed measures on T is a linear subspace of Eh- 
Actually, is a Riesz subspace of Et- To prove this, it is sufficient to show 
that for every u £ the supremum i/ V 0 with respect to the mentioned 
ordering is also a member of Mo-. We assert that i/ V 0 (where 0 denotes the 
measure identically zero) is exactly the measure pi in the Jordan decompo- 
sition ly = pi ~ ii 2 - The measure pi is evidently an upper bound of v and 0, 
so it remains to prove that any upper bound iy~ of // and 0 satisfies i/~ > /ii. 
For any A C 5i we have z/~(A) > z/(A) = /ii(A) and for any A C 52 we have 
^~(A) > 0 = /xi(A). Hence, if A € F is arbitrary, then 

iy~{A) = iy~{A n Si) 4- iy~(A n 52) > /xi(A n Si) + /xi(A n 52) = ^A). 

This shows that pi = z/VO, and hence /i 2 = (— z/) VO = -(z/AO). From here on 
we shall write z/+ and z/“ instead of fii and fi 2 , so the Jordan decomposition 
of ly can be written as z/ = z/"*" — z/“ . 
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The space is not only a Riesz subspace of but it is an ideal in E^. 
This follows by observing that if 0 < fii < fi 2 with e Eh and fi 2 ^ 
then III € M^. We prove that Mcr is a band in Eh- For this purpose, assume 
that D is an upwards directed set in such that I) t where /io ^ Eh- 
Furthermore, assume that (yin : ^ = 1, 2, . . .) is an increasing sequence of sets 
in r such that Uf°^n = in F. To show that fiQ is a-additive it is sufficient 
to prove that fjio{An) T l^o{Ao). Given e > 0, let fii e D he such that 

0 < (/io - Hi){Ao - Ai) < e. 

Then 0 < (/io — /ii)(ylo — An) < e holds for n = 1,2,..., and also 
lii{Ao - An) 0 as n oo. It follows that 0 < ixq{Aq — An) < 2e for 
n sufficiently large. This is the desired result. Hence, Ma- is a band in Eh- 
Recall now that the Riesz space Eh is Dedekind complete. The easy proof was 
given in Example 12.5 (iv). Therefore, Eh has the projection property, and so 
Eh — Mcj0(Mo-)^. The members of {Mg)^ are sometimes called purely finitely 
additive signed measures. Combining the results obtained so far, the following 
theorem has been proved. 

Theorem 27.3. The space Mg of all a-additive signed measures on the a- 
algehra E of subsets of X is a band in the Riesz space Eh of all bounded 
finitely additive signed measures on E. Every bounded finitely additive mea- 
sure V can be uniquely written, therefore, as v — 1^0 + ^/) where is a- 
additive and i/f is purely finitely additive. Furthermore, given the a-additive 
V, there exists a decomposition X = Si U S 2 {Si and S 2 disjoint) such that 
^~{A) = 0 for every yl C 5i and i^~^(A) — 0 for every A C 82 - This is 
called the Hahn decomposition of X with respect to u and the decomposition 
u = — v~ of the a-additive v is called the Jordan decomposition of u. 

The space Mg of (j- additive measures has some additional properties. To 
describe one of these we first recall a definition. If fi and u are members of 
Mg, then u is said to be p-absolutely continuous if any A e E satisfying 
I /i I (A) = 0 also satisfies | ly | (A) = 0. 

Theorem 27.4. (i) If p and v are members of Mg, then p ± u ( i.e., 

\ p \ A \ ly \= 0 ) if and only if there exist disjoint sets A and B in E such 
that Au B = X and \ u | (A) =| p \ {B) = 0. 

(ii) If p and 1 / are members of Mg, then u is an element of the band 
generated by p in Mg if and only if v is p-absolutely continuous. 

Proof, (i) Let p ± iy. Then X =\ p \ — \ jy Mg is the difference of two 
disjoint positive elements, so the decomposition A =| /x | — | zy | is minimal in 
the sense of Theorem 5.6, which implies that X~^ =\ p \ and A“ =| ly |. Then, 
in view of the Hahn decomposition theorem for A, there exist disjoint sets A 
and E in r such that AU B = X and | ly | (A) =| p \ {B) = 0. 
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Conversely, if there exist disjoint sets A and B in F such that Au B = X 
and I 1 / I (A) =| /i | (B) — 0, then r=\fi\A\i/ \ satisfies 

r(C) = t{C n 5) + t{C nA)<\fi\ {B)+ \ u\(A)=0 

for every C G T, so r = 0 , i.e., ^ Lv. 

(ii) It is easy to see that if p is an element in the band generated by 

then I jjL I {A) = 0 implies | i/ | (A) = 0. Conversely, assume that | fi [ {A) = 0 
implies | v | (A) = 0 and let \ \= h'l + 1^2 with i^i in the band B^ generated 

by and 1/2 € (B^)^. Since | |± 1 / 2 , there exist disjoint sets A and B in 

r such that Au B = X and i' 2 {A) =| \ (B) = 0. Then | 1 / | (B) = 0 by 

hypothesis, so i^ 2 {B) = 0 on account of 0 < 1/2 ^ I- It follows that 

iy2{X) = ^2{A UB) = U2{A) + 1'2{B) ■= 0 , 

so 1/2 is the zero measure. This implies that \ u \= u\ U 2 = ^ ^ ■ 

Exercise 27.5. In Example 4.2(7) it was shown that if for any u e Eh the 
number || z/ || is defined by 

l|z/l|=sup(|z/(^)|:AGr), 

then II ■ II is a norm in Eh. It is obvious that this is not a Riesz norm, since 
in general 1 / and | z/ | do not have the same norm. If we modify the definition 
of II 1 / II to 



II z/ 11= sup(| z/ I {A) :AeF) for z/ G Eh, 

then II z/ II is a Riesz norm in Eh- It is evident that || z/ || = | z/ | (X). Show that 
if Eh is equipped with this norm, then Eh has the Riesz-Fischer property, so 
Eh is a Banach lattice. Therefore, every band in Eh is a Banach lattice. 



28. The Radon-Nikodym Theorem 

Definitions and notations are the same as in the preceding section. Hence, 
as before, M(j is the Riesz space of all cr-additive signed measures on the a- 
algebra F of subsets of X and, for any given G the band generated by 
11 in Mo- is denoted by B^. Assume now that /i G Ma,li > 0, is fixed. There is 
a relation between B^ and the space L\ = Li{X, F, /i) of all /x-smnmable (also 
called /i-integrable) real functions on X. It is evident that if / G I/i is given 
and, for any A £ F, the number z/(A) is defined by n{A) = fdfi, then z/ is 
a cr-additive signed measure on F. Also, if / > 0 in Li, then z/ assumes only 
non- negative values and fi{A) = 0 implies z/(A) = 0, and so z/ is a member 
of the band If / G Li is arbitrary, then / = /+—/“ with /+ == / V 0 
and f~ = (— /) V 0, which implies that 
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= [ fdfi= [ r^dn- f f dii = vi{A)-V2{A), 

Ja Ja Ja 

where ui and 1/2 are non- negative members of so u itself is a member 
of as well. Furthermore, it is not difficult to see that i^i A 1^2 = 0 holds, 
so 1 / = z/i — i /2 is a minimal decomposition of z/ as a difference of positive 
elements (in the sense of Theorem 5.6), i.e., I'l = and ^2 = ■ Therefore, 

if / corresponds to z/, then and f~ correspond to z/+ and respectively, 
and so I / I corresponds to | z/ |. 

We ask now whether, conversely, there corresponds to every u e a. 
function / G Li{X, F, ji). This is indeed the case, as shown by the follow- 
ing theorem, known as the Radon-Nikodym theorem. The theorem is due to 
J. Radon (1913) for the case that ju is Lebesgue measure and to O. Nikodym 
(1930) for the more general case. 

Theorem 28.1. (Radon-Nikodym theorem). If u is a a -additive measure on 
r which is fi-absolutely continuous (i.e., y £ B^), then there exists a function 
f £ Li{X, r,/i) such that y{A) = fdfi holds for every A £ F. 

Proof. Without loss of generality we may assume that fx is not the zero 
measure and z/ > 0. Let G be the set of all /i-summable (real) functions on X 
such that fdfx < y (A) holds for all ^ G P and let 

a = sup( [ fdfx : f £G), 

Jx 

so a < y{X). Any f £ G satisfying fdjx = a will be called extremal in 
G. The set G is not empty since the zero function is in G. We prove that if 
/i, • • • , /n are in G, then fy V • ■ • V is in G. It is sufficient to prove this for 
n = 2, so let / = /i V /2 with fi and /2 in G. Then the sets 

Ai = {x £ X : fi{x) > / 2 (x)} and A 2 = X\Ai 

are members of T, so if A G F is arbitrary, we have 

[ fdii= j fidfjL-£ f f 2 dfi < y{An Ai) + y{An A 2 ) = y{A). 
d A d d AC\A‘2 

It follows that f £ G. Furthermore, if (/^ : n = 1,2,...) is a pointwise 
increasing sequence of functions in G converging to the function /, then 

[ fd/x = lim [ frr,dyi < y{A) 

Ja Ja 

for every A £ F, so f £ G. 

We prove that there exists an extremal function in G. For the proof, let 
(/n • ^ = 1, 2, . . .) be a sequence of functions in G such that fndfx converges 
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to a. It may be assumed that the sequence is increasing pointwise (if necessary 
replace /„ by /i V • • • V /„ for every n), so fndii T Oi- It follows that the 

function / = lim„_,oo fn satisfies f E G and /d/z = a, so f is extremal in 

G. 



In the next step it will be shown that the extremal function / satisfies 
Jj^fd/i = y{A) for every A E F. In other words, the extremal function / 
satisfies the conditions as stated in the theorem. For the proof, we set 

r{A) = y{A) - / fd(x for every A E F. 

Ja 

Evidently, r is a non-negative cr-additive measure on F, satisfying 0 < r < z/. 
What we have to prove now is that r is the zero measure. Assume that r is 
not the zero measure. Then r{X) > 0, so the quotient r{X)/ fi{X) is positive, 
which implies that r{X) > (3ii{X) for some number (3 > Q. Let the signed 
measure tq be defined by tq = r — pfi. Note that tq{X) > 0. Now, let X = 
Xi U X 2 be a Hahn decomposition of X with respect to tq, where Xi is tq 
-positive and X 2 is tq -negative. Then to(Xi) > 0, because to{Xi) = 0 would 
imply 



To{X) - ro(Xi) + to{X2) - to{X2) < 0, 

which contradicts to(X) > 0. It follows that /i(Xi) > 0, because /z(ATi) = 0 
would imply ly(Xi) = 0(since 1 / is /z-absolutely continuous), so r(Xi) = 
i^(Xi) — fdfi = 0, and then tq{Xi) — r{Xi) — /3/x(Xi) = 0, which contra- 
dicts To{Xi) > 0. Now let us consider the function / + Pxxi^ where xXi is 
the characteristic function of Xi . For any A E F we have 

[ if + 0Xx,)dl^ = [ {f + l3)dii+[ fdn = 

JA JAnXi JAnX 2 

y{A n Xi) - r{A n Xi) + f3yi{A n Xi) + [ fd/i = 

JAnX2 

Z/(A n Xi) - ro(A n Xi) + f fd^. 

JAnX2 

Observe now that ro(A n Xi) > 0 since X\ is tq -positive and observe also 
that fy^i^x 2 0 X 2 ). Hence 



L 



(/ + (dxxi)dn < u{A n Xi) + y{A D X 2 ) = i>{A). 



Since this holds for every ^4 e T’, it follows that / + (ixxi € G. But 
(/ + Idxxi )d)i = a + !3n{Xi) > a, 



b 
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which contradicts the definition of a. It follows that r is the zero measure. 
For a remark about uniqueness of / we refer to Exercise 28.4 at the end of 
the section. ■ 

A second (and more direct) proof of the Radon- Nikod 3 rm theorem, based 
on Preudenthars spectral theorem, will be presented in the final paragraph of 
section 34. 

Once more, let Mg- be the Riesz space of all cr-additive signed measures 
on the (j- algebra F of subsets of X, and for any G Mg, let be the band 
generated by /i in Mg. For > 0 fixed in Mg, the band is itself a Riesz 
space, Dedekind complete and equipped with the Riesz norm || || = | I (X) 

for 1 / e B^. As indicated in Exercise 27.5, B^ is a Banach lattice with respect 
to this norm. Furthermore, as observed already, B^ is related to the space 
Li = Li{X, r, fi) of all /i-summable (real) functions on X. If to any / € Li we 
assign the signed measure u G B^ defined by jy{A) = fdfi for every A e F, 
then this mapping of Li into B^ is linear and such that | / | has | z/ | as its 
image, so the mapping is a Riesz homomorphism. It follows from the Radon- 
Nikodym theorem that the mapping is not only into but it is onto B^, 
i.e., for every z/ G there exists a (yu-almost unique) function / G Li such 
that z/(A) = fdn holds for every A e F. Hence, R^ and Li = L\{X,F, fi) 
are Riesz isomorphic. These spaces are even norm isomorphic. If / and u 
correspond, i.e., if z/(A) = fdfi for every A £ F, then 

II 11 = 1 ^ I (X) = [ |/|dM=ll/ll- 
Jx 

The so obtained result is summed up in the following theorem. 

Theorem 28.2. Let Mg he the Banach lattice of all a -additive signed mea- 
sures on the (7 -algebra F of subsets of X and, for 0 < /i G Mg fixed, let 
B/j, be the band generated by /i in Mg. Then B^ is Riesz isomorphic to the 
Banach lattice Li{X, F, p) of all (real) p-summable functions onX. The iso- 
morphism is defined by assigning to any / G Ri the element z/ G R^ such 
that z/(A) = fdp holds for every A £ F . If f and v correspond, then their 
norms are equal as well, i.e., || / ||= \ f \ dp equals || || = | z/' | (X). 

The formula i^{A) = fdp in the Radon-Nikodym theorem may be writ- 
ten as gdu = 9 fdp for the case that g is the characteristic function of 

some set A £ F. The thus rewritten formula is valid for every z/-summable g, 
as shown in the following theorem. 

Theorem 28.3. Once more, let 0 < p e Mg be fixed and let 0 < ly e B^. In 
view of the Radon-Nikodym theorem there exists a p-summable / > 0 such 
that iy{A) = fdp for every A e F. Then, for any p-summable function g 
on X, we have 
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gfdfi for every A £ F. 



Proof. It is sufficient to present the proof for A = X. For reasons of simplic- 
ity we shall write the formula to be proved as f gdu = f gfdfi. Assume first 
that g = Xb for some B e F. Then 



J gdi^ = j XBdiy = v{B) = fd/i = j XBfdn = J 



gfd^i. 



It follows that the desired result holds if is a step function, i.e., ^ is a finite 
linear combination of characteristic functions of sets in F. If g is non-negative 
and i/-summable, there exists a sequence {sn : n = 1,2,...) of step functions 
such that 0 < 5n T 5^ pointwise, so 




= lim J Sndu = lim J Snfdfi = J 



gfdfi. 



The result for g real and z/-summable follows trivially. 



■ 



Exercise 28.4. Show that the function / in the Radon-Nikodym theorem is 
/X- almost uniquely determined. 

Hint: It has to be shown that if 0 < g e Li and gdfi = 0 for all A ^ F^ 
then g = 0(/x-almost everywhere). If not, then g{x) > 0 for all x in some 
set Aq of positive measure. Show that there exists a number c > 0 such that 
g{x) > e for all x in some subset B of Aq such that B has positive measure. 
Then exb < so 0 < efi{B) < gdfi = 0. Contradiction, so g = 0. In fact, 
we deal here with the result that if the Li -norm of g is zero, then g = 0. 




CHAPTER 15 

Linear Functionals on Spaces of Measurable 
Functions 



29. LineEir Functionals on Spaces of Meeisurable 
Functions 

As in the Examples 9.5 and 12.5 (hi) we assume that is a cr-finite (non- 
negative and (7- additive) measure in the non-empty point set X and Lq = 
Lo(X, /i) is the Dedekind complete Riesz space of all //-measurable (real) 
functions on X. To be precise, // is defined on a cr-algebra T the members 
of which are called the //-measurable subsets of X and the real function / 
on X is called //-measurable whenever the set {x e X : f{x) > a) is //- 
measurable for every real a. It follows then easily that the sets of points x 
where f{x) > a, /(x) < a,/(x) < a oi (3 < f{x) < a (for a and (3 real) 
respectively are also //-measurable. Recall that functions differing only on 
a set of measure zero are identified, so that the members of Lq are in fact 
equivalence classes of measurable functions. Similarly for the members of F 
(as explained already in Example 3.4(h)). 

Let A be an ideal in Lq. In Example 9.5 we have introduced the notion of 
the carrier of A. This is a measurable subset c{A) of X having the property 
that on its complement n{A) = X\c{A) every / G A vanishes (//-almost 
everywhere) , whereas c{A) itself does not have any subset of positive measure 
on which all f £ A vanish (//-almost everywhere). It may be asked whether 
the characteristic function of c(A) is a member of A. This is not always so, as 
the following example shows. Let // be Lebesgue measure in [0, 1] and let A 
be the ideal of all measurable functions / on [0, 1] having the property that / 
vanishes on some interval [0, a/], where 0 < a/ < 1 and aj may vary with /. 
Then c{A) = [0, 1] and the characteristic function of [0, 1] is not a member of 
A. Generally, for Y a measurable subset of c(A), we cannot be sure that the 
characteristic function xv is a member of A. We shall prove now, however, 
that for any Y of this kind there exists a sequence Yn ^ Y such that ^ ^ 
for all n = 1,2, — 

Theorem 29.1. If A is an ideal in Lq — Lq(A, //) and Y is a measurable 
subset of the carrier c{A) of A, then there exists an increasing sequence 
(Yn : n = 1, 2, . . .) of measurable sets of finite measure such that Yn ^ Y and 
XYn ^ ^ foT all n. 
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Proof. We show first that if P is a measurable subset of c{A) such that 
/x(P) > 0, then P has a subset Q of positive measure such that XQ C A. 
To prove this, observe that not all / G A vanish (/i- almost everywhere) on 
P, so there exists a function / G A such that f{x) ^ 0 for all x in a subset 
Po of P with /i(Po) > 0. We may assume that f{x) > 0 for all x G Pq (if 
necessary, replace / by | / |). Now, let J, 0 (every a positive number) 
and Pn = {x e Po : /(x) > Cn). Then Pn T Po, so /i(Pn) T /i(Po) > 0, which 
implies that ii{Pn) > 0 from some n = uq onwards. Set Q = P^^. It follows 
from tnoXQ < / C A that CnoXQ ^ and therefore xq C A. 

For the proof itself, assume first that is finite. Now, let 
a = sup(^(Z) : Z CY,xz ^ A). 

There exists a sequence (Z^ : n = 1,2,...) of subsets of Y such that xZr^ ^ A 
and ii{Zn) Oi^ where it may be assumed that the sequence is increasing (if 
necessary, replace by Zi U . . . U Z^). Then Z = limZ^ = Uf^Zn satisfies 
/x(Z) = a. We prove that Z is almost equal to Y . If not, the set Y\Z is a 
measurable subset of c{A) having positive measure, so (in view of the remark 
at the beginning) Y\Z has a subset Q of positive measure (3 such that XQ ^ A. 
Then the characteristic function of Q U Z^ is a member of A and 

fl{Q U Zn) = lJ^{Zn) T /? + « as n — > CXD, 

so /i{Qu Zn) > a for n sufficiently large. This contradicts the definition of a. 
Hence, Z is almost equal to T, and so Zn 3 Y with xz^ C A for all n. This 
may also be expressed by saying that for any e > 0 there exists a set R CY 
such that Xr ^ A and fi{Y\R) < c. 

If fJ^{Y) = oo, we can write Y = Uf^Yn with iiiYn) finite for all n (since the 
measure /i is <7- finite), and we may assume that Yn is increasing as n increases, 
so t T. As proved above, each Yn has a subset Yn such that G A and 
li{Yn\Yn) < n~^. Once more, it may be assumed that increases with n, 
so Too = limyyi = exists and we have Yn\Yoo C Yn\Yn^ which implies 

that fi{Yn\Yoo) < for n = 1, 2, But 

T^\Too T n>^oo, so M(n^oo) = lim{^{Yn\Y^)} = 0. 

This shows that Yn Y (except for a set of measure zero). Therefore, the 
sequence {Yn : n = 1, 2, . . .) has all the desired properties. ■ 

The theorem we have thus proved would not be of much interest were it 
not that by means of this theorem we can obtain precise information about the 
space An of all order continuous linear functionals on a given ideal Ain Lq = 
Lq {X, fi ) . Recall that Lq is super Dedekind complete (see the remark following 
after Theorem 17.6), so in particular Lq is order separable. It follows that 
every ideal A in Lq is order separable, that is to say, every downwards directed 
set P in A satisfying DIO contains a sequence {fn : n = 1, 2, . . .) satisfying 
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fn i 0. As an immediate consequence, we see that an order bounded linear 
functional on A is order continuous if and only if it is a-order continuous. 

Theorem 29.2. If A is an ideal in Lq = Lo{X,fi) and the order bounded 
linear functional (f on A is order continuous, i.e., if ^ An, then there 
exists a (real) -measurable function t on X such that 

(i) for every f ^ A the product tf is p-summable over X , 

(a) ^{f) = Jx tfd/jL holds for every f e A. 

The function t thus corresponding to is uniquely determined p- almost 
everywhere on the carrier c{A) of A. If ip is positive, then t{x) > 0 for 
p-almost every x € c{A). 

Conversely, if t is a (real) p-measurable function on X possessing the 
property that tf is p-summable over X for every f e A, then the linear 
functional (p on A, defined by 

Tif) = [ 'tfdp for every f e A, (1) 

Jx 

is order bounded and order continuous. Trivially, ip is uniquely determined 
by t. If t{x) > 0 for p-almost every x € c{A), then ip is positive. 

Proof. Let us assume first that ip € A^. Then ip~^ and ip~ are positive mem- 
bers of An , SO it is sufficient to show that each of and ip~ has the desired 
properties. In other words, we may assume that 0 < ip e An holds and we 
have to prove the existence of a /i- measurable function t, non- negative on 
c(A) and such that (i) and (ii) hold. In view of the last theorem there exists 
a sequence {Yn :n = l,2,...)of measurable subsets of c{A), each Yn of finite 

measure, such that Yn T c{A) and XYn € A for n = 1, 2, Therefore, if Z is 

a /x-measurable subset of some Yn, we have xz ^ A and so ip{xz) is well de- 
fined. We shall denote ip(xz) briefly by i/(Z) and we first restrict ourselves to 
the subsets of one fixed Yn, say for n = no. Given such a subset Z C and 
given that Zk ^ Z as A: ^ oo, we have ip{xZk) T t{xz) since ip is positive and 
order continuous. In other words, we have y{Zk) T ^{^)i which shows that u 
is a finite, non-negative, cr-additive measure on the cr-algebra of ^-measurable 
subsets of YnQ. Furthermore, the measure u is ^-absolutely continuous, i.e., 
p{Z) = 0 implies y{Z) = 0. Hence, in virtue of the Radon-Nikodym theo- 
rem, there exists a non-negative ^-measurable function t on YnQ such that 
y{Z) = Jz^dp holds for every /^-measurable subset Z of The function t 
is /i-almost uniquely determined on i"n„ (see Exercise 28.4). By varying no, 
the function t can now be extended /x- almost uniquely to Yn = c{A) such 
that n(Z) = tdp holds for every Z satisfying Z CYn for some n. Setting 
t{x) = 0 for all X G A\c(A), we obtain 
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for every Z of this particular type. Hence, if s is now a step function s ~ 
E^^^akXZk with all Zk of this type, it is evident that (^(s) = tsdfi. Finally, 
let 0 < f E Abe given. It is well-known (and not difficult to prove) that there 
exists a sequence (s^ : n = 1, 2 , . . .) of ^-measurable step functions such that 
0 < Sn ^ f’ Then, for each n,Sn = SnXYn is a step function of the particular 
type we need and 0 < T / still holds. Hence ^(sn) = J^tSndfi for all n. 
Furthermore !f{sn) T ^if) since is positive and order continuous, and 

/ tSndfJi t / tfd^x 

Jx Jx 

by the well-known theorem on integration of monotone sequences. It follows, 
as desired, that ^{f) = tfdfi. 

Finally, for any arbitrary / € A, we have 

¥>{/)= - ‘PiD == [ tf+dfi- [ tf-diJ.-= [ tfdn- 

JX Jx Jx 

Conversely, assume now that the real /x-measurable function t on X has the 
property that tf is ^-summable over X for every f E A. Then | t/ | is fi- 
summable and so f and t~ f are ju-summable. It is evident that (/?, as defined 
in (1), is a linear functional on A and 

p{f)= f tfdn= [ f^fdfx- [ t~ fdfi = ipiif) - 
Jx Jx Jx 

for every f E A, so ip is the diflFerence of the positive linear functionals ipi 
and if 2 . This shows already that (p is order bounded. Furthermore, /n i 0 in 
A implies (pi{fn) = Jx fnd/J i 0, so (pi is order continuous. Similarly, p 2 is 
order continuous. It follows that (p is order continuous. ■ 

Once more, let A be an ideal in Lq = Lq{X,/j,) having carrier c{A). Since 
the set X\c{A) is of no importance for what follows, we may just as well 
assume that c(A) = X. As already shown, there corresponds to any p E A^ 
a function t E Lq such that p(f) = f tfdp for every f E A. Conversely, if 
the function t E Lq has the property that tf is /x-summable over X for every 
f E A, then the linear functional p on A, defined by p{f) = j tfdp, satisfies 
p E An . The functional p E A^ and the corresponding t E Lq determine each 
other uniquely (/x-almost everywhere as far as it concerns t). The set of all 
t E Lq thus corresponding to elements p E An is obviously a linear subspace 
of Lq which we shall denote by Ka- We prove that Ka is an ideal in Lq. If 
t E Ka, then tf is summable (over X) for every f E A, i.e., | t/ | is summable 
for every f E A, and so | t | / is summable for every f E A. This shows that 
\ t \e Ka- Furthermore, it is evident that if 0 < ^2 < ti and t\ E Ka, then 
t 2 C Ka- In particular, \t\E Ka implies that t~^ and t~ are members of Ka, 
and so t — — t~ E Ka- To summarize, we have proved that t E Ka if and 

only if I t |g Ka and b < t 2 < t\ E Ka implies that t 2 E Ka- Hence, Ka is 
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an ideal in Lq. The ideal Ka is sometimes called the Kothe dual space of A 
(named after G. Kothe who was one of the first to introduce this notion, first 
for the case of sequence spaces, i.e., X is then the set of natural numbers with 
discrete measure, so that Lq is now the space of all real sequences). 

As observed, the functional ^ and the corresponding function t € 

Ka determine each other uniquely. Hence, denoting by ^ : A^ — > Ka the 
mapping which transforms cp into the corresponding t (i.e., = t), the 

inverse mapping exists (i.e., = cp). Evidently, both ^ and 

are positive linear operators. It follows then from Theorem 19.3 that ^ is a 
Riesz isomorphism. Therefore, the spaces A^ and Ka are Riesz isomorphic. 
We collect these results in the following theorem. 

Theorem 29.3. Let A be an ideal in Lq{X,/i) having carrier X. The set 
Ka of all t e Lq such that tf is /i-summable over X for every f e A is 
an ideal in Lq. To any (p € A^ corresponds a ( p- almost ) unique t G Ka 
such that (p{f) = f tfdp, holds for every f e A. Conversely, to any t € Ka 
corresponds a unique cp G A^ given by the same formula. The mapping ^ : 
An — > Ka, defined by T^{^p) = t (where t is the function corresponding to 
(p as mentioned) is a Riesz isomorphism from A^ onto Ka- In particular, 
therefore, if ^{p) = t, then ^(| p |) =| t |. 

According to our assumptions the ideal A in Lq has carrier c{A) = X. 
The Kothe dual Ka is likewise an ideal in Lq, but Ka does not necessarily 
have X as carrier. If, for example, A = Lo(R,p) with p Lebesgue measure, 
then A" = {0}. It follows then that the Riesz isomorphic image Ka of AL 
satisfies Ka = {0}, and therefore c{Ka) = {0}. On the other hand, if for 
example A = L^{X,p), then the unit function e, identically one on X, is a 
member of A, so for any t G Ka the product te = t is summable over X, 
i.e., t G Li{X,p). Conversely, if t G then tf is /x-summable over X for 
every / G A, so t G Ka^ This shows that Ka = L\, and so c{Ka) = X. 
For p Lebesgue measure in E, any /x- measurable subset Y of E is the carrier 
of the Kothe dual Ka for some ideal A in Lq(E,^). Indeed, let A be the 
space of all f e Lq having the property that / is (/i-almost) bounded on 
Y, i.e., fxv ^ Too(E, /x). In the next example we shall discuss the case that 
A = Lp = Lp{X,p) for some p satisfying 1 < p < oo. For q determined by 
p~^ Yq~^ = 1 (with g = lorooifp = ooorp==l respectively), every t £ Lq 
has the property that tf is /x-summable over X for every f e Lp (by Holder’s 
inequality), which shows that Lq is a subset of the Kothe dual of Lp. Since 
the carrier of Lq is already the whole set X, it follows that the Kothe dual of 
Lp has its carrier equal to X. More precisely, we shall prove that the Kothe 
dual of Lp is exactly Lq. 

Example 29.4. As before, we assume that // is a cr-finite measure in the 
point set X. Let p be a number satisfying 1 < p < oo and define the number 
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qhyp^+q^ = l. The space Lp = Lp(X,ii) is an ideal in Lq{X^ii). If 
equipped with the usual norm || f \\p= (/ | / |^ for 1 < p < 00 and 

II / ||oo= esssupd /(x) \: X e X) for p = oo, 

the space Lp is a Banach lattice, and so (by Theorem 25.8) the order dual Lp 
and the norm dual L* coincide. Recall, furthermore, that if p E Lp = L*, then 
if and I p I have equal norms (by Lemma 25.7). Finally, for 1 < p < oo (but 
not for p = 00 , unless in trivial cases) the norm in Lp is order continuous, 
so every p E Lp is now order continuous, i.e., Lp = {Lp)n- For convenience 
of notation we shall denote the Kothe dual of Lp by K{Lp). It will be proved 
that t E K{Lp) if and only if t E Lq and, furthermore, that if p corresponds to 
t under the Riesz isomorphism between {Lp)n and K{Lp), then || p || = || t \\q. 
Several cases have to be distinguished. 

(i) The case that Lp = Lqq. As shown already above, we have K{Loo) = 
Li, and so p E {Loo)n = (Loo)n if ^.nd only if there exists a function t E Li 
such that (p{f) = f tfdp for every / G I/oo, in which case also \ p \ (f) ~ 
/ I t I fdp for every / E Loo- It is evident that 

II 11 = 111 111= sup( J \ t\ fdfj. ;|| / ||oo< 1) < j \ t\dfi=\\t 111 . 

In the converse direction we have 

y'iii/dM=i95i(/)<iii¥^iii-ii/iioo<iii^iii=ii¥^ii 

for every / satisfying || / \\oo< 1. In particular, choosing / to be identically 
one on X, we see that J \ t \ dp <\\ p \\, i.e., || t ||i<|| p ||. It follows that 
II ip 11 = 11 t 111, as desired. 

(ii) The case that 1 < p < oo. Assume first that p E {Lp)n = Lp. Then 

p{f) = f tfdp for some t E K{Lp) and all / G Lp. We may assume that p is 
not the null functional and so t is not identically zero. It has to be proved that 
t E Lq and || t ||g = || p ||. Since | 9^ | (/) = /Ml fdf^ for all f E Lp and since p 
and t have the same norm as | | and | t | respectively, we may immediately 

assume now that p and t are positive. Now, let (s„ : n = 1,2,...) be a 
sequence of step functions on X, each Sn not identically zero and vanishing 
outside a set of finite measure, such that 0 < s„(x) t t^{x) for all x E X. For 
each n, let = Sn^ . Then G Lp and || ||p=|| s„ \\\^^ ,so 

j tQndu = (p{gn) <11 II ■ II 9n ||p = || </? || ' || S„ . 

Combining this with the observation that s„ = sl/^ ■ Sn‘‘ < sl/^ • t = tgn, it 
follows that 

II Sn ||l< J tgndll <11 ((5 II • II Sn \\i^, 
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so (dividing by || Sn \\\^^> 0) we see that || Sn ||}^^<|| ||. This implies 

that / SndfjL =11 Sn ||i<|| ^ 11^. Since 0 < Sn ^ , it follows in view of the 

theorem on integration of monotone sequences that f Sndfi t J t^d/i, and so 
f t^^dfjL <11 11^, i.e., t e Lq and |1 t ||g<|| (p ||. 

In the converse direction we have 

I <f{f) hi j ifdli |<|| / lip • II t ||,<|| t llg 

for every f € Lp satisfying || / ||p< 1. Taking the supremum on the left for 
II / ||p< 1, we obtain the inequality || (p ||<|| t \\q. Combining this with the 
earlier inequality, it follows that || (p || = || t ||g, as desired. 

(hi) The case that Lp = L\. Assume that p> G {Li)n = L\. Then p{f) = 
f tfdfjL for some t e K{Li) and all / E Li. As in case (ii) we may assume that 
p is positive and t is non-negative and not identically zero. It follows that 

(2) 0 < = <\\ ip\\ ■ \\ f \\ 

for every f satisfying 0 < / G L\. Now choose a number a >|| p || and 
assume that t{x) > a for all x in a set Xq, of positive measure. Let T be a 
subset of Xa such that 0 < pi{Y) < oo. The characteristic function xr of T 
satisfies xy ^ so 

j txydii = jpdfj,> afx(Y) >|| ip || -/i(y) =|| II ' II Xr 111, 

which contradicts the inequality in (2). Hence t{x) > a>\\ p || can hold only 
for the points x in a set of measure zero, i.e., t{x) <|| p || holds /x-almost 
everywhere. In other words, t G L^o and || t ||oo^|| ^ II- 

In the converse direction we have 

I V?(/) 1=1 j ifdp |<|| / 111 • II t ||oo<|| t Hoc 

for every f e L\ satisfying || / ||i< 1. Taking the supremum on the left for 
II / II 1 ^ 1, we obtain || p ||<|| t ||oo* Combining this with the earlier inequality 
it follows that || (^ || = || t ||oo, as desired. 

Exercise 29.5. (i) Let /i he a. cr-finite measure in the (non-empty) point 
set X. The Riesz space of all (real) //-measurable functions on X is denoted 
by Lo = Lo(A, /i). We have seen that for X = R and p Lebesgue measure 
the order dual Lq satisfies Lq = {0}, so in particular (Lq)^ = {0}, which 
implies that the K5the dual of Lq consists of the zero function only. For 
X = (1, 2, . . .) and fi the discrete measure in X (i.e., each point has measure 
one) the situation is different. In this case Lq = (s), i.e., Lq is the space of all 
(real) sequences / = (/i, /2, • • •)• Show that the linear functional p on Lq = (s) 
satisfies p e Lq if and only if p{f) — X^tnfm where {tn • n = 1,2,...) 
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is a (real) sequence such that tn ^ 0 for only finitely many n. Show that 
Lq = {Lo)n and the Kothe dual K{Lq) consists of all sequences t = (ti, t 2 , . . •) 
with tn ^ 0 for only finitely many n. Hence, K{Lq) has carrier X. 

(ii) Different ideals in Lq may have the same Kothe dual. For an example 
choose the space (cq) of all null sequences (i.e., (/i,/2, . . .) G (cq) whenever 
/n 0 as n — > oo). Show that (cq) is a Banach lattice with respect to the 
uniform norm. Show that the norm is order continuous and the Kothe dual of 
(co) is the space ii. Hence, and (cq) have the same Kothe dual. 

Hint: For (i), denote by en{n = 1,2,.. .) the sequence having one in the 
n-th place and zeros elsewhere. Given ip £ Lq, let (p{en) = tn- Assume for a 
moment that tn ^ 0 for infinitely many n, say tn > 0 for infinitely many n. 
Let now f = (/i, / 2 , • • •) G Lq satisfy fn = for these n and /n = 0 for all 
other n. It would follow that ip{f) = oo. Hence, tn ^ 0 holds for only finitely 
many n. 




CHAPTER 16 
Embedding into the Bidual 



30 . Annihilators and Inverse Annihilators 

Let y be a vector space and W a (fixed) linear subspace of the algebraic dual 
V# of V. 

Definition 30.1. For any (non-empty) subset A of V the annihilator A° of 
A is defined by 



A° = {ipeW : if{f) = 0 for all / G A). 

For any (non-empty) subset B of W the inverse annihilator °B of B is defined 
by 



OB = (f eV : ip{f) = 0 for all ip e B). 

It is evident that and °B are linear subspaces of W and V respectively. 
Furthermore, ifACV and Ai is the linear subspace of V generated by A, then 
= A°, so we may as well assume immediately that A is a linear subspace 

of V (recall that Ai consists of all finite linear combinations oi/i H hc^nfn 

of elements of A with real coefficients • • • , On)- Similarly, if B C W and 
Bi is the linear subspace generated by B, then °Bi = °B. We mention several 
simple properties following from the definitions. 

(i) Ai C A 2 ^ V implies that A\ D A 2 ^ = {0}. 

(ii) Bi C B 2 ^ W implies that °Bi D °B 2 5 W. 

The subset B of W satisfies = {0} if and only if it follows from ip{f) = 0 
for dll ip e. B that / = 0. In other words, fi ^ f 2 in V implies that p{fi) ^ 
p{f 2 ) for some ip e B. This is often expressed by saying that B separates the 
points of V. It is evident that if Bi C B 2 in W and Bi separates the points 
of V,. then so does the larger space B 2 . 

From here on we shall assume that F is a Riesz space E and W is the 
order dual of E*, so F = E and W = E~. 




202 CHAPTER 16 Embedding into the Bidual 



Theorem 30.2. (i) If A is an ideal in E, then is a band in E~. 

(ii) If B is an ideal in E~, then °B is an ideal in E. If [B] is the band 
generated by the ideal B in E~, then °[5] = °B. 

(Hi) If B is an ideal contained in E^, then °B is a band in E. 

Proof, (i) Let A be an ideal in E. We prove first that (f e A° implies that 
I |g A°. For this it is sufficient to show that (p E A° implies | p | (u) = 0 
for 0 < u G i4. Let, therefore, 0 < u E A, p e A° and \ f \< u. Then f E A, 
so p{f) = 0 by hypothesis. It follows that 

\^p\{u)= sup(| 93(/) i:| / |< w) = 0. 

For the proof that is an ideal in E~, assume now that p E A°,'ip E E~ and 
\ 'ip \<\ p |. It has to be proved that 'ip E A° . We have already proved that 
I p |g and so \ ip \e A° follows trivially. Then, for any u E A+, we have 
I 'P>{u) |<| ”0 I (u) = 0, so 'ip{u) — 0, i.e., 'ip E A°. Hence, A° is an ideal in E~. 

Let now D be an upwards directed set in {E~)~^ such that D ^ po and 
p E A° for all p E i.e., p{u) = 0 for every p E D and every u E A~^ . Then 

Po{u) = swp{p{u) : p E D) = 0 

for every u G so it follows that po E A° . This shows that A° is a band 
in E~. 

(ii) Let B be an ideal in E~. We prove first that f E °B implies that 
I / |G °H. For this it is sufficient to show that f E °B implies that p{\ / |) = 0 
ioi Q <p E B. Let, therefore, 0<pEB,fE°B and \ 'ip \< p. Then ip E B, 
so xp{f) = 0 by hypothesis. It follows (by Theorem 20.8) that 

<p(| / I) = sup(| «/;(/) |:| v> |< = 0. 

For the proof that °B is an ideal in JE, assume now that f E °B,g E E and 
I 5^ 1^1 / I- It has to be proved that g E °B. We have already proved that 
I / |g and so | 5? |G follows trivially. Then, for any p E B^ , we have 
I I^(g) |< 9 ::>(| ^ I) = 0, so p{g) = 0, i.e., g E°B. Hence, °B is an ideal in E. 

Let [B] be the band generated by the ideal B in E". Since B C [J5] implies 
°B D °[B], it remains to prove that °B C °[H]. For this purpose, let 0 < u G 
be given, so p{u) = 0 for all p E B. Furthermore, let 0 < po E [B]. There 
exists an upwards directed set D in such that D ^ po, and hence 

Po{u) = snp{p{u) : p E D) = 0. 

This shows that u E °[H]. Hence °B = °[H]. 

(iii) Let B be an ideal contained in To show that the ideal °B is a 
band in jE, assume that D is an upwards directed set of positive elements in 
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such that D 'I uq for some uq G E. Since all ip in B are order continuous 
by hypothesis, we have 



^{uq) = snp{(p{u) : u e D) =0 

for every positive ip £ B. This shows that uq G ^B. Hence, °B is a band in E. ■ 

If it is given that = {0} for some subset B of E" or of En , then this 
has consequences for the structure of E or En • 

Theorem 30.3. (i) If there exists a subset B of E~ such that °B = {0}, 
then E is Archimedean. 

(ii) If B is an ideal contained in En such that °B = {0}, then B is order 
dense in En, i-e., En is now the hand generated by B in E". 

Proof, (i) Let °B = {0} for some subset B of E". Then, as observed above, 
we have °(£’~) = {0}. For the proof that E is Archimedean, assume that 
0 < nv < u in E foi n = 1,2, — It has to be shown that v = 0. For any 
ip > 0 in E" we have 0 < mp{v) < ip{u) for n = 1,2, . . ., so ip{v) = 0. It 
follows that ip{v) = 0 for every ip e E~, which implies that t; = 0 (on account 
of%E~) = {0}). 

(ii) Let B be an ideal in En satisfying °B = {0}. Observe first that in view 
of the result in part (i) the space E is Archimedean. To show that B is order 
dense in En it is sufficient to prove that the disjoint complement of B in the 
space En contains only the zero functional (see Theorem 23.3(i)). Hence, let 
0 < ip e En and (/? J_ '0 for all £ B. We have to prove that ip = 0. Since E 
is Archimedean and ip, as well as every '0 G H, is order continuous. Theorems 
24.5 and 24.6 may be applied. It follows then from (/? _L t/; for all '0 G H that the 
carrier of ip satisfies X for all 'll) ^ B, i.e., C^p C for all t/; G jB. 
This implies that every positive u in satisfies 0(tx) == 0 for all -0 G H, i.e., 
u e °B. Hence u = 0 on account of our hypothesis that = {0}. It has thus 
been shown that = {0}. Finally, once more since E is Archimedean and 
ip is order continuous, the null ideal is the disjoint complement of C^p (see 
the remark preceding Theorem 24.2), so N^p = (C^)^ = {0}^ = E. It follows 
that ip = Q. It has been proved thus that the ideal B is order dense in En. 
Since En is Archimedean, this is equivalent to the statement that the band 
generated in En by B is equal to En itself (see Theorem 23.4). ■ 

It is evident that if / is a positive element of the Riesz space E, then 
^{f) > 0 holds for every positive ip G E~. The converse holds if E^ separates 
the points of JB, as proved in the following theorem. 

Theorem 30.4. The following conditions for the Riesz space E are equiva- 
lent. 

(i) E~ separates the points of E, i.e., °{E~) = {0}. 
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(ii) If f e E has the property that ip{f) > 0 for every <p >0 in E~, then 

/> 0 . 

Proof. (i)=^ (ii) Assume that (i) holds and let (p{f) > 0 for every (p > 0 in 
For any fixed p? > 0 in E~ and any g e E we have 

0 < = max{'ip{g) : 0 < 'll; < ip) 

by Theorem 20.8, so in particular, for g = — /, 

0 < = max(—0(/) : 0 < •0 < </£>). 

This shows that ip{f~) = —'f’if) for some ip satisfying 0 < %l) < p). Hence 
0 < ip{f~) = — '0(/) < 0 (the last inequality because '0(/) > 0 by hypothesis), 
so ip{f~) = 0. Then ip{f~) = 0 for every (p G E"^ so f~ = 0 in view of (i). It 
follows that / = /+—/“=/+> 0. 

{ii)=> (i) Let ip{f) = 0 for all ip G E~. Then, by (ii), / > 0 as well as 
— / > 0. Hence / = 0. ■ 



31. Embedding into the Order Bidual 

In the present section we shall assume that B is an ideal in the order dual E~ 
of the Riesz space E. The cases that B = E'' oi B = En will be of special 
importance. For any given f e E we define the real linear functional /* on 
B by /*(9^) == ^{f) for all ip e B. We prove immediately that f* is an order 
bounded linear functional on H, i.e., /* G B". For the proof, observe that if 
the given f e E is positive, then f*{ip) = ip{f) > 0 for every (/? > 0 in H, so 
/* is now a positive linear functional on B. Hence, ii f e E is arbitrary, then 
f = f^ — f~i so /* = {f^)'^ — (/”)*, i-o., /* is the difference of two positive 
linear functionals on P, so /* G B~. We can prove more, as the following 
lemma shows. 

Lemma 31.1. For all f and g in E we have 

{fygf = ryg^ and {fAg)^=rAg\ 
so in particular | /* | = | /* | for every f £ E. 

Proof. It is sufficient to prove only the formula for / V p, since the result for 
/'A g follows by observing that {f y g) + {f A g) = f ^ g. Furthermore, on 
account of (/ — g)'^ = f* — g* , it is sufficient to prove the formula only for 
g = 0, i.e., it is sufficient to prove that (/“^)* = (/*)'^ for every f e E. To 
this end, let 0 < ip e B. Then 

= sup(/*('0) :0 <^ip <ip) = snpi'ipif) :0 <'ip <ip). 
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The last supremum is equal to by Theorem 20.8. Hence 

(/*)+(^) = ^(/+) = (/+r(^). 

This holds for every 99 > 0 in jB, and so it holds for every e B. It follows 
that (/+)* = (/*)+. ■ 

It has been proved thus that the mapping a : E defined by a{f) = 

/* for all / € is a Riesz homomorphism. Actually, a maps E into the 
space Bn of all order continuous linear functionals on B. For the proof, let 
f e E he given and let D be a downwards directed set in B satisfying DIO. 
It is sufficient to show that for any f e E we have 

{(D+(^) : e D} i 0. 

This follows by observing that 

and (<p(/+) : (yJ € D) i 0. 

Some questions arise. As we have seen, the mapping a : E Bn is a Riesz 
homomorphism, i.e., a preserves finite suprema and infima. Now, under what 
conditions does a preserve arbitrary suprema and infima? And when is the 
Riesz homomorphism a Riesz isomorphism? Answers are contained in the 
following lemma. 

Lemma 31.2. (i) The Riesz homomorphism a preserves arbitrary suprema 
and infima (i.e., a is order continuous) if and only if the ideal B is contained 
in En (i.e., if and only if the members of B are order continuous linear 
functionals). 

(ii) The Riesz homomorphism a is a Riesz isomorphism if and only if B 
separates the points of E, i.e., if and only if °B = {0}. 

Proof, (i) Assume first that B C E^. It is sufficient to show now that if 
D is an upwards directed set in E~^ such that D t holds in E, then 
{a{u) : tt € jD) T ^('^o) holds in Bn. In other words, using the same notations 
as before, we have to show that (u* : u £ D) 'I Uq. For this purpose, let 
0 < if £ B he given. Then, since (p is order continuous, we have 

(u*{p) :u£ D) = {p{u) :u£ D)t, p{uo) = Ug(p). 

This holds for every positive in J5, so the desired result follows. 

Conversely, if a preserves arbitrary suprema and infima, then (in partic- 
ular) D I 0 in E" implies (n* : u £ D) I 0 in Bn, i.e., 



(u*{p) : u € E) i 0 for every 0 < p £ B. 
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Hence, for every ip > 0 in we have {if{u) : u G D) i 0, i.e., ip is order 
continuous. This shows that B C 

(ii) The Riesz homomorphism is a Riesz isomorphism if and only if it 
follows from f* = 0 that / = 0, i.e., if and only if it follows from ip{f) = 0 
for all ip e B that / = 0, i.e., if and only if = {0}. ■ 

The next problem is to find out how large the image cr{E) of E is under the 
mapping a : E B^. To do this, observe first that (t[E) is a Riesz subspace 
of Bn and 



%a(E)} = {ipeB: r{ip) = 0 for all /* C a{E)} = 

{ip E B : ip{f) = 0 for all f e E} = {0}. 

Hence, the ideal J generated by cr{E) in B^ satisfies °J = {0}, which shows 
(see Theorem 30.3(h)) that J is order dense in B^- In other words, the band 
generated by J in B^ is B^ itself. Equivalently, the band generated by J in 

is Bn^ Since cr{E) and J generate the same band, we may just as well say 
that the band generated hy a {E) in B~ is Bn- 

If (J is a Riesz isomorphism, i.e., if °B — {0}, we shall identify E and its 
image (t{E). In other words, we shall regard E as a Riesz subspace of Bn and 
we shall say that E is embedded in Bn as a Riesz subspace. The case that 
B = En and %En) = {0} is of special interest. In this case, therefore, the 
following holds. Note that E is now Archimedean (see Theorem 30.3(i)). 

Theorem 31.3. If E is a Riesz space satisfying %Eh) = {0}, the mapping 
a : E {En)n is a Riesz isomorphism. The space E is thus embedded into 
{En)n as a Riesz subspace having the property that the band generated by E 
in {En)n is (En)n. Furthermore, the mapping preserves arbitrary suprema 
and infima. 

If E is a Riesz space satisfying °{En) = {0} as in the last theorem and if in 
this case the image cr{E) is the whole space [En)n, we shall write E — {En)n, 
where the equality sign indicates that the homomorphism is an isomorphism. 
Any Riesz space E satisfying E = {En)h is called a perfect Riesz space. The 
name was introduced originally for the case that E is a sequence space, i.e., 
E is an ideal in the sequence space (s) of all real sequences / = (/i,/ 2 , ■ • •) 
with /i, / 2 , . . . real numbers. In this case En is the Kothe dual of E, i.e., En is 
the space of all sequences t = (ti, ^ 2 , • • ■) such that Efntn converges for every 
f e E (see Theorem 29.3). It is evident that %En) = {0} and, therefore, E 
is .embedded in {En)n- If the Kothe dual of En is exactly E again (and not 
larger), then E is perfect. In other words, if Efntn converges for all t G En 
only if / G E, then E is perfect. 

More generally, if /i is a cr-finite measure in the (non-empty) point set 
X and E is an ideal in the space Lq = Lq{X,p) of all /x- measurable (real) 




31. Embedding into the Order Bidual 207 



functions on X such that the carrier of E is X, then is the Kothe dual of E, 
i.e., En is the ideal in Lq consisting of all t £ Lq such that ft is /x-summable 
over X for every f £ E (see again Theorem 29.3). As we have already seen 
in several examples it is by no means always so that %En) = {0}. Precisely, 
°{En) = {0} holds if and only if the carrier of En is A, as we shall prove now. 

Let first %En) = {0}, i.e., 

if f £ E and J ftdfi = 0 for all t £ E^, then / = 0. (1) 

It has to be proved that the carrier of En is X. Assume that this does not 
hold. Then there exists a subset Y of X of positive measure such that all 
t £ En vanish on Y. Since the carrier of E is X, there exists a subset Z of Y 
of positive measure such that the characteristic function xz of Z is a member 
of E, i.e., Xz ^ E (see Theorem 29.1). Now, in view of Z C F, all t £ En 
vanish on Z, so f Xz^dfi = 0 for all t £ En - This implies by (1) that xz = 0- 
Contradiction, since /x(Z) > 0. Hence, En has X as its carrier. 

Assume, conversely, that En has carrier X. We have to prove that (1) 
holds, so let f £ E satisfy / ftdfi = 0 for each t £ En - It has to be shown 
that / = 0. If not, at least one of f^ and /~, for example /"^, is not the zero 
function. Then there exist a subset Y of X of positive measure and a number 
€ > 0 such that f'^{x) > e for all x £ Y. Observe that f~ vanishes on Y. 
Now, since En has carrier A, there exists a subset Z of Y of positive measure 
such that Xz ^ En - Hence 

0= [ Ixzdn= f fdfi= [ f^dn> e^l{Z) > 0. 

J Jz Jz 

Contradiction. Hence, (1) holds. 

Assume that %En) = {0}, so (by the last theorem)£^ is embedded in 
{En)n- If / ftdfi exists (as a finite number) for all t £ En only if f £ E, 
then E is perfect. Example: All spaces Lp{X,fi)^l < p < oo, are perfect. 
In particular, all sequence spaces ^p(l < p < oc) are perfect. The sequence 
space (co) of all null sequences is not perfect because {co)n = (see Exercise 
29.5(ii)), so {(co)n}n = ^oo- We proceed with an example in which E is a 
Riesz subspace of (s) but not an ideal in (s). 

Example 31.4. Let E be the Riesz space (c) of all (real) converging number 
sequences. Evidently, E = (c) is a Riesz subspace of (s) but not an ideal in 
(s). Observe that any f £ E = (c) is of the form / = {lim/(n)} • e + /~, 
where e = (1, 1,1,.. .) and f~ £ (cq). Let (p £ E~. Writing <p(e) = t~(0), we 
have p{f) = E{0) • lim/(n) + ^(/~)- As we have seen already, there exists a 
sequence t = (t(l),t(2 ), ...) £ ii such that p{f~) = Ept(n)/~(n) for every 
f~£ (co). Hence, for any p £ E~ there exists a sequence 

{r(0),t(l),t(2), . . .}, satisfying | t{n) |< oo, 
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such that 



vif) = ^'(0) • lim/(n) + E^t{n)f~{n) = 
r{0) ■ lim/(n) + S^t{n){f{n) - lim/(n)} = 

{r(0) -- i:^t{n)} ■ lim/(n) + Ef‘t{n)f[n). 

Hence, writing t{0) = t"(0) - E^t{n), we get 

^if) = ^(0) ' lim/(n) + E^t{n)f{n) with | t{n) | converging, 

holding for every f e E = (c). Any e E~ satisfying f(0) = 0 is obviously 
order continuous, i.e., p) e E^- Observe here that if (/a; : A: = 1, 2 , . . .) is a 
sequence in (c) satisfying fk i 0, then linin-.oo /fc (^) i 0 as A: oo does 

not necessarily hold (Example: fk is the element in (c) having the first k 
coordinates zero and the remaining coordinates one). Conversely, if (p e En, 
then t{0) = 0. To see this, let {fk : A: = 1,2, . . .) be the sequence in the last 
example. Then fk i 0, so (p{fk) 0(as k oo). But (p{fk) = t(0) + r^^t(n), 
so t{0) =0. It has been proved thus that E^ is (isomorphic to) ^i, from which 
it follows that {En)n = ^oo* This shows that E = (c) is not perfect. The ideal 
generated by £* = (c) in (En)n = ^oo is ^oo itself, so this ideal is perfect. 




CHAPTER 17 

Freudenthal’s Spectral Theorem 



32. Projection Bands and Components 

Let /I be a cr-finite measure in the (non-empty) point set X. As well-known, 
any finite linear combination of characteristic functions of measurable subsets 
of X is called a ii-step function. It is not difficult to see that for any 0 < / G 
Loo{X, fi) there exists a sequence (sn : n = 1,2 ,...) of ju-step functions such 
that 0 < Sn T / holds uniformly. A similar result holds in an Archimedean 
Riesz space possessing a strong unit. This result, due to H.Freudenthal (1936), 
is known as FreudenthaV s spectral theorem. Some preliminary theorems about 
projection bands will be useful. Recall that the band B in the Archimedean 
Riesz space E is called a projection band ii E = B ® (see section 11). In 
this case B^ is likewise a projection band (we have B = B^^ because E is 
Archimedean, so E — B^ ^ B^^). As in Theorem 11.4, the band projection 
on the projection band B is sometimes denoted by Pb- It is obvious that 
Pb<i = I — Pb, where I is the identity operator in E (i.e., If = f for each 
f e E, and so Ps^f = f - Psf)- The following holds now. 

Theorem 32.1. If B\ and B2 are projection bands in the Archimedean Riesz 
space E, then Bs = BiD B2 is also a projection hand and the corresponding 
hand projections satisfy 

P1P2 = P2P1 = Ps- 

Furthermore, we have P3U = (Piu) A {P2U) for any u G E~^ . 

Proof. For any u G E'^ we have P2U G ^2- Hence, it follows from 0 < 
P1P2U < P2U that P1P2U G ^2- Since it is evident that P1P2U G Hi, we see 
already that P1P2U G Hi Pi H2 = H3. To show now that H3 = Hi Pi H2 is 
a projection band such that H3 = P1P2 holds, it is sufficient to prove that 
{u — P1P2U) G H3, because this will show then that any u G E~^ is the sum 
of an element in H3 and an element in H| (so H = H3 0 H|). For the proof, 
note that 



u - P1P2U = {u- P2U) + {P2U - P1P2U), 

where u — P2U is the band projection of u on H2 and P2U — P1P2U is the band 
projection of P2U on Bf. Hence 
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u — P2U e B2 Q {Bi n ^2)^ and P2U — P1P2U e Bf C (Bi fl ^2)^. 

It follows by addition that u — P1P2U € {Bi n B 2)^ = B^- 

Finally, let again u G E~^ be given and denote (Piu) A {P2U) by wq. On 
account of P^u < P\u and P^u < P2U we have P^u < Wq. On the other hand, 
since wq £ Bi D B 2 = B^ and 0 < wq < u, and since 

Psu — sup(tc : 0 < w < u,w e Bs), 

we have wq < P^u. Hence P^u = wq = (Piu) A {P2U). m 

Theorem 32 . 2 . If Bi and B2 are projection hands in the Archimedean Riesz 
space E with corresponding band projections Pi and P2, then the following 
conditions are equivalent. 

(i) B1CB2. 

(ii) PiP 2 = P 2 Pl = Pl . 

(Hi) Pi <P 2 . 

Proof, (i)— > (ii). If Bi C B2, then B3 = Bi D B2 = Bi, so 

P1P2 = P2P1 = P3 = Pi- 

(ii) — > (hi). For each u € E^we have Piu = P1P2U < P2U. 

(hi) — > (i). For 0 < u G Biwe have 0 < u = Piu < P 2 U G H2, and so 
Bi C B2. m 

Theorem 32 . 3 . If Bi and B2 are projection hands in the Archimedean Riesz 
space E, then B-^ = Bi + B2 is also a projection band and the corresponding 
band projections satisfy 

P3 = Pi + P2 - PiP2- 

Furthermore, we have P^u — (Piu) V {P2U) for any u G E~^ . 

Proof. The band Bf fi is a projection band with band projection 

(J - Pi){I - P2) = / _ Pi - P2 + P1P2- 

Therefore, Bq = {Bf fi Bf)^ is a projection band with band projection Pq = 
Pi+ P2— P1P2- It is evident that Bq contains Bf^ = Bi as well as Bf^ = B2, 
so Bq 3 (Pi + P2). From 

PqU = Piu + P2U - P1P2U, 

holding for every u G P”^, it follows that Pqu G (Pi -h P2), and so Pq C 
(P1+P2). Therefore, P1+P2 = Pq- It has been proved thus that P3 = P1+P2 
is a projection band with band projection P3 = Pi + P2 — PiP2- Furthermore, 

P3U = Piu + P2U - {Piu) A {P2U) = {Piu) V {P2U) 

for each u G P"*". ■ 
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Corollary 32 . 4 . Let E be an Archimedean Riesz space. 

(i) If B I and B2 are projection bands in E with corresponding band 
projections Pi and P2 and if B2 C B\, then B\ H B2 is a projection band 
with band projection Pi — P2 • 

(ii) If the projection bands Bi, B2, B^, B4 in E with corresponding band 
projections Pi, P2, P3, P4 satisfy B4 C B3 C B2 Q Bi, then 

{Pi — P2)u ± (P3 — P4)u for every u G E^ . 

Proof, (i) Note first that P1P2 = P2 in view of B2 ^ Bi. The band projec- 
tions on Bi and B2 are Pi and I — P2 respectively, so Bi H B2 is a projection 
band with band projection 

Pi{I-P2) = Pi-PiP2 = Pi-P2^ 

(ii) We have 0 < (Pi —P2)u G P2 ^nd 0 < (P3 — P4)u G P3. By hypothesis P3 
is a subset of P2? so P3 and P| disjoint sets. It follows that the elements 
(Pi — P2)u and (P3 — P4)u are disjoint. ■ 

As in section 7 , the principal ideal generated by an element / in the Riesz 
space E will be denoted by Af. Recall that 

Af = {g e E :\ g \<\ af \ for some a G E). 

In Exercise 7.7 it was asked to prove that for any u and v in E'^ we have 

AuAV ~ All C Ay and Ayyy = Ay^-^y == Ay T Ay. 

We indicate how to prove that AyDAy is a subset of Ay/\y. If 0 < w G AyilAy, 
then w < au and w < ( 3 v for appropriate non- negative a and / 3 . Hence w <yu 
and w < yv foi 'y = a-b P, so w < j{uAv). For the proof that Ay^-y is a subset 
of Ay + Ay, let 0 < w G Ay^.y, SO 0 < w < a{u + v) for some 0 < a G E. Since 
a{u v) e Ay Ay and Ay + Ay is an ideal (see Theorem 7 . 6 ), it follows 
that w G Ay + Ay. 

The band generated by f e E will be denoted by Bf. If u and v are 
positive elements in E such that u £ By, then 

u = sup{u A (nv) : n = 1 , 2 , . . .} 

by Corollary 11 . 6 . This shows that for any 0 < u G Pt; there exists a sequence 
(sn :n = l,2 ,...)in the ideal Ay such that 0 < Sy 'I u. It follows now easily 
that By/^y = By n By for arbitrary u and v in E ~^ . We briefly indicate how 
to prove that By f) By is a. subset of By/\y . If 0 < w £ By n By, there exist 
sequences 0 < T 0 < ty 'I w such that Sy £ Ay and ty £ Ay for 

all n. Then 0 < (s^ Aty) w with {sy A ty) £ Ay n Ay = Ay^v for all n. It 
follows that w £ ByAv 
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From {u + v)/2 <uVv < u-\-v it follows that B^vv = but it is not 

always so that By^y = By + By. This is shown by the example in section 7 
which precedes Exercise 7.7 where, for appropriate u and v, the sum By + By 
is a proper subset of By^y^ simply already because By + By fails to be a 
band. If, however, the space E is Archimedean and By, By are projection 
bands, then By^y is a projection band and By^y = By ^ By. To see this, 
observe first that By + By is now a projection band (by Theorem 32.3 above). 
It is sufficient, therefore, to prove that Byj^y is a subset of By + By. Any 
0 < s G Ayj^y = Ay Ay is obviously a member of the band By + By. Hence, 
for any 0 < w e Byj^y there exists a sequence 0 < T with Sy C {By-\-By) 
for all n. It follows that w ^ By By. 

For convenience we shall say that / C JF is a projection element whenever 
the set Bf is bl projection band. Combining the last results with those earlier 
in this section, we can state the following theorem. 



Theorem 32.5. If u and v are positive projection elements in the Archime- 
dean Riesz space E, then u /\v,u\f v and u ^ v are projection elements and 
the corresponding projection bands satisfy 

By/\y — By n By and Byyy — By.^y = By + By. 

Furthermore, the hand projections satisfy 

ByAV By By ByFy and Byyy Py^y — Py T Py PyPy. 

Finally, u and v are disjoint if and only if PyPy = PyPy = 0 or, equivalently, 

Byyy = By.^y = By By. 



Exercise 32.6. Let E be a Riesz space having the principal projection prop- 
erty (so E is Archimedean; see Theorem 11.9). Let 0 < v e By and write 
w = PyU. Show that By, = By. 

Hint: Note first that if p and q are positive elements in E, then p L q it 
and only if Bp ± Bq. It follows from w = PyU e By that By, C By. We have 
u = PyU z = w P z with uj E By and z ± By, so v JL Show that it 
follows from u w + z and w ± z that By = By, 0 . In view of 0 < v € By 

we have v = V\PV2 with v\ € By, and V2 E: Bz - On the other hand <V2 <v 
and V L Bz, so V 2 E Bz^ Therefore V 2 = 0, and so f f i € By,. It follows 

that By C By,. 

If H is a projection band in the Riesz space E (i.e., E = B ^ B^) and 
/ ,6 E, then the projection Psf is called the component of / in H (as defined 
in section 11). Note that if / > 0, then 

{Psf) A (/ - PBf) = 0 

because / — Psf is the component of / in the disjoint complement B^ oi B. 
The notion of a component makes sense also if there is no projection band 
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around. Let e € . Any element p G E'^ satisfying p A (e — p) = 0 is called 

a component of e. It is obvious that p is a component of e if and only if e — p 
is so. Furthermore, the null element of E and e itself are components of e. 
We shall prove first that the set Ce of all components of e (with the ordering 
inherited from E) is a lattice. To this end, let p and q be components of e. 
Then 



0 < e - (pVg) = e + {(-p) A(-g)} = (e-p) A(e - q), 

SO (by one of the distributive laws) 

(p V 9 ) A {e - (p V q)} = (p V 9 ) A {(e - p) A (e - g)} = 

{p A (e — p) A (e — g)} V {g A (e — p) A (e — g)} = 0 V 0 = 0. 

This shows that p V g is a member of . For the proof that p A g is likewise 
a member it is sufficient to show that e — (p A g) is a component of e. Now, 

e - (pAg) = (e-p) V (e - g), 

and this is a component in virtue of what was proved a moment ago. It is 
obvious that the set has the null element as smallest element and e as its 
largest element. Furthermore, since pV (e— p) = e for any p ^ the element 
e — p is the complement of p in the sense as defined in section 2. All this leads 
up to the following theorem. 

Theorem 32.7. For e € E~^ , the set Ce of all components of e is a Boolean 
algebra (with respect to the ordering inherited from E). If E has the principal 
projection property, then p £ Ce if and only if p = PfC for some principal 
projection Pj. 

Proof. Only the last statement needs proof, so assume that E has the 
principal projection property. For any f £ E the element P/e satisfies 
(P/e) A (e — P/e) = 0, so P/e is a component of e. Conversely, if p is a 
component of e, then pA(e — p) = 0, sopis a member of the principal band 
Bp and {e — p) 1. Bp. This shows that p = PpC. m 

Once more, let P be a Riesz space and assume now that 0 < e G P (the 
case that e = 0 is excluded since this would not lead to anything of interest). 
Any s G P for which there exist pairwise disjoint components pi, . . . ,Pn of 
e and real numbers such that s = E^a^Pk is called an e-step 

function. It is permitted here that one or several of the pk or the coefficients 
ak satisfies pk = 0 or ak = 0. This way of writing s (with disjoint Pi, • . - ,Pn) 
is called a standard representation of s. Such a standard representation is not 
unique. Evidently, every e-step function is a member of the principal ideal Ag. 

Without loss of generality we may, if convenient, assume that pi H hPn = e 

in the standard representation s = Pfafep^ because, if not, then pi + • • • + 
Pn = sup(pi, . . . ,p„) is a component of e, so Pn+i = e — sup(p^, . . . ,Pn) 
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is a component. Hence, we may add a term an+iPn+i with an+i = 0. In 
this case we shall say, for convenience again, that s = E'^^^akPk is a full 
representation of s as an e-step function. If s and t are e-step functions with 
full representations 



s = Sk^iakPk and t = 



then 



s = Sk=il^^iak{pk A Qj) and t = Sk^i^'^iPjipk A qj) 

are likewise full standard representations of s and t as e-step functions. Note 
here that Ek^j{pk Aqj) = e in view of 

^j{Pk A Qj) = snpipk A Qj) = Pfc A (supgj) = A e = pt 

3 

for every k. Hence 



s + t = EkSjiak + Pj){Pk A Qj). 

This shows that s 4- 1 is an e-step function. The set of all e-step functions 
is, therefore, a linear subspace of E. We can say more. If s and t are e-step 
functions, the proof presented above shows that they can be written as linear 
combinations of the same disjoint components, i.e., if these components are 
pi, . . . then s = EfakPk and t = E^pkPk- If ak < Pk ^or k = 1, , n, 
then s < t. To see that the converse holds, it is sufficient to prove that if v = 
^i7kPk ^ 0 with Pk ^ 0 for all k and all pk mutually disjoint, then 7 fc > 0 for 
A: = 1 , . . . , n. For this purpose, write v = Vi-\-V 2 with v\ = E'^kPk containing 
all terms with 7 ^ > 0 (or ui = 0 if 7 ^ < 0 for all k) and V 2 = E"^kPk 
containing all terms with 7 /c < 0. Then v\ > 0, —V 2 > 0 and v\ A (— ^ 2 ) = 0. 
It follows that vi = and —V 2 = v~ (see Theorem 5.6). Since it is given 
here that > 0, we have v~ = 0, i.e., all 7 fc < 0 must be zero. In other 
words, 7 /e > 0 holds for all k. Thus it has been proved that if 5 = EfakPk 
and t = EiPkPk (all Pk 0 and mutually disjoint), then s < t if and only if 
c^k ^ Pk for all k. This immediately implies that if again s = EfakPk and 
t = EiPkPk^ then s V t and s At are e-step functions with representations 

syt = Ei{max{ak,Pk)}Pk and sAt = Ei{min{ak, Pk)}Pk- 

In particular \ s \= Ef \ ak \ Pk- Therefore, the set of all e-step functions is a 
Riesz subspace of E. 
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33. Freudenthal’s Spectral Theorem 

Definitions and notations are as in the preceding section. Hence, E is a. Riesz 
space and e is an element of E satisfying e > 0. We assume furthermore 
that E has the principal projection property, i.e., every principal band is a 
projection band. It will be proved that every / in the principal ideal can 
be approximated e-uniformly by e-step functions, from below as well as from 
above. More precisely, there exist sequences {sn : n = 1, 2, . . .) and (tn • ti = 
1,2,...) of e-step functions such that T / and tn i f hold e-uniformly. 
Since f € Ae^ there exist real numbers a and b such that ae < f < {b — l)e. 
For each real a we shall denote by Ba the band generated by (ae — /)“*” and 
by Pa the band projection on Ba- For a>b we have ae — f > be — f >e, so 
{ae — f)'^ = ae — f > e. It follows that Ba is equal to the band Be generated 
by e, so Pa = Pe- In particular P^e = e and Paf = / for a > 6. For a < a 
we have ae < f, so ae — f < 0, i.e., (ae — f)~^ = 0. It follows that Ba = {0}, 
so Pa = 0 for a < a. The following simple lemma is of importance for the 
approximation proof. 

Lemma 33.1. (i) For a real and ae < f < {b — l)e we have 
Paf < otPaS and a{e - P^e) < / - Paf- 
(ii) For a < p ( with a and P real) and ae < f < {b — l)e we have 
a{Pp - Pa)e < {Pp - Pa)f < P{Pp - Pa)e. 



Proof, (i) From Pg+{g) = g'^ > 0, holding for all g e E, it follows by 
choosing g = (ae — /) that Pa{ote — /) > 0, and so Paf < aP^e. 

Similarly, since g—Pg+ {g) = g—g^ = —g~ < 0 for every g € E, the choice 
g = (ae — f) shows that ae — f — Pa{ae — f) < 0, and so a(e— P^e) < f — Paf- 

(ii) Observe first that the band generated by (ae — /)'*' is included in the 
band generated by {Pe — f)'^, and so PaPp = P/sPa = Pa (see Theorem 32.2). 
Applying Pp to the inequality a(e — P<^e) < / — P^/, we obtain 

a{Ppe - Pae) < {Pp - Pa)f- 
Similarly, it follows from Ppf < PPpe that 

{Pp - Pa)f = {Pp - Pa)Ppf < (P/5 - PaKPPpe) = p{Pp - P,)e. . 



We shall prove now Freudenthal’s spectral theorem. 
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Theorem 33.2. (FreudenthaVs spectral theorem). Let E be a Riesz space 
having the principal projection property and let 0 < e E E. Then, for any 
f in the principal ideal A^, there exist sequences (s^ '■ n = 1,2,...) and 
{tn ' n = 1,2,...) of e-step functions such that 5^ T / o,nd tn I f hold 
e-uniformly. 

Proof. As observed already there exist real numbers a, b such that ae < f < 
(6 — l)e. Since the e-step functions form a Riesz subspace of £*, it is sufficient 
to prove that for any number e > 0 there exist e-step functions s and t such 
that s < f < t and t — s < ee. For this purpose, let a = oq < < • ■ • < 

an = b he a partition of [a, 6] with mesh less than e, i.e., 0 < ajfc — ak-i < e 
for k = 1, . . . , n. As in the lemma above, let Pk{k = 0, . . . ,n) be the band 
projection onto the band generated by (afce — /)“*■ and let Vk = {Pak ~Pak~i)^ 
for k = 1, . . . n. The elements Vk are mutually disjoint components of e (see 
Corollary 32.4) such that 

Vl + \-Vn = {Par. - -Pao)e = {Pb ~ Pa)e = Ph^ = C. 

Prom the lemma established above it follows that 

Eiak-iVk < Ei{Pak — Pock-i)f ^ EiakVk- 

Since the term in the middle is equal to {Pb~ Pa) f = Phf = fi it follows that 
the e- step fimctions s = Efak-iVk and t = EfakVk satisfy s < f < t. Note 
finally that 



t - s = E^{ak - ak-i)vk < eE^Vk = ee. m 

Writing Pa = Pa^ for abbreviation, the approximating sums s and t in the 
spectral theorem can be written as 

s = E'^ak-iiPak -Pock-i) and t = E^ak{Pak ~ Pak-i) 

respectively. It is evident, therefore, that if we now choose the numbers ak{k = 
l,...,n) such that ak-i ^ Oik < ak for k = 1, ... then the sum = 
P'lOtkiPak ~ Pcck-i) satisfies s < s~ <t, and so it follows from s < f <t and 
t — s < ee that | / — |< ee, i.e.. 



I f - -Pck-i) 



A suggestive notation is to write now 

/= / adpa. 

J a 

This is justified by the analogy with the procedure of H.Lebesgue for defining 
the integral of a bounded realvalued measurable function. Note that if E is 
the Riesz space of all real functions on a point set X and e is the unit function 
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on X (i.e., e(x) = 1 for all a: G X), then the spectral theorem states that every 
bounded real function can be approximated uniformly (in the familiar sense) 
by step functions, from below as well as from above. 

We extend the spectral theorem to elements in the band generated by e. 
The e-uniform convergence will be replaced by order convergence. Precisely, 
the following theorem holds. 

Theorem 33.3. As before, let E he a Riesz space having the principal pro- 
jection property and let 0 < e E E. Then, for any u > 0 in the band Be 
generated by e there exists a sequence {sn : n = 1, 2, . . .) of e-step functions 
such that 0 < Sn T w- 

Proof. Let 0 < u E Be he given. As proved in Corollary 11.6, we have 
u = snp^{u A ne). Hence, writing u^ = u f\ne foi n = 1,2,..., every Un is 
a member of the ideal Ae generated by e and 0 < Un ^ u. In view of the 
last theorem there exists for each n a positive e-step function Sn such that 
0 < Un — Sn < n~^e. Without loss of generality we may assume that Sn T (if 
necessary, replace s„ by si V. . . VSn). Observe now that Un converges in order 
to u and Un — Sn converges in order to 0. It follows that Sn = Un — {un — Sn) 
converges in order to u. Since Sn is increasing this shows that Sn 't u. m 

As a special example we present a second proof of the Radon-Nikodym 
theorem in which use is made of PreudenthaFs spectral theorem. The proof is 
direct, not by contradiction as the one in section 28. We recall some notations 
and results from section 27. Let T be a cr-algebra of subsets of the (non- 
empty) point set X and let be the Riesz space of all a- additive signed 
measures on E. 

(i) It was proved in Theorem 27.4(i) that if and u are members of Ma^ 
then p A. u (i.e., | ^ | A | z/ |= 0) if and only if there exist disjoint sets A and 
B in r such that AiJ B = X and | u | (A) =\ fi\ (B) = 0. 

(ii) In Theorem 27.4(h) it was shown that is an element of the band 
generated by p if and only if z/ is /i-absolutely continuous ( i.e., any A E E 
satisfying | /i | (A) = 0 satisfies | u | (A) = 0). 

Let us assume now that 0 < // G Ma- is fixed. We determine the components 
of pL. 

Lemma 33.4. The measure is a component of ( i.e., 0 < n < fi and 
IT ± {pL — 7 t)) if and only if there exists a set A E E such that 

■k{Y) = j^XAdu 

holds for every Y E E ( where, as usual, the characteristic function of A is 
denoted by xa)- 
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Proof. Assume first that tt is a component of /x. In view of (i) above there 
exist disjoint sets A and B in F such that A U B = X and (/x — 7t)(A) = 
7 t(B) = 0. It follows that 7r(y) = /x(y) for every Y e F such that y is a 
subset of A. Hence, if y € F is now arbitrary, we have 

7r(y) = 7t{Y nA)= n{Y nA) = XAdu- 

Conversely, if A and B are disjoint sets in F such that A\J B = X and we 
define tt by 7r(y) = /y XAdfi for all y € T, then tt is a a-additive measure on 
F such that 0 < tt < /x and such that 

(m - 7r)(y) = - XA)diJ. = Xsdn 

holds for all Y ^ F. It is evident, therefore, that 'k{B) = (/x — 7t)(A) = 0. 
Hence, in view of (i) above, we have tt _L {fi — tt). 

As a final remark we note that the set A in the present lemma is not 
uniquely determined. U Z £ F satisfies /x(Z) = 0, then Z or any subset of Z 
may be joined to or deleted from A without infiuencing the result. ■ 

It follows from the lemma that for any /x-step function a = XiakTTk (where 
7Ti , . . . , 7Tn are components of /x and ai, . . . , an are real numbers) there exist 
sets Ai,. An in F such that 



a 




^lakXAi^d/j. 



holds for every Y e F. Hence, denoting the /x-measurable real step function 
XiakXAk by s, we have cr{Y) = Jy sdjj, for every Y £ F. It follows that cr > 0 
holds in if and only if s{x) > 0 holds for /Lx-almost every x £ X (because 
s{x) < 0 on a set jB € y of positive measure would imply that cr{B) < 0). 
Note that s{x) > 0 almost everywhere is not the same as asserting that a^ > 0 
holds for all coefficients in s; this holds if and only if s is written with non-zero 
disjoint terms. We may conclude from these remarks, therefore, that if a\ and 
(72 are /x-step functions in Ma , then a\ < U2 if and only if the corresponding 
real step fimctions Si and S2 satisfy si{x) < S2{x) for /x-almost every x £ X. 

The proof of the Radon-Nikodym theorem is now easy. Let ^ be the same 
measure as before, so 0 < /x € and let z/ be a cr-additive signed measure 
which is /x-absolutely continuous, so z/ is a member of the band B^ generated 
by /X in M^j. We have to prove the existence of a (real) ^-measurable function / 
such that z/(y) = Jy fdfji holds for every Y £ F. Without loss of generality we 
may assume that u is positive, i.e., z/ £ In view of the spectral theorem 
there exists a sequence (cr^ : n = 1,2,...) of ^-step functions in such 
that 0 < cr„ t For each an there exists a non-negative )u-measurable step 
function Sn on X such that 




33. Freudenthal’s Spectral Theorem 219 



^(Y) = J Sn(x)djJL 



for every Y e F. 



Prom 0 < t (in follows that 0 < (JniY) T z^(y), so 



J Sn{x)d^ t for every 



Since 0 < Sn{x) t holds for /i- almost every x £ the integral on the left 
converges to Jy f{x)d/j., where / is the pointwise limit (//-almost everywhere) 
of the increasing sequence (s„ : n = 1, 2, . . .). Hence 




fdfjL for every Y e F, 



which is the desired result. This method of proving the Radon-Nikodym the- 
orem is related to the method in a paper by K.Yosida (1940). 
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Functional Calculas and Multiplication 



34. Functional Calculus 

As in the preceding section we assume that F is a Riesz space having the 
principal projection property. Let 0 < e e E. Since we shall restrict ourselves 
to properties holding in the principal ideal Ae generated by e we may also 
assume that Ae = F, i.e., e is a strong unit in E. Given the element f € 
E = Ae, there exist real numbers a, b(a < b) and a number ^ > 0 such that 
< / < {b — S)e. The interval [a, 6] is then sometimes called a spectral 
interval of /. Let [a, b] be such a spectral interval of / and let 

V : a = ao < ai <■ - < am = b 

be a partition of [a, b]. For any a € [a, b] the band projection onto the band 
generated by {ae-f)~^ will be denoted by P^. Note that = 0 and P«^ = I 
(the identity operator). The equality P«^ = = J holds because be- f > be, 

so the band generated by {be - /)+ = be- f is the band generated by e, i.e., it 
is E. Writing 



Vk = {Pak -Pak-i)^ for k = l,...,m, 

the elements Vk are pairwise disjoint components of e such that E'^Vk = e 
and the e-step functions s = E^^ak-iVk and 5 = EY^akVk satisfy s < f < S 
(see the proof of PreudenthaPs spectral theorem in the preceding section). 
The elements s and S are called the lower sum and upper sum belonging 
to / and the partition V. If the partition points are sufficiently near to each 
other, then both 5 and S are near to /. Precisely stated, if ak — ock-i < e for 
A: = 1, . . . , m, then 0 < 5 — 5 < ee, so 



0 < f — s < ee and 0 < S — f < ee. 

In this case, observe also that if the numbers are chosen such that < 
ock < afc for A: = 1, . . . , m, then the e-step function = Ei^aj^Vk satisfies 
s < s" < S, and so | / — s~ |< ee. 

We shall consider now a somewhat more general situation. Let P be a real 
continuous function on the spectral interval [a.b] and let, for k = 1 , . . . ,m, 
the numbers m/e and Mk be the minimum and maximum respectively of F in 
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the interval [ak-i^otk] of the partition V of [a, 6]. Similarly as before for the 
case that F{a) = a for all a e [a, 6 ], but with a slightly different notation, let 
s = Ei^rrikVk and 5 = EY^MkVk be the corresponding lower and upper sums. 
For any c > 0 there exists a number ao > 0 such that 

I F{a') - F{a") |< e if | a' - a" |< ao- 

This holds because a continuous function on a closed interval is uniformly 
continuous. Hence, if the partition points of V are sufficiently near to each 
other, i.e., if ak - ock-i < ao for A: = 1 , . . . , m, then 0 < Mk — ruk < e for all 
k, and so 



S - s = F^{Mk - rrik)vk < eE'^Vk = ee. 

If the numbers mk{k = l,...,m) are chosen such that rrik = F{ak) for 
some ak satisfying ak-i < a^ < ak, then rrik < rrik < Mk for all k and 
s~ = Ei^rrikVk is now called an intermediate sum (belonging to / and V). 
It is evident that s < < 5, so if the partition V is such that we have 

5 — s < €6 for some e > 0 and sf , sj are intermediate sums belonging to P, 
then I si — S2 |< ee. 

In the case that F{a) = a for all a in the spectral interval [a, 5] of /, 
the upper and lower sums tend to a common limit if the maximal length of 
the partition intervals tends to zero, namely to the limit / (FreudenthaPs 
spectral theorem). It may be asked, therefore, if also in the present more 
general case S and s tend to a common limit if the partition intervals tend 
to zero in length. We shall prove that this is indeed so if, besides having the 
principal projection property, E is also uniformly complete. In our case, since 
e is a strong unit in E, the space E is uniformly complete if and only if E 
is e- uniformly complete (see section 10). Furthermore, as proved in Theorem 
12.8, E is uniformly complete if E is Dedekind a-complete. Therefore, if E 
is Dedekind cr-complete, then E has the principal projection property and 
besides that E is uniformly complete. This is what we shall use now to derive 
some results related to the spectral theorem. It can be proved, but the proof is 
somewhat laborious, that Dedekind cr-completeness of E is not only sufficient 
but also necessary for E to have the principal projection property and to 
be uniformly complete. Before presenting now our first theorem we make 
some further remarks about partitions of [a, b] and the corresponding upper 
and lower sums. As well-known, the partition V 2 is said to be a refinement 
of the partition Vi if every partition point of Vi is also a partition point 
of P2- The corresponding lower sums Si,S 2 and upper sums 5i,52 satisfy 
Si < S 2 < S 2 < S\. li Vi and P 2 are arbitrary, their common refinement is 
the partition P3 having as partition points the union of the partition points 
of Vi and p2- It follows that Si < < 82 - Hence, since Vi and V 2 

are arbitrary, the inequality si < 52 shows that any lower sum is less than or 
equal to any upper sum, no matter to which partitions these sums belong. A 
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further (notational) remark is that we shall sometimes write s{V) and S{V) 
to denote that s and S depend on V. 

Theorem 34.1. Let e be a strong unit in the Dedekind a -complete space E, 
let f £ E be fixed and let [a, b] be a spectral interval for f. Furthermore, let 
F be a real continuous function on [a, 6]. For any partition V of [a,b], let 
s = sifP) and S = S{V) be the corresponding lower and upper sums (for f 
and V), as explained above. Then the set of all s(F), for all possible partitions 
V of [a,b], has a supremum in E which is at the same time the infimum of 
all possible S{V). We shall denote this element by F{f). The reasons for this 
notation will become clear later. For any number e > 0 there exists a number 
ao > 0 such that if the maximal length of the partition intervals of V is less 
than ao and s"{V) is any intermediate sum for V, then 

\F{f)-s^{V)\<ee. 



Proof. Choose a sequence of numbers {cn ‘ n = 1,2, . . .) such that i 0. For 
each tn there exists a partition Vn of [a, b] such that Sn-Sn < CnC. It may be 
assumed here that each Pn+i is a refinement of Vn (if necessary, replace V 2 
by the common refinement of Vi and P 2 , and so on). Then (sn : n = 1, 2, . . .) 
is an increasing sequence in E majorized by Si (on account of Sn < S\ 
for every n). Hence, since E is Dedekind cr-complete, the supremum of this 
sequence exists. Denoting this supremum by F{f), ee have Sn T E{f). Since 
Sn-Sn < i 0, it folloWS that Sn~Sn 0, SO Sn = (*S'n-Sn)+5n — > F{f). 
Precisely, Sn I F{f). 

We prove that F{f) = sup(s('P): all V). Since we know already that 
F{f) = sup^ s(Vn), it is sufficient to prove that F{f) > s(V) for any arbitrary 
V. Let (Vn : n = 1, 2, . . .) be the same sequence of partitions as above. Since 
s(V) < S(Vn) for all n and S(Vn) i F(f), it follows that s(V) < F(f). 
Similarly, F(f) < S(V) for every V. Hence 

F(f) = sup(s(P): all V) = mi(S(V): all V). 

Finally, given € > 0, there exists a number ao > 0 such that if the maximal 
length of the partition intervals of V is less than ao, then 0 < S(V) —s(V) < ee. 
Any intermediate sum s"(V) lies between s(V) and S(V) and the same holds 
for F(f). Hence 



\F(f)-s^(V)\<ee. 

As observed in section 33, Freudenthal’s spectral theorem is sometimes ex- 
pressed by writing 
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where [a, 6] is a spectral interval of / and where pa = Pa^ with Pa the band 
projection onto the band generated by {ae — f)~^. Similarly, we can write now 

f^=[ a^dpa for n = 1, 2, . . . 



and, more generally, 




F{a)dpa 



for any continuous real function F on [a, 6]. 

This method of defining F{f) for any f e E and any (real) continuous F 
on [a, b] is an example of what is known as a functional calculus. 

We mention some examples. With the same notations as before, if F{a) = 
1 for all a € [a, 6], then all lower sums, upper sums and intermediate sums 
are equal to Ei^Vk = e, so F{f) = e in this case. If F{a) = a for all 
a G [a, 6], then F{f) = / according to Preudenthal’s theorem. If n is a natural 
number and F{a) = a'^ for all a G [a, 6], then the intermediate sums are 
of the form E‘^{ak)^Vk, where ak is some value in the interval [ak-i,ock]’ 
These intermediate sums, therefore, converge now e-uniformly to what, for 
n = 2,3, . . ., we have called by definition. The notation suggests that it 
should perhaps be possible to define a multiplication in E. In particular, since 
for / and ^ in F the elements and {f F g)^ are now defined, one might 

try to define the product fg by 

fg = + - f -g'^}- 

It seems difficult, however, to prove that with this definition the distributive 
and associate laws hold. One of the main difficulties is caused by the fact 
that in the above formula for an intermediate sum belonging to V and / the 
elements Vk depend not only on V but also on /. To show that it is possible 
to define a multiplication in E with the usual properties we shall proceed 
differently. First some remarks dealing with the intermediate sums in the case 
that f = e. Any interval [a, 6] with 1 as an interior point is now a spectral 
interval for / = e and the band generated by {ae — e)^ is F for a > 1 and 
{0} for a < 1. Therefore, if F is a partition of [a, b] with 1 as an interior point 
of [ak-i^ak] for k = ko, then the elements Vk in the corresponding lower, 
upper and intermediate sums satisfy Vk = e foi k = ko and = 0 for A: / A:q. 
Choosing now = 1 for A: = ko and aj^ arbitrary in [ak-i,ak] for A: / A:q, 
the corresponding intermediate sum satisfies 



s~= EakVk = l^Vko = e. 



Note that also 
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E{ak)"^Vk = 1 • -yfeo = e for n = 2, 3, 

Hence, since the sum on the left converges to according to our notations, 
we have = e for n = 2, 3, — This suggests that the multiplication we 
are looking for should have the order unit e as its multiplicative unit. Then 
/e = / > 0 for / positive, so it is reasonable to require that the multiplication 
is positive, i.e., if / and g are positive, then fg is positive. 

Assume that there exists such an associative and distributive positive mul- 
tiplication in E having e as multiplicative unit. Fix foeE and define the 
mapping tt : E E by irg = fog foi sll g e E. It is obvious that tt is linear, 
so 7T is an operator in E according to our conventions. Furthermore, since 
there exist real numbers a, /? such that ae < fo < (5 e, it follows for any u> 0 
in E that 



au = aeu < fou < 0eu = (3u, 

i.e., au < 7TU < (3u. This shows that aJ < tt < /?/, where I is the identity 
operator in E. Furthermore ixe = foe = fo. Now, let us forget that tt is 
derived from a multiplication and prove that if tt is any operator in E such 
that 7re = fo and al < tt < f3I, where fo, a and f3 are given, then tt is uniquely 
determined. 

Lemma 34.2. If fo G E is given and tt is an operator in E such that 
TT€ = fo and there exist real numbers a, P such that al < tt < (31 ( where I 
is the identity operator in E), then tt is uniquely determined. 

Proof. Note first that it follows from au < ttu < (3u for any u > 0 that 
I 7TU |< 7u, where 7 = max(/3, —a). We prove now that g ± h in E implies 
that TTg ± h. To this end, observe that it follows from g~^ ± h and | Trg^ |< 7 ^+ 
that TTg~^ JL h. Similarly Trg~ J_ h. Hence Trg ± h. Assume now that B is a 
band in E and g e B. Then it follows from | TTg~^ |< jg'^ and | Trg~ |< jg~ 
that TTg~^ and Trg~ are members of B, so Trg e B. We have proved thus that 
g E B implies Trg E B. This can be expressed by saying that tt is band 
preserving. In the case that B is a projection band with corresponding band 
projection P and g E E is arbitrary, we have g = gi 3 - g2 with gi = Pg E B 
and g2 -L B,so 



'^9 = TT^i + '^92 with TTgi E B and Trg2 -L B. 

It follows that TrPg = Trgi as well as 

PTTg = PTTgi + PTTg2 = PTTgi = TTgi. 

Hence TrPg = PTrg for every g E E, i.e., ttP = Ptt. This shows that tt 
commutes with any arbitrary band projection. 

Now, let p be a component of e and denote by P the band projection onto 
the principal band generated by p, so p = Pe. Then 
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Trp _ Tj-pg — p^j-g _ 

Thus, 7rp is uniquely determined by the given conditions. If s = E^akPk is 
an e- step function, where Pi , . . . , Pm are components of e with corresponding 
band projections then ns = E^akPkfo- For any g e E there 

exists a sequence (s^ : n = 1, 2, . . .) of e-step fimctions such that T ^ holds 
e-uniformly. Hence 

I 7rp - 7TS„ I = I rt{g - s„) | < 7(5 - s„) | 0, 

SO nsn ng holds e-uniformly. This shows, therefore, that ng is uniquely 
determined for any g e E by the given conditions. ■ 

The next result to prove is that there actually exists an operator n in E 
satisfying the conditions in the last lemma. This operator will then be denoted 
by 7T/o to indicate that it depends on the given /o for which ne = fo. Writing 
simply / and nf instead of fo and tt/^, the desired multiplication will be 
defined for any pair /, p in E by fg = n/g. 

Theorem 34.3. Let f £ E be given. Therefore, there exist real numbers a, (3 
such that ote < f < pe holds. Then there exists a uniquely defined operator 
n in E such that ne = f and olI <n < j3I, where I is the identity operator 
in E. If f is positive, we may choose a = 0 and so n is then positive. 

Proof. We prove the existence of an operator n satisfying the given conditions 
by defining a mapping n : E E step by step and showing that n is linear 
and satisfies al < n < j3I. First we define np for any component p of e by 
np = Pf, where P is the band projection onto the band generated by p. In 
particular, ne = f .It is important for what follows to note that n is additive on 
the set of components of e because if p = pi +P 2 , then pi and p 2 are necessarily 
disjoint, so the corresponding band projections satisfy P = Pi + P 2 , which 
implies that np = np\ + np 2 . Now, let s = E'^akPk be an arbitrary e-step 
function, written with disjoint terms and such that E'l'Pk — e (some of the 
ak may now be zero). We define ns by ns = Ei^aknpk- The mapping n is 
now uniquely defined on the set of e-step functions; the uniqueness is due to 
the additivity of n on the set of components of e. For the linearity of n it is 
sufficient to show that 7 t(5i 4- S 2 ) = + ns 2 - This follows by writing si and 

S 2 as linear combinations of the same disjoint components (see the discussion 
on e-step functions in section 32). It follows from the linearity that s = EakPk 
implies ns = Eaknpk, even in the case that the pk are not disjoint. Let now 
s = EakPk > 0 with disjoint components and terms with pk = 0 omitted. 
Then, as observed already earlier (near the end of section 32), all ak are 
non-negative. Hence, on account of / < (3e, we have 



ns = EakPk f < EakpPke = pEakPk = Ps, 
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so 7T < l3I. Similarly al < tt. Observe furthermore that it follows from as < 
ITS < 0s foi s > 0 that I 7TS |< 7 S for 7 = max(/3, — a). Hence, for s not 
necessarily positive, we have 

I TTS |<| TTS"^ I + I 7TS~ |< 75"^ + 'JS~ = 7 | S | . 

Finally, let g e E be given. There exists a sequence (sn : n = 1, 2, . . .) of e- 
step functions converging e-uniformly to g. The sequence is then an e-uniform 
Cauchy sequence, so it follows from 

I '^{Sm - Sn) |< 7 1 Sm - Sn I 

that {TTSn : n = 1,2,...) is an e-uniform Cauchy sequence. Since E is uni- 
formly complete, the sequence {irSn : n = 1, . . .) has an e- uniform limit. Call 
this limit irg and observe that ixg depends on g but not on the approximating 
sequence. For > 0 we may assume that Sn > 0 for all n, so f3sn — T^Sn > 0 
for all n. Since /3sn — Trsn converges e-uniformly (and therefore also in order) 
to (3g — TT^f, it follows that Pg - ng > 0. Hence ag < irg < (3g for every 
^ > 0. The operator tt has, therefore, all the desired properties. The preced- 
ing lemma (Lemma 34.2) shows that there exists only one operator having all 
these properties. ■ 

Remark 34.4. Some additional remarks follow. Prom the inequality | tts |< 
7 I s I, holding for any e-step function s, it follows immediately by e-uniform 
convergence that | |< 7 | | holds for any g E E, Hence, if gn g holds 

e-uniformly, then 



I 7T5 - 7rg„ 1=1 Tr{g - ffn) |< 7 I - 5n H 0 

holds e-uniformly,i.e., ngn converges e-uniformly to ng. 

For the next observations we shall denote the operator tt satisfying ire = f 
by 7 t[/] to emphasize that tt depends on /. It is obvious that for arbitrary / 
and ^ in and a, /3 real numbers we have 

TT[af + /3g] = an[f] + I3-K[g\. 

Let fn converge e-uniformly to / in E. For any e > 0 there exists, therefore, 
a natural number no such that —te<f — fn'^^e for all n > no . Now fix 
/i G (so I /i |< ae for some real a > 0). Then 

I 7T[f]h - 7T[fn]h 1=1 7t[/ - fn]h |< tac for n > no. 

This shows that foiheE fixed 7T[fn]h converges e-uniformly to Tr[f]h. 

Let us consider some simple examples. 

(i) The case that / = e, so 7r[e]e = e. Recall that for any / the operator 
7 t[/] commutes with any band projection. Let p be a component of e with 
corresponding band projection P, so p = Pe. Then 
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7r[e]p = 7r[e]Pe = P7r[e]e = Pe = p. 

It follows that 7r[e]s = s for any e-step function s and so, by e-uniform con- 
vergence, 7r[e]g = g for any g e E. Hence n[e] = J, the identity operator. 

(ii) The case that f = po, where po is a component of e with corresponding 
band projection Pq. Hence 7r\po]e = pq. Let p be an arbitrary component of 
e with corresponding band projection P. Then 

7r[po]p = '7r[po]Pe = P7r\po]e = Ppo = PPqC = PoPe = Pop, 

where it has been used that band projections commute (see Theorem 32.1). 
It follows that 7t\po]s = Pqs for any e-step function s and so, by e-uniform 
convergence, 7t\po]g = Pog for any g e E. Hence 7r[po] = Po- 

It is important to note here that, similarly, 7r\p]po = PoPe = PPoe, so 

7t\po]p = 7t\p]po 

for any pair po and p of components of e. 



35. Multiplication 

Definitions and notations are as in the preceding section. After all the prelimi- 
nary results obtained there we now introduce a multiplication in E by defining 
for any pair /, ^ in P the product fg by fg = 7T[f]g. The thus defined product 
has the usual properties of a product as we shall prove here. 

(i) The distributive laws follow immediately from 

f{ag + ph) = 7r[f]{ag + Ph) = a7r[f]g + P7r[f]h = afg + Pfh, 

{af + pg)h = 7r[af + pg]h = {aTr[f] + pTr[g])h = 
a7r[f]h -h pTT[g]h = afh + Pgh, 
holding for all real numbers a,p. 

(ii) The order unit e in P is a multiplicative unit element because ef = 
7r[e]f = // = / as well as /e = 7r[/]e = / for any / G P. It has been used 
here that 7r[e] = I, the identity operator, and 7r[f]e = f by the definition of 

(iii) The multiplication is positive, i.e., if / and g are positive, then fg 
is positive. To see this, recall that in Theorem 34.3 it was shown that the 
operator 7 t[/] is positive for positive /. Hence, fg = 7t[/]^ is positive for 
/ > 0 and p > 0. 

(iv) The multiplication is commutative, i.e., fg = gf for all /,g. For the 
proof, observe that 7r[po]p = '7r[p]po for any two components po,p of e, i.e., 
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Pop = PPo (see Remark 34.4). Hence, by the distributive laws, sqs = ssq for 
any two e-step functions s, sq . Given g E there exists a sequence { Sn ' n = 
1,2,... ) of e-step functions converging e-uniformly to g. It follows then that 
soSn = 7r[so]'Sn Converges e-uniformly to sog and SnSo = 7r[sn]so converges 
e-uniformly to gsQ. Hence, since SQSn = SnSo for all n, we get sog = gsQ. 
Similarly, it follows now from Sn f (e-uniformly) and s^g — gs^ that 

fg = gf- 

(v) The multiplication is associative, i.e., {fg)h = f{gh) for all f,g,h in 
E. Note that 



{fg)h = Tr[fg]h and f{gh) = n[f]{gh) = Tr[f]Tr[g]h. 

We have to show, therefore, that the operators 7r[fg] and 7r[/]7r[p] are the same. 
It is easy to see that we may restrict ourselves to the case that / and g are 
positive. Let 0 < f < ae and 0 < g < f3e, so 0 < 7t[/] < al and 0 < 7r[g] < pi 
(as shown in Theorem 34.3). It follows that 7r[f]7r[g] is a positive operator in 
E satisfying 7t[f]7r[g] < api. Furthermore 

fg = 7t[/]p < alg = ag < ape, 

so 7r[fg] < aPI (once more in view of Theorem 34.3). The operators 7r[/p] 
and 7r[/]7r[p] are, therefore, bounded from below as well as from above by a 
multiple of the identity operator. According to Lemma 34.2 an operator of 
this kind (called tt in Lemma 34.2) is completely determined by its image ire. 
In the case we consider here we have 

Afg]^ = fg and ■K[f]Tr[g]e = Tr[f]g = fg. 

Hence, 7r[/p] is the same operator as 7r[/]7r[p]. 

('^^) \ fg \^\ f \ • I P I for all /, p. This follows immediately by writing 
f = &ndg = g+ -g-. 

(vii) If g ± h, then /p ± h for all / G F. For the proof, assume first that 
/, p and h are positive. Let 0 < / < ae. Then 0 < fg < aeg = ag. Hence, 
since ag ± h, it follows that fg±h. For /, p and h arbitrary, we derive from 
g ±h that | p |±| h |, so | / | • | p |±| h |. Hence, since | /p |<| / | • | p |, we 
have \ fg \±\ h \, so fg ± h. It follows easily that 

\ fg\=\ f\-\g \ for all /,p. 

As an immediate corollary we obtain the result that p _L /i implies gh = 0. 
Indeed, from g ± hit follows that gh = hg ± h. Similarly, it follows now from 
h ± gh that gh J_ gh, and so gh = 0. In particular, if pi and p 2 are disjoint 
components of e, then p\P 2 = 0. 

(viii) For any component p of e we have p^ = p (and so p'^ = p for 
n = 2, 3, . . .). For the proof, denote the band projection corresponding to p by 
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P and recall that 7r[p] = P (see Remark 34.4 in the preceding section). Hence 
= 7t\p]p = Pp = p. 

(ix) If s = PlakPk and t = UpkPk are e-step functions with all components 
Pk pairwise disjoint, then st = EakPkPk^ In particular = ^ot\pk and, 
generally, = Sa'^Pk for n = 2, 3, — This follows immediately by observing 
that pI = Pk for all k and pkPj = 0 for k j. 

(x) We have g ± h if and only if gh = 0. It was shown already in (vii) 

that g 1. h implies gh = 0. It remains to show that gh = 0 implies g ± h. 
Assume first that g and h are positive and denote g Ahhy k. Then A: > 0 and 
0 < k“^ < gh = 0, so k“^ ~ 0. If s is any e-step function satisfying 0 < s < k, 

then 0 < < sA: < = 0, so = 0. Now, s can be written as s = SajPj 

with all pj > 0, pairwise disjoint and all aj > 0, so Ea^pj = = 0. It 

follows that aj = 0 for all j, which implies that s = 0. This holds for any 
e-step function s satisfying 0 < s < k, so k = 0, i.e., gAh = 0.ln other words, 
9 Eh. 

If g and h are arbitrary, it follows from gh = 0 that g~^h = g~h. On the 
other hand we have g^ ± g~ , so g'^h ± g~h. Hence g~^h = g~h = 0. But then 
g^h^ = g'^h~ as well as g^h^ ± and so g~^h^ = 9 ^h~ = 0. Since 

9 ^^h'^ and h~ are positive, it follows now from the first part of the proof 
that g'^ ± h'^ and g~^ E h~~ . Hence g'^ X {h~^ — h~), i.e., g^ X h. Similarly 
g~ X /i, and so X h. 

(xi) If =0, then / = 0. More generally, if f'^ = 0 for some natural 

number n, then f = 0. To see this, observe that f^ = 0 implies by virtue of 

(x) that / X /, so / = 0. Let = 0 for some natural number n > 2. If n is 

of the form n = 2'^ for some positive integer m > 1, then 

so ^ =0. Continuing, we obtain / = 0. If n is not a power of 2, for 
example n = b, so = 0, then ~ 0, so f — 0. In algebra, elements 

/ ^ 0 satisfying = 0 for some natural number n > 1 are called nilpotent 
elements. In the present case, therefore, there are no nilpotent elements in the 
multiplication. 

(xii) Finally, note that f^f~ = f~ =0 for any f £ and hence 

f = {r~rf = irf + {rf>o. 



According to Freudenthal’s spectral theorem any f e E can be approx- 
imated e- uniformly by e-step functions of the form EakPk with the com- 
ponents Pk mutually disjoint. It was proved then at the beginning of the 
preceding section that, for n a natural number greater than one, the e-step 
functions Ea^pk also converge e-uniformly and we have denoted the limit 
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element by without giving a good reason at that moment in the proceed- 
ings. In the functional calculus notation we have written a'^dpa- That 

this notation is meaningful and justified follows now from property (x) of the 
introduced multiplication, in which it is shown that for s = EakPk we have 

= Eoj^pk’ We leave it to the reader to prove that, generally, it follows from 
e-uniform convergence of fn to / and pn to g that fn9n converges e- uniformly 
to fg. 

There exist Dedekind cr-complete Riesz spaces E possessing a strong or- 
der unit e such that in E there is defined from the beginning on a “natu- 
ral” positive multiplication having e as multiplicative unit. An example is 
the space ioo or, more generally, the space Loo{X,p) for p a cr-finite mea- 
sure in X. The “natural” multiplication is here the pointwise multiplication: 
(fg){x) = f{x)g{x) for x e X. The multiplication is distributive and the func- 
tion identically one is a strong order unit as well as a multiplicative unit. Is 
this the same multiplication as the one introduced in the present section? The 
answer is that the multiplications are indeed the same. For the proof we shall 
denote the initially given “natural” multiplication oi f by g by f * g. We as- 
sume that this is a positive multiplication, having e as unit (so/*e = e*/ = / 
for every f £ E) and such that the distributive laws hold in the sense that 

f^{ag + I3h) = a{f * g) + (3{f * h), 

(a/ + (3g)*h = a{f * h) 4- P{g * h) 

for all /, g,h in E and real a, /3. Fix f € E and define the mapping r[f] : E 
^ by r[/](p) = f^g, holding for all ^ G .F. It is immediately evident that r[f] 
is a linear mapping, i.e., r[/] is an operator in E. Furthermore, there exist 
real numbers a, (3 such that ae < f < (3e, which implies that for any g >b 
we have 



Af]{9) = f^9> («e) *g = ag, so r[f] > al; 

'^[f]{9) = f *9 < {0e) *g = Pe, so r[f] < pi, 

where I is the identity operator in E. Hence al < r[f] < pi and r[/](e) = /. 
Since r[f] satisfies these two conditions, it follows that r[f] is the same as the 
(uniquely defined) operator 7r[/] in Lemma 34.2 and Theorem 34.3. Therefore, 
'^[f]{9) = ^[f]{9) for all g e E, i.e., f * g = fg. 

Exercise 35.1. Let e be a strong order unit in the Dedekind cr-complete 
Riesz space E and let p be a (non-zero) component of e. 

(i) Show that p is a strong order unit in the band B generated by p. 

(ii) Assume that the multiplication in E with e as multiplicative unit, as 
defined above, has been introduced and denote the product of / and g by fg. 
Show that if one at least of / and p is a member of B, then fg £ B. 
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(iii) Assume that the multiplication in B with p as multiplicative unit has 
also been introduced and denote the corresponding product of / and g by 
f ^ g. Show that f ^ g = fg for all / and g in B. 

Hint: For (ii) assume that / € so / = Pf with P the band projection 
onto B. Then, for any g £ E, we have 

P{fg) = P7r[g]{f) = 7r[g]{Pf) = 7T[g]{f) = fg, 

SO fg 6 B. For (iii), note that for all / € H we have f*p = p^f = f as well 
as 



fp=zpf = 7r[/](Pe) = P7r[/](e) = Pf = f. 



Exercise 35.2. Once more, assume that e is a strong unit in the Dedekind a- 
complete Riesz space E and let the multiplication in E with e as multiplicative 
unit be introduced. As usual, if f e E and there exists an element g £ E such 
that fg = gf = e, then g is called an inverse of / and g is then denoted by 
f~^. It is easy to see that /“^, if existing, is uniquely determined. 

(i) Show that if / > 0 and f~^ exists, then f~^ >0. Since e is a strong unit, 
we have 0 < / < ae for some positive number a. Show now that f~^ > a~^e. 
It follows that if / > 0 and f~^ exists, then f > pe for some positive number 
/?. 

(ii) To prove that, conversely, any f £ E satisfying f > Pe for some p > 0 
has an inverse, we may assume without loss of generality that p = 1, so 
e < f < ae for some a > 1. For n = 0, 1, 2 , . . ., let 

Sn = Sk=o{e-a-^f)'^. 

Note that 0 < e - a~^f < (1 - a~^)e and 0 < 1 - a~^ < 1, so 

Show that (s„ : n = 0, 1, 2, . . .) is an e-uniform Cauchy sequence. Since E is 
uniformly complete, there exists an element s £ E such that Sn f s holds 
e-uniformly, i.e., s = E^{e — a~^f)^. Then 

(e - a“V)s = - Oi~^f)^ = s - e, 

which implies that a~^fs = e. This shows that is the inverse of /. 

Hint: For (i), let / > 0 have an inverse which, for convenience of notation, 
we denote by g, so fg = gf = e. Then g~^f - g~ f = e with g~^f and g~ f 
positive and disjoint. It follows that g~^f = = e, so both g~^ and g are 

inverses of /, i.e., g = g~^ > 0. 




CHAPTER 19 
Complex Operators 



36. Complex Operators 

If T is a (linear) operator mapping the real vector space V into the real vector 
space W, then T has a unique extension as a (linear) operator from V + iV 
into W + iW by defining T{f + ig) = T f + iTg for all / and g in V. The set 
C{V,W) of all (linear) operators mapping V into W can be considered thus as 
a real-linear subspace of the vector space of all complex (linear) operators from 
V -^iV into W Recall here that a subset K of a complex vector space G 
is said to be a real-linear subspace of G whenever af pg E K for all / and 
g in K and all real numbers a,/?. Any T G C{V^W) which is thus extended 
is called a real (linear) operator from V ^ iV into W + iW . Any arbitrary 
operator T G C{V + iV^W + iW) has a unique decomposition T = Ti + 1X2 
with Ti and T2 real. To see this, decompose Tf for any f E V into its real 
and imaginary parts: Tf = Ti/H-iT2/. Obviously, the thus defined Ti and T2 
are (linear) operators from V into W which can be extended from V + iV into 
W 4 - iW. It follows then that Th = Tih iX2h for any h = f + igeV + iV^ 
and so T = Ti 4 - iX2 holds on V + iV with T\ and T2 real. This shows that 
the space C{V 4 - iV^ W 4 - iW) is the complexification of £(V, W). 

Assume now that E and F are Riesz spaces such that E is Archimedean 
and uniformly complete and F is Dedekind complete. Hence, both E and 
F have complexifications admitting an absolute value (see Theorem 13 . 4 ). 
Furthermore, an operator T : E F is order bounded if and only if it is 
regular (see Theorem 20 . 2 ), The operator T = Ti 4 - 1X2 (with X\ and X2 real) 
from E-\-iE into F -\-iF is said to be order bounded if T maps order bounded 
sets into order bounded sets; an order bounded set in E + iE is n subset D 
of E + iE for which there exists an appropriate /o G E'^ such that \ f \< fo 
for all / G D. Similarly for F -h iF. This definition is in agreement with the 
one in the real case. It is evident that the operator T = Ti 4 - iX2 from E + iE 
into F + iF is order bounded if and only if X\ and X2 are order bounded 
operators from E into F (i.e., if and only if Ti and X2 are regular). The space 
Cb{E -h iE, F + iF) of all order bounded operators from E + iE into F + iF 
is therefore the complexification of Ch{E^ F).The operator X is called positive 
if X is real and the restriction of T to E is positive; T = Ti 4 - iX2 is said to be 
order continuous (or cr-order continuous) whenever X\ and X2 are so. For any 
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order bounded operator T = Ti -I- iT 2 the absolute value | T | is, by definition, 
the operator 



I r 1= sup(Ti cos ^ + T 2 sin ^ : 0 < ^ < 27 t). 

The supremum exists since Cb{E^F) is Dedekind complete (see Theorem 
20.2). In the case that T is a member of Cb{E, F) the absolute value \ T \= 
V T“ satisfies 



|T|(w)=sup(|T/|:/€£;,|/|<«) 

for any u € E~^. The corresponding formula is valid for complex T but all 
existing proofs are rather complicated. For that reason we shall restrict our- 
selves to the case that E is Dedekind a-complete because in this case there 
is a simple proof available in which use is made of a complex variant of 
Preudenthal’s spectral theorem, as follows. 

Theorem 36.1. Let e he a strictly positive element in the Dedekind a- 
complete Riesz space E, so Q < e £ E. Furthermore, let h = f + ig £ E + iE 
satisfy \ h \< e. Then, for any e > 0, there exist disjoint components 
ei,...,6n of e and complex numbers 71,..., 7 n such that | 7fc |< 1 for 
A: = 1, . . . , n and 



I h - r" 7 feefe |< ee 



as well as 



0<\h\ -E'^ \ik\ek< ee. 



Proof. Let € > 0 be given and let p and q be e-step functions such that 

0 < p < 0 < q < f~ and f~^ - p < ee/4, f~ — q < ee/4. 

Note that p A g = 0. Hence, defining the e-step function si by si = p — q, we 
have I si |= p + g and 

I / — 5i |< ee/2 and 0 <| / | — | si |< ee/2. 

Similarly, there exists an e-step function S 2 such that 

I P - 52 |< ee/2 and 0 <| p | — | S 2 |< ee/2. 

It follows (in virtue of the properties proved in Theorem 13.6) that the complex 
e-step function s = si + is 2 satisfies 

I s 1=1 Si +is 2 1= || Si I +* I «2 l| < |l / I I 5 i| =\ S + ig\=\h \ . 



Furthermore, 
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I ^ - 5 |<| / - Si I + I ^ - S2 |< €6, 

and so (triangle inequality) 

0 <1 I — I s 1= || /i I — 1 s || <1 /i — s |< ee. 

It remains to prove that s can be written as a finite sum with disjoint 

components Ck of e and with \ jk |< 1 for all k. To see this, observe that si 
can be written as si = ^otjVj with disjoint components Vj such that Evj = e. 
Similarly, S 2 = EPmWm with disjoint components Wm such that Ewm = e. 
Writing ejm = A Wmi the elements ejm are mutually disjoint components 
of e such that Ejm^jm = e. It follows that 

Si = E jjYiOtjCjjYi and S2 ^jmPm^jm 

Writing ^jm = Qj + iPrm we see that 

S = Si 4" iS2 — EjfYi'yjm^jm 
with disjoint components ejmi so (by Corollary 13.7) 

I S 1= T/ I 'yjrn I ^jm- 

Now denote by Pjm the band projection onto the band generated by ejm- 
Then PjyriQ s |) =| I ^jmi so 

I 'Jjm I ^jm — P im{\ S |) ^ ^jm{\ h |) ^ Pjm^ ~ ^jm- 

It follows that I ^jm |< 1 for all Cjm that are not the zero element. Renum- 
bering the terms for which ejm is not the zero element, we obtain the 

desired result. 

Note that in this proof the Dedekind (j-completeness of E implies that E 
is uniformly complete (which guarantees that E has a “correct” complexifi- 
cation) and that E has the principal projection property (which guarantees 
that Freudenthal’s spectral theorem holds in £*). ■ 

In the lemma which follows now we prove the inequality |T/i|<|T|(|/i|) 
in some special cases. Dedekind completeness of E is not yet needed. 

Lemma 36.2. Let E and F be Riesz spaces such that E is Archimedean and 
uniformly complete and F is Dedekind complete. Then the following holds. 

(i} If T e Cb{E, F) is real and h e E -h iE, then\ Th |<| T | (| h |). 

(ii) If Te jCb{EAiE,F + iF) and f eE, then \ Tf |<| T | (| / |). More 
generally, if s = EiXkfk all Xk complex numbers and f\, /Idots, fn 
mutually disjoint elements in E, then |T5|<|T|(|s|). 
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Proof, (i) Let h = f + ig with / and g in E. Since T is real, Th has the 
decomposition Th = T f + iTg^ so 

I Th 1= sup(| Tf cos 6 + TgsiiiB |: 0 < ^ < 27t) < 

sup I r I (I fcos6 + gsiiiO \: 0 < 9 < 27t) <\T \ {\ h \). 

(ii) Let T = Ti + iT 2 with Ti and T2 real. Since / is real, Tf has the decom- 
position Tf = Tif + zT 2/, so 

I Tf 1= sup(| T\f cosO + T 2 f sm6 |: 0 < ^ < 27t) = 

sup I (Ti cos^ 4- T2 sin^)(/) |< 
e 

sup{i Ti cos^ 4- T2 sin^ | (| / |)} <| T | (| / |). 
e 

Now, let s = EfXkfk with complex coefficients and the elements fk pair- 
wise disjoint in E. Note that | s |= \ Xk \ ‘ \ fk \ (see Corollary 13.7). It 

follows that 



I Ts HI EXkTfk \<E\Xk\-\Tfk |< 
i r I (r I Afe I • I M) =1 r I (1 5 1). 

As we shall soon see, it will be easy to derive from this lemma that 
I Th |<| T I (I h I) holds for any h E E + iE, provided E is Dedekind 
(j-complete. For the proof that 

I T I (u) = sup(| Th |: heE 4- iE, \ h \< u) 

holds for u € we still need an auxiliary result in the converse direction 
in which we do not assume that E is Dedekind <j-complete. 

Lemma 36.3. Let D he a non-empty set the elements of which we shall 
denote by a. For each a e D, let T^ G Cb{E,F). Assume furthermore that 
To = sup(Ta : a e D) exists in Cb{E,F). Then, for any u € E~^, we have 



Tqu — sup(To;j'Ui • -j- Tfy^^Ufi^ , 

where (ai, . . . ,OLn) runs through all non-empty finite subsets of D and, for 
each subset of this type, {ui, . . . ,Un) runs through all n-tuples of positive 
elements of E satisfying 4- • • • 4- Un = u. 
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Proof. If D consists of two elements a\ and 02, so that Tq = V the 
formula to be proved is 

Tqu = s\ip{Ta^v + Tct^w : V > OjW > O^v + w = u). 

This was shown to hold in Theorem 20.4, formula (3). If D has only a fi- 
nite number of elements, the result follows by induction. In the general case, 
observe that the set of all finite suprema 

T{ai,...,a„} =sup(T„j,...,T„„) 

is upwards directed and To is the supremum of the set. Hence 



Tqu = supT{ai, . . . ,an}(u) = 

sup (Tq^^ u\ “f" ■ ■ * T 'I'ocn '^Ti • tti , . . . , Ufi in ^ = tx) . ■ 

We come to the main theorem. 

Theorem 36.4. Let E and F be Riesz spaces such that E is Dedekind a- 
com-plete and F is Dedekind complete. Furthermore, let T = T\ + iT 2 be a 
member of Ch{E 4- iE, F -f iF) and let u e E^ . Then 

I T I (u) = sup(| T(f + ig) |:| / + ip |< u). 

In particular, therefore, |T/i|<|T|(|h|) holds for every h E E iE. 

Proof. The proof consists of two parts. In the first part Dedekind cr-complete- 
ness of E is not yet needed. Writing T{0) = T\ cos ^ -h T 2 sin 0, we have 
I T 1= sup(T(0); 0 < ^ < 27 t), so it follows from the last lemma that 

I T I (u) = sup EjT{ej)uj, (1) 

where the supremum is taken over all finite systems (0j,Uj) such that all uj 
are positive and Euj = u. Choosing one of these systems, let us write 

p = E j (cos 0j)uj and q = Ej{sm0j)uj. 



Then 



\p- iq 1=1 D{e |< Euj = u, 

T(p - iq) = S{e~^^i)Tuj = + iT2U,), (2) 

SO the real part of T(p — iq) satisfies 

IZe{T{p - iq)} = E{TiUj cos 6j -h T 2 Uj sin 6j) = Tip + T 2 q. 



Keeping in mind that (2) holds, it follows that 
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I Tip + T29 1=1 1le{T{p - iq)} \< 

I T{p - iq) \< sup(| T{f + ig) |:| f + ig\< u). (3) 

Observing now that 

Tip + T 2 q = ^{{T\ cosOj)uj + {T 2 sinOj)uj} = UT{0j)uj, 

we derive from (3) that 

EjT{6j)uj < sup(| T(/ + ig) |:| f + ig\< u). 

This holds for all systems (9j,Uj)^ so it follows from (1) above that 

I T I (u) < sup(| T{f + ig) |:| f + ig\< u). 

For the inequality in the converse direction it is sufficient to prove that 
I Th |<| T I (I /i I) holds for every h = f + ig e E + iE. This is the part 
of the proof in which we shall appeal to the complex version of FreudenthaPs 
spectral theorem. We first prove a weak variant of the inequality, as follows. 
If h e E + iE, we have 

I Th 1=1 Tih + mh |<| Ti/i I + I T2h |< (I Ti I + I T2 I) I h I 

(in virtue of Lemma 36.2(1) above). This implies that | Th |< 2 | T | (| /i |).It 
follows that if hn converges u-uniformly to h in E + iE for some u G E^ (all 
hn and h in E iE), then Thn converges v-uniformly to Th in F iF for 
V = 2 \ T \ (u). Then \ Thn \ converges ^^-uniformly to | Th \ in F, because 

\\Th\-\ Thn || < I Th-T/in I . 

Hence, if | Thn |< for some w e F and all n, then | Th |< w. 

Finally, for the last part of the proof, fix h G jE 4- and fix e > 0. By the 
spectral theorem (Theorem 36.1) there exists an | h |-step function s = E'jjej 
(with disjoint components ej) such that | 7^ |< 1 for all j and 

I h — E'jjCj \< e \ h \ 0 <1 h I —E \ Jj \ ej < e \ h \ . 

For I 0 there exists for each such a step function Sn- Then Sn converges 
I h |-uniformly to h, so that by the remark above \Tsn \ converges v- uniformly 
to I T/i I for t; = 2 I T I (| /i |). It will be sufficient, therefore, to show that 
I 1<| ^ I (I h \) for all n, since this will imply (once more by the remark 
above) that |T/il<|T|(|/i|). For any Sn = ^Ij^j we have (similarly as in 
Lemma 36.2) 



I Tsn I =1 E'yjTcj |< r I 7^- I • I Tcj |< 
I T I (r I 7i I e,-) <1 T I (I h I). 

This is the desired result. 
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As observed already, the theorem can be proved also if we assume about E 
only that E is Archimedean and uniformly complete. The first proofs in this 
general case were given by W.J. de Schipper and H.H. Schaefer (1973-74), 
independently of each other. In these proofs use is made of a so-called rep- 
resentation theorem, stating in this particular case that if Ae is the principal 
ideal generated in E by some positive non-zero element e, then there exists a 
compact Hausdorff topological space X such that is Riesz isomorphic to 
the space C(X) of all real continuous functions on X (and such that under the 
isomorphism the element e corresponds to the function identically one on X). 
Not only is it so, however, that the proof of this representation theorem (and 
of similar other representation theorems) is far from simple, but it also seems 
inevitable that one needs in these proofs a certain axiom about partially or- 
dered sets which is known as Zorn’s lemma, and about which we shall have to 
say more in the next chapter. Returning to the inequality |T/i|<|T|(|/i|) 
foiheE + %E, there has been found not long ago a proof without Zorn’s 
lemma (J.J. Grobler, 1988), but this proof as well is not simple. 

Assume again that E is uniformly complete and F is Dedekind complete. 
As defined already, the operator T = T\ + 1 T 2 from E+iE into F-^iF (with Ti 
and T 2 real) is said to be order continuous (or cr-order continuous) whenever 
Ti and T 2 are so. Since | T\ | and | T 2 | are majorized by | T | and | T | is 
majorized by | Ti | + | T 2 |, it follows immediately that T is order continuous 
(or (j-order continuous) if and only if | T | is so. The sets Cn = Cn{E,F) 
and Cc = Ec{E, F) of all order continuous or a-order continuous operators in 
Cb{E, F) are projection bands (as shown in section 22). Hence, in view of the 
definition of a projection band in the complex case (section 13), the bands 
Cn + iCn and Cc + iCc are projection bands in 

Cfy + iCb = Cb{E + iE, F -I- iF). 

Let Ti and T 2 be members of £ 5 . Then Ti = Ti,n + Ti^t with T\^n ^ Cn and 
€ £t, where Ct is the disjoint complement of Cn in £ 5 . Similarly, we have 
T 2 = T 2 ,n + T 2 ,t. It follows that T = Ti -h 1 X 2 can be written as 

T = Ti + iT2 = {T\^n + Fr2,n) + (Ti.t + iT2^t) = 7n + Tt 

with Tn G £n -4- iCn and Tf € £^ + iCf. Since both Ti^t and T2^t are members 
of Ct, each of these operators is disjoint to Ti^n and to T 2 ,n, so 

I Ti^t I + I T 2 ,t I is disjoint to | Ti,^ | + | T 2 ,n | • 

This implies that | Tt | is disjoint to | |, so 

|T|=|Tn + T, |=|rn| + |r, |. 

If F is the space M of real numbers, then F + zF is the space C of complex 
numbers. The space Cb(E,F) is now the order dual E~ of E. Any complex 
linear functional (p on E iE is of the form (p = (pi iip 2 , where (pi and p >2 




240 CHAPTER 19 Complex Operators 



are the extensions to E -\-iE of real linear functionals on EJ. It is clear that ip 
is order bounded if and only if pi and p2 are order bounded on E^ i.e., 

{E-\-iEy= 

The sets of all order continuous or cr-order continuous linear functionals on 
E iE are the projection bands E^ + iE^ or -h iE^ respectively. 



37. Synnatschke’s Theorem 

As in the preceding section, we assume that the Riesz space E is Archimedean 
and uniformly complete and the Riesz space F is Dedekind complete. We 
recall Synnatschke’s theorem, as proved in section 26. For any T G Cb{E, F), 
the adjoint operator : F~ — > is defined by 

(T-'^){f) = ^{Tf) for / G F,^ G F~, 

and the restriction of T~ to is denoted by T' . For T > 0 we have T~ > 
0, and so T' > 0. Synnatschke’s theorem states that for any T\ and T 2 in 
Cb{E^ F) we have 

(Ti V T 2 )' = T{ V and (Fi A T 2 )' = T{ A 

so in particular | T |'=| T' | for any T G £b{E^F). We shall extend the 
theorem to the complex case. For this purpose we need a lemma which is 
somewhat similar to Lemma 36.3. 

Lemma 37.1. Let D be a non-empty set the elements of which we shall 
denote by a. For each a € D, let 0 <Ta £ Cb{E,F). Assume that the set of 
all Toe is upwards directed and Tq = snp{Ta : a £ D) exists, so 0 < Tqc ^ Tq. 
ThenO<T^^Ty 

Proof. It follows immediately from 0 < 7^ | To that 0 < Tq. The 

element S = supT^ exists in Cn{Fn,E^) on account of the Dedekind com- 
pleteness of Cn{FnjE'~). We shall prove that {Sxjj){f) = 'ip{Tof) holds for all 
O^f^E^O^'ipeFn- This will imply then that the same holds for all / G F 
and all '0 G Fn, and so {S'ilj){f) = (To'?/^)(/) for all / and 'ip, i.e., S = Tq. 

Assume, therefore, that 0 < / G F and 0 < 'ip e F^ Since T^f ^ Tq/ and 
ip is order continuous, we have 

V>(T,/) T V’(?b/). (1) 

On the other hand T'^'ip S'lp, so 

(T»(/) T (sm)- 



( 2 ) 
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The left hand sides of (1) and (2) are equal for each a, so the right hand sides 
are equal as well, i.e., {S'ip){f) = 'ip{Tof). This completes the proof. ■ 

If Ti and T 2 are members of Cb{E,F) with adjoints T{ and Ti and if 
T = Ti + iT 2 , we shall say that T{ + iTi is the adjoint of T and we shall write 
T~ = lY + This name and the notation are justified because (T~'ijj){f) = 
^{Tf) holds for all / € jE + iE* and xp € F~ + iF~. To see this, observe that 
the equality holds for / € E and ^ e F~ and then extend the equahty first 
to the case that f £ F + iF and i) £ F~ and finally extend it to the general 
case. As in the real case, the restriction of T~ to Fn + iF^ is denoted by T'. 
Hence, T' = T[ + 

We extend Synnatschke’s theorem to the complex case. 

Theorem 37.2. IfT £ Cb{F + zE, E + iF), then \ T l'=| T' |. 

Proof. Let T = Ti +iT 2 with Ti and T 2 real. For any 6 such that 0 < ^ < 27 t, 
write 



T{0) = Ti cos 9 + T 2 sin 9 and T'(^) = T[ cos 9 sin 9. 

Note that [F{9)Y = T'{9). From Synnatschke’s theorem for the real case it 
follows that 

I T{9) r=i T'{e) I . 

Now, for any finite set {^i , . . . ,9n), write 

T'{9^,...,9n}=\T'{9i)\y---y\T'{9n)\. 

Once more by Synnatschke’s theorem for the real case we have 

[T{9i , . . . , ^„}]' =1 T{9i) r V • . . V I T(0„) |'= 

\T'{9,)\y---y\r{9n)\=T'{9^,...,9n). 

The set of all T {9i , . . . , is upwards directed and has | T | as its supremum, 
i.e., 

0<m,...,^n}T|T| . 

Similarly, we have 



It follows now from the last lemma that \ T \'=\ T' \ . 




CHAPTER 20 

Results with the Hahn-Banach Theorem 



38 . The Hahn-Banach Theorem in Normed Vector 
Spaces 

This chapter is devoted to several results the proofs of which are based on 
a theorem known as the Hahn-Banach theorem (due to H. Hahn, 1927, and 
S. Banach, 1929). Most of these results, as well as the Hahn-Banach theorem 
itself, are extension theorems dealing with extension of a (linear) operator 
from a linear subspace to the entire space, thereby preserving certain proper- 
ties of the operator (such as, for example, positivity or norm boundedness). 
To prove the Hahn-Banach theorem it is necessary to accept a certain axiom 
about partially ordered sets, called Zorn’s lemma. We formulate the axiom. 
The definition of a chain and of a maximal element in a partially ordered set 
are given in section 1. 

Zorn’s lemma. If X is a (non-empty) partially ordered set having the prop- 
erty that every chain in X has an upper bound, then X contains a maximal 
element. 

For the benefit of readers who perhaps wonder where such an axiom comes 
from we observe that it can be proved that Zorn’s lemma is equivalent to 
another axiom, called the axiom of choice. This says that if we have a non- 
empty collection of non-empty sets, then we can form a new set by picking 
one element from each of the given sets. More formally stated, if V is the 

collection of the given sets and F is their union, so F = U{D : D € V), then 

there exists a function f : T> ^ F such that f{D) G D for each D ^ V. The 
function / is an example of what is called a choice function. 

To formulate the Hahn-Banach extension theorem, let F be a (real) vector 
space and E a (real) Riesz space. We recall that the function p : V E is 
said to be sublinear whenever 

(i) p{f + 9) < p{f) + pig) for all / and g in V, 

(ii) p(ocf) = ap{f) for every / € F and every real number a > 0. 

For E = M we have then a sublinear functional. 
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Theorem 38.1. (Hahn-Banach) Let V be a real vector space and E a real 
Dedekind complete Riesz space. Furthermore, let p : V E he sublinear. If 
W is a linear subspace of V and S : W E is a (linear) operator such 
that Sf < p{f) holds for all f G W, then there exists a (linear) operator 
T :V E such that 

(i) T f = Sf for all f e W (i.e., T is an extension of S), 

(ii) Tf < p{f) for all feV. 

Proof. IfW = V, there is nothing to prove. We may assume, therefore, that 
W is a proper linear subspace of V. Choose an element f E V such that / is 
not in W and denote by Y the linear subspace generated by W and /, so 

Y = {g + a f : g e W and a e M). 

Assume now that T is a (linear) extension of 5 to F (not yet necessarily to 
the whole of V) such that Th < p{h) for all /i = ^ + af G Y . Observing that 

Th = Tg + aTf = Sg + aTf, 

we see that Th < p{h) is equivalent to 

Sg + aTf <p{g + af), (1) 

holding for all ^ G PP and all a G E. To show that there exists such an 
extension T of 5, it is necessary to prove that Tf can be chosen in E such 
that (1) is satisfied for all ^ G PE and a G E. In other words, we have to prove 
that there exists an element x E E such that x satisfies 

Sg -i- ax < p{g + af) for all g e W and all a G E. (2) 

For a > 0,(2) is equivalent to 



Sg + X < p{g + /) 

for all g E W. To see this, divide (2) by a and denote g/a by g again. For 
a < 0, (2) is equivalent to 



Sk — X < p{k — f) 

for all k E W . To see this, divide (2) now by —a and denote —g/ahy k. Both 
of these inequalities will be satisfied if x is chosen such that 

Sk -p{k - f) < X <p{g + f) - Sg (3) 

holds for all k and ^ in PF. To see that there exists an element x E E satisfying 
(3), note that for k and ^ in PF we have 

Sk + Sg = S(k + g) < p{k g) = 

p{(^ - /) + (3 + /)} < - /) + p{g + f), 
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which implies that 

Sk - p{k - /) < p{g + f)-Sg 

holds for all k and g in W. Since E is Dedekind complete, the supremum s, 
for A: € TV, on the left and the infimum t, for ^ € TV, on the right exist and 
satisfy s <t. Any x e E satisfying s < x <t now satisfies (3), and therefore 
satisfies (2). It has been proved thus that S can be linearly extended to the 
subspace Y such that the extension is still majorized by p. 

It is possible to repeat this extension procedure, thereby extending the 
given operator step by step. This, however, does not lead to an extension 
defined on the whole space V (unless in some special cases). We shall proceed 
differently, and this is where Zorn’s lemma will be used. By (ZjTz) we shall 
denote a linear subspace Z of V such that W C Z C V and a linear operator 
Tz '■ Z E such that Tzf = Sf for all / G TV and Tzf < p{f) for all 
f e Z. Let V be the set of all (Z,Tz). Obviously, V is not empty. The set V 
is partially ordered by defining that (Zi,T^^) < {Z 2 ->Tz 2 ) whenever Z\ C Z 2 
and Tz^ = easy to see that if C is a chain in D, then C 

has a least upper bound {Zq^Tzq)] the space Zq is simply the union of all 
Z in the chain. Hence, in view of Zorn’s lemma, T> has a maximal element 
(ZmiTz^)- If Zm would be a proper subspace of V, the operator Tz^ could 
be further extended by means of the procedure described in the beginning 
of the present proof, so that then {Zm,Tz^) would not be maximal. Hence 
Zm = V and Tz^ satisfies all required conditions. The Hahn-Banach theorem 
has thus been proved. ■ 

In the original version of the theorem the Riesz space E was the space E. 
This is an important case which deserves a special formulation. 

Corollary 38.2. Let p he a suhlinear (real) functional on the real vector 
space V and let he a linear functional on the linear suhspace TV such that 
^(/) ^ p{f) foT all f € TV. Then there exists a linear functional ^ on V 
such that (f lf) = '0(/) for all f eW and (p{f) < p{f) for all f €V. 

If T^ is a normed vector space, then the norm p{f) =|| / || is an example of a 
sublinear functional p on V, having the additional property that p{—f) = p{f) 
holds for all f e V. Hence, if p{f) = a || / || for some (strictly) positive 
constant a, then p is sublinear and also p{—f) = p{f) for all f € V. Observe 
now that if t/; is a linear functional on the linear subspace TV such that 'ip(f) < 

p{f) = II / II for ^ TV, then 

-ip{f) = V'(-/) < p{-f) = p{f) = a II / II 

holds as well, so | 'if(f) |< a || / || for all / € TV. In other words, -0 is a 
norm bounded linear functional on TV. Conversely, if | 0(/) |< a || / || for all 
/ G TV, then of course 0(/) < a || / || for all / G TV. The following extension 
theorem follows therefore immediately. 
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Theorem 38.3. If 'ip is a norm hounded linear functional on the linear sub- 
space W of the normed vector space V, then there exists a norm bounded lin- 
ear functional (p on V such that p{f) = ip{f) for all f e W and || p || = || ip ||. 

Proof. Choose a =\\ xp \\ in the remark above, so p{f) =\\ 'ip \\ ' \\ f \\ for all 
f E V. Then the linear extension p of xp which exists by the above corollary 
has the property that | p{f) |<|| ^ || • || / I1 for all / G F, which shows that 
II II <11 '0 II- On the other hand we have |1 p ||>1| xp || since p is an extension 
of xp. Hence || p ||=|| 0 || . ■ 

The next theorem follows now easily. 

Theorem 38.4. For any given element fo^Oof the normed vector space 
V there exists a norm bounded linear functional p on V such that || <^ ||= 1 
and ififo) =11 fo ||. 

Proof. Denote the linear subspace of all (real) multiples of fo by W and 
define the linear functional xp on W by xp{afo) = cx || fo || for every o G R. 
Then || 0 ||= 1 and 0(/o) =|| fo ||- In view of the preceding theorem xp has a 
linear extension p to the whole of V such that || p || = || xp ||. It follows that 
II ip 11= 1 and p{fo) =11 /o II - ■ 

We have actually proved here that if F is a normed vector space contain- 
ing non-zero elements, then the Banach dual (i.e., the space of all norm 
bounded linear functionals on F) contains non-zero elements as well. More 
precisely, it follows from the last theorem that V* separates the points of F, 
i.e., if / G F and p{f) = 0 for all p E then / = 0. The Banach dual F* 
is introduced in section 18. For the notion of separation, see the beginning of 
section 30. 

If F is a normed vector space and p E V*, i.e., (p is a norm bounded linear 
functional on F, then (by definition) the norm of p is given by 

||v^||=sup(|¥P(/)|:/€F,||/||<l). 

There is a dual formula for the norm of an element in F, as follows. 

Corollary 38.5. If V is a normed vector space and f eV , then 
II / 11= sup(| ip{f) \:pe V*, II (f ||< 1). 



Proof. For every p eV* satisfying || p ||< 1 we have 

l^(/)l<ll¥^IMI/ll<ll/ll- 

Hence, sup | p{f) | for || 9 ? ||< 1 is at most equal to || / ||. In view of the last 
theorem there exists at least one p E V* such that || p ||= 1 and p{f) =|| / ||. 
Hence, sup | p{f) | for || ||< 1 is equal to || / || . ■ 
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In section 31 we have discussed the embedding of a Riesz space E into 
its order bidual {E"Y or, more generally, into B" where B is an ideal in 
If B separates the points of E the embedding is an isomorphism, i.e., 
the embedding is then one-one (see Lemma 31.2). Something similar can be 
done in a normed vector space V. For any given f E V we define the linear 
functional f* on V* by f*{(p) = ^{f) for all <p eV*. Since 

\n<p) Ni ¥^(/) i<ii / II • II ^ II 

for every (^, the linear functional /* is norm boimded and || /* ii<ii / II- 
Hence f* E (V*)*. Briefly written, f* E F**. It is evident from the definition 
that {af + = af* + (3 g* for real a and P, so the mapping from V into 

V** which maps f £ V into /* € V** is linear. The mapping is also norm 
preserving as follows from the last corollary by observing that 

II r 11= supd r (y.) i: e vMi ii< 1) = 

sup(| (p{f) |: V? e V*, II if ||< 1) =11 / II . 

This shows in particular that / / 0 implies f* ^ 0. Identifying now /* and 
/ for all f E V, the space V is thus embedded into V** as a linear subspace. 
In general F is a proper linear subspace of V**. Example: V = (cq),F* = 
^ 2 , V** = £^. If V = Lp = Lp{X,fi) for some p satisfying 1 < p < oo, then 
F* = Lq for 4- = 1, so F** = Lp = V. If F** = F, the space is said 

to be reflexive. 

If F and W are normed vector spaces and T : F — > IF is a norm bounded 
operator, then the Banach adjoint operator T* : W* — ^ F*, as defined in 
section 26, satisfies 

(r»(/) = ^(r/) for all / € F, 1 /; € IF*. 

It was proved in section 26 that || T* ||<|| T ||. We complete this result by 
proving now that || T* || = || T ||. It is sufficient to show that || T ||<|| T* ||. 
We may assume that || T ||> 0 and we recall that 

||T||=sup(|| Tf ||:/eF,||/||=l). 

Hence, for 0 < e <|| T ||, there exists an element f E V such that || / ||= 1 
and II Tf ||>|| T || — e. Now, in view of Theorem 38.4 above, there exists an 
element G IF* such that || t/? ||= 1 and i^{Tf) =|| Tf ||. It follows that 

0 <11 T II -€ <11 Tf 11= ^(T/) = (T»(/) <11 T> II • II / 11 = 

II ||<||T*||-||^|| = || T* II . 

The inequality 0 <|| T || — € <|| T* || holds for every e satisfying 0 < e <|| T ||, 
so we see that || T ||<|| T* ||. This is the desired result. ■ 
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39. The HcQin-Banach Theorem in Normed Riesz 
Spaces 

In the present section some results in Riesz spaces will be obtained which 
depend on the Hahn-Banach theorem. First a definition. The sublinear map- 
ping p from the Riesz space E into the Riesz space F is said to be absolute if 
Pif) = p(| / 1) for all / 6 FJ and p is said to be monotone if it follows from 
0 < f < g in E that p{f) < p{g)^ Prom the sublinearity of p it is evident that 
p(0) = 0(simply choose a = 0 in p(a/) = ap{f), holding for a > 0). Hence, 
if p is absolute, then p(/) = p{\ f 1) = p(— /), and so 

0 = p(0) = p{f + (-/)} < p{f) +p{-f) = 2p{f) 

for every f £ E. This shows that p{f)>0 for every / € JE. As a special case 
we mention the case that F = M. and E* is a normed Riesz space, so the norm 
in E is now sublinear, absolute and monotone. 

We present the first extension theorem in Riesz spaces. 

Theorem 39.1. Let E and F be Riesz spaces with F Dedekind complete and 
let p : E F be sublinear, absolute and monotone. Furthermore, let G be a 
Riesz sub space of E and let S : G F be a positive (linear) operator such 
that Sf< p{f) holds for all f £ G. Then there exists a positive operator 
T : E F such that T f = Sf for all f £ G and | Tf |< T(| / |) < p{f) for 
all f £ E. 

Proof. Define pi : E F by pi{f) = pif'^) for all f £ E. Then pi{af) = 
api{f) for 0 < a € M and 

piif + g)= p{{f + g)'^} < p{f^ + 9"^) < 

p(f^) +p{g'^) =Pi{f) +Pi{g) 

for all / and g in E. This shows that pi is sublinear. Furthermore, since S is 
positive, we have 



Sf<S{f+)<p{f+)=piif) 

for all f £ G. Hence, in virtue of the Hahn-Banach theorem, there exists an 
operator T : E F which extends 5 and is such that Tf < pi (/) holds for 
all / G E. It follows that for / £ E+ we have 

T{-f) < pii-f) = p{{-fr} = p{o) = 0 , 

so r/ > 0. This shows that T is a positive operator. Finally, using now that 
T is positive, we derive for / arbitrary in E that 



|T/|<T(|/|)<pi(|/|)=p(|/|)=p(/). 
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For the case that F = M and F is a normed Riesz space, the following 
extension theorem is an immediate corollary. 

Theorem 39.2. If ^ is a positive linear functional on the Riesz subspace 
G of the normed Riesz space E such that 'ip(f) <|| / || holds on G, then 
there exists a positive linear functional (p on E such that (f{f) = ipif) for 
all f e G and | ip{f) |< (p{\ f |) <|| / || for all f £ E. It follows that every 
norm bounded positive linear functional 'if on G can be extended to a norm 
bounded positive linear functional p on E such that || ip ||=|| 'if ||. 

Note that the last theorem is similar to Theorem 38.3, where we dealt with 
arbitrary norm bounded linear functionals on a normed space. The theorem 
which follows now is similar to Theorem 38.4. 

Theorem 39.3. For any u > 0 in the normed Riesz space E there exists a 
positive linear functional p on E such that || (^ ||= 1 and (p{u) =|| u ||. 

Proof. Define the positive linear functional xf on the Riesz subspace of all 
real multiples au of u by ip{au) =z a \\ u ||. Then || 'ip ||= 1 and 'ip{u) =|| u ||. 
In view of the preceding theorem 'if has a positive extension ip to E such that 
II V? 11 = 11 i/i 11= 1. ■ 

If F is a normed Riesz space with cr-order continuous norm and ip is 
a norm bounded linear functional on F (i.e., ip € F*), then (p(un) 0 
for any sequence f 0 in F. This is evident if ip is positive since then 
p{un) <11 II • II Un lU 0- For an arbitrary cp e E* it follows from F* C E" 
(see Theorem 25.8) that ip = ip'^ — with (p~^ and (p~ positive, so 

</3(Wn) = 'P^{Un) - 0. 

Similarly, if F has order continuous norm and F is a downwards directed set 
in F satisfying F | 0, then p{D) is downwards directed with p{D) J, 0 for any 
positive ip £ E* . We shall prove now that the converse holds as well. It will 
be convenient to formulate first a simple lemma about extension of a certain 
positive linear functional on the space (c) of convergent number sequences. 
We recall that (c) is the Riesz subspace of too consisting of all sequences 
/ = (/i? / 2 , • • •) ^oo for which lim fn exists as n ^ oo. 

Lemma 39.4. The positive linear functional if of norm one on (c ), defined 
by 'if if) = lim fn for any f = (/i, / 2 , • . .) G (c), can be extended to a positive 
linear functional F on ioo such that || ^ \\= 1. 



Proof. Follows from Theorem 39.2 above. 
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Theorem 39.5. The following conditions in the normed Riesz space E are 
equivalent. 

(i) For every sequence Un I 0 in E we have (f{un) i 0 for every positive 
(f e E*. 

(a) For every sequence Un i ^ in E we have \\ Un \\ I 0 ( i.e., E has 
a -order continuous norm). 

Proof. It is evident that (ii) implies (i). For the proof in the converse direc- 
tion, assume that we have a sequence 0 < Un i 0 in £* and <f{un) i 0 for 
every positive ip G E*, but \\ Un ||> a > 0 for some a and all n. In view 
of the last theorem proved above (Theorem 39.3) there exists for each n a 
positive linear functional pn on E such that 1| pn II = 1 and Pn{un) =|| ttn II- 
For any arbitrary f e E we have | (^n(/) |<|| / II, so the number sequence 
(pi{f), P 2 (f )^ . . .) is a member of ioo- Let W be the positive linear functional 
on £oo introduced in the last lemma and define po{f) for each f e E hj 

Then po is a positive linear functional on E and 

I mif) l< n\ Mf) I, I Mf) 1, ■ ■ ■} < n\\ f ll> II / IK • ■ •} =11 / II 

for each f £ E^ where it is used now that T^{t) = limtn for any converging 
number sequence t = (ti, ^2, • • •)• follows that po e E* and || ||< 1- Now 

fix a natural number k. We shall make an estimate for po{uk). Observing that 
Po{Un) ^ Poi^k) for n > A: since Un i and po is positive, we see that 

^{V’liUk), ■■■, V>k{Uk), ipk+l[Uk+l), • • •} = 

^{<^l(wfc),---,ll Wfc II. II Uk+1 II. II Uk+2 II.---} > 

^Wi{uk),---,o:,a,a,...} = a. 

It has been shown thus that po{uk) '> o; > 0 for all A: = 1, 2, . . .,which 
contradicts the hypothesis that po{uk) i 0 as A: — ^ oo. It follows, therefore, 
that II Un Hi 0- This proof, more elementary than earlier proofs, is due to 
E. de Jonge and A.C.M. van Rooij (1977). ■ 

For the case of order continuity it is convenient to make some preliminary 
remarks. If X is an arbitrary (non-empty) set, the normed Riesz space of all 
(real) bounded functions / on X, equipped with the uniform norm, i.e., 

II / 11= supd fix) |: X € X), 

is sometimes denoted by ioo{X). In general there does not exist a Riesz sub- 
space similar to (c) in the case that X is countable. If, however, there exists 
a lattice such that JA is a directed subset of the lattice, the situation becomes 
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more like in the countable case. Assume, for example, that X is downwards 
directed. We shall say now that the element t € ^oo(A) converges to the 
number a whenever for each e > 0 there exists a point e X such that 
I Oi - t{x) \< € holds for all x < x^. Notation: a = lim(t(x) : x G X). It is 
easily seen that the set c{X) of all converging elements in ^oo(A) is a Riesz 
subspace of 1^{X) and 



'4){t) = lim(t(a:) : x e X) 

is a positive linear functional of norm one on c{X). Similarly as in Lemma 
39.4 we extend the functional to b. positive linear functional ^ on ioo{X) 
such that II 11= 1 holds. 

Theorem 39.6. The following conditions in the normed Riesz space E are 
equivalent 

(i) For every downwards directed set D I 0 in E we have (f{D) I 0 for 
every positive ip E E* . 

(a) For every downwards directed set D I t) in E we have (|| u ||: u € 
D) j 0 (i.e., E has order continuous norm). 

Proof. The proof is similar to the proof in the countable case. If D is down- 
wards directed in and {\\ u \\: u E D) I 0, i.e., if D converges in norm 
to the zero element, then D | 0 (see Theorem 15.7). Hence, if E has order 
continuous norm, then p{D) I 0 for every positive p E E*. For the proof in 
the converse direction, assume that we have a downwards directed set D in 
E'^ and p{D) I 0 holds for every positive p E E* , but || ||> a > 0 holds for 

all u E D. For each u E D there exists a positive linear functional pu on E 
such that II pu 11= 1 Tu{y) =|| u ||. Hence, for f E E arbitrary, we have 
I Tu{f) I <11 / II, and so the set of numbers {pu{f) : u E D) is a. member of 
ioo{D). Let ^ be the positive linear functional on ioo{D) as introduced above 
and define po{f) for each f E E by 

Toif) = ^{Tuif) :uE D}. 

Then po is a positive linear functional on E and 

I Mf) l< Tuif) \:uED}< ^{\\ f II for each u E D} =|| / ||, 

where it is used now that ^{t) = lim{t{u) : u E D) for any t E c{D). This 
shows that po E E*. Now fix an element u* E D and observe that for all 
u E D satisfying u < u* we have 

Puil^ ) ^ ~|| ^ 11 ^ 



Hence 



= ^{pu{u*) :u .D]> T{t{u) : u E D} = a 




252 CHAPTER 20 Results with the Hahn-Banach Theorem 

for some t G £oo{D) such that t{u) = a for all u < u*, and therefore t G c( 
and ^{t) = a. It has been shown thus that (po{u*) > a > 0 for all u* G 
which contradicts the hypothesis that (po{D) J, 0. We may conclude, therefore, 
that {\\ u \\: u e D) I 0. ■ 



t) 




CHAPTER 21 

Spectrum, Resolvent Set and the 
Krein-Rutman Theorem 



40. Spectrum and Resolvent Set 

In the last two chapters we shall discuss some spectral properties of a (linear) 
norm bounded operator T in a complex Banach space V] in particular we 
deal with the case that F is a Banach lattice and the operator T is positive. 
In the present section we restrict ourselves, however, to the case that V is 
a Banach space. Not ever}d;hing will be proved. The reader is assumed to 
be familiar with (or at least to accept without full proof) some elementary 
results about compact sets and compact operators in a Banach space. We 
have to explain first what is meant by spectral properties of an operator T. 
We assume, therefore, that T is a norm bounded operator mapping V into 
itself, i.e., T G B{V) in the notation introduced in section 18. Recall that B{V) 
is a Banach space (see Theorem 18.2). Choose a complex number A and, for 
brevity, denote the operator T — XI {I the identity operator) by T^. Assume 
now that T\ maps V onto the whole of F in a one-one way, so that therefore the 
inverse operator exists with domain F, and assume also that {Tx)~^ 

is norm bounded, so G B{V). The set of complex numbers A for which 

this situation occurs is called the resolvent set of T. We shall denote this 
set by p{T). The complementary set (that is to say, the set of all complex 
A for which T — XI does not have a norm bounded inverse with domain 
F) is called the spectrum of T and denoted by cr{T). Operator spectra have 
been extensively investigated for many different classes of operators. In the 
sections following after this one we mainly restrict our attention to positive 
operators in a Banach lattice. Here, however, it will be proved first that if 
F is a Banach space and T is norm bounded, then the spectrum cr(T) is a 
non-empty bounded set in the complex plane. Recall the notion of the limes 
superior (limsup) of a sequence (a^ : n = 1,2, . . .) of non-negative numbers. 
Let bn = sup(a7^, a^+15 • • •) for n = 1,2,..., where it is possible that bn = oo. 
The sequence (6i, 625 • • •) is non-increasing, so s = lim6n (as n 00) exists, 
where it is possible that bn = 00 for all n, so s = 00 in this case. The number s 
is denoted by s = limsup On- It is important to note that if t is a real number 
satisfying t > s (this can happen only if s is finite), then On>t holds for only 
finitely many n. On the other hand, if t is a real number satisfying t < s, then 
dn ^ t holds for infinitely many n. As well-known, any series E^OnZ'^ (all 
On and z complex) is called a power series. More generally, we shall consider 
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now series EanZ^ ^ where z is complex and the coefficients an are members of 
a given Banach space V. Given the coefficients, one may ask for which z the 
series converges in V (i.e., converges in norm). Observe first that if Efn is a 
series with all fn and E || /„ || converges, then Efn converges (because 

II II < r" II M|< 6 

for any finite sum with m sufficiently large). In other words, if a series in V 
converges absolutely, then the series converges (in norm). 

Theorem 40.1. Let EanZ^ be a power series in the Banach space V, i.e., 
z is complex and the coefficients an are elements of V. Define the number 
R{0 < R < oo) by 

R~^ = limsup II a„ . 



Then the following holds. 

(i) For I z |< i? the series converges absolutely. 

(ii) For I z |> the sequence (|| anz'^ ||: n = 0, 1 , 2, . . .)is unbounded. 

As in the familiar case that the coefficients are complex numbers, the 
number R is called the radius of convergence of EonZ^ . 

Proof, (i) For |2|< R there exists a number r such that | z | < r < i^. Hence 
r~^ > R~^, so there are only finitely many n satisfying || an r~^ . In 

other words, there exists a natural number N such that || r~^ for 

all n> N. It follows that || ||< and so 

II anz" ||< (I z I /rT 

for all n > N. Since the geometric series E(\ z \ /r)^ is converging (because 
I z |< r), this shows that E || a^z’^ || converges. 

(ii) For I z |> jR there exists a number r such that | z |> r > i^.Hence 
r~^ < R~^, so there are infinitely many n satisfying || Un ||^/’^> It follows 
that 



II anZ^ ||> (U I /r)" 

for these n. Since | z |> r, we have (| z | /r)’^ ^ oo for the subsequence of 
these n, so the sequence (|| anz'^ ||: n = 0, 1 , 2, . . .) is unbounded. 

Note that for | z |< JRi < JR the convergence of E || anZ^ ||, and therefore 
of EanZ^, is uniform, i.e., for any e > 0 there exists JVq = iVo(e, R\) such that 

i:~ II II II anZ- ||< e 

for all n > No and all z satisfying | z |< i^i. ■ 
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Assume now that T e B{V), i.e., T is a norm bounded operator in the 
Banach space V. Then 6 B{V) for n = 1,2 ,... (and also for n = 0, if we 
agree that = J forn = 0). Since || T1T2 ||<|| Ti || • || T 2 || holds for all Ti 

and T2 in B{V), we see that || T” ||<|| T ||^ for n = 1,2, It follows that 

II ||^/'^<|| T II, which implies that 

limsup II T" ||i/”<|| T II . 



We introduce the series 



- \-^T - \-^T^ , 

where A 7^ 0 is complex and where, as before, / is the identity operator in 
V. This is a power series in A~^ with coefficients in the Banach space B{V). 
The formula for the radius of convergence shows that the series converges for 
I A |>limsup|| T'^ 11^/^ and not for | A |<limsup|| ||^/^. Therefore, the 
series converges certainly for | A |>|| T ||. Denoting the sum of the series 
by S\ for these values of A, the operator S\ is a member of B{V). A simple 
calculation shows that 



5a (T - XI) = {T- A/)5a = /. 

Hence, for | A |>limsup|| the operator T - XI has an inverse (T - 

A/)“^ in B(V), given by 

(T - AJ)-i = -X~H - X-'^T - A"^T2 . 

All A satisfying | A |>limsup|| ||^/^ are, therefore, members of the resolvent 
set p{T) of T. The spectrum cr(T) of T (i.e., the complement of the resolvent 
set) is then contained in the circular set of all A for which | A |<limsup|| 
Tn II 1/”^^ SO the spectrum is a bounded set in the complex plane. In general, 
there will also be points A in the resolvent set of T satisfying | A |<limsup|| 
j-n ||i/n proved now first that the resolvent set p{T) is an open set 

in the complex plane. For convenience, denote (T — A/)~^ by R\ for all A in 
the resolvent set of T. 

Theorem 40.2. If Aq G p{T) and | A - Aq |<|| R\q ||~^ then X e p{T) and 
Rx = Rxo + (A - Xo){Rxo? + (A - Xof(Rx,f + ■■■ 

holds in B{V). This shows that p{T) is an open set in the complex plane and 
R\ is . a continuous function of X on p{T ) . 
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Proof. The convergence of the series follows by observing that 

r I A - Ao r • II ||< I A - Ao r ■ II Rx, r+'< (X). 

Writing S = E{X — Ao)^(Rao)’^'^^? we have 

{/-(A-Ao)i^Ao}‘^ = 

- XoTiRxoT^^ - - XonRxoT^^ = Rxo. 

and hence 

(T-Ao/){J-(A-Ao)i?Ao}^ = /, 

Corollary 40.3. If Xq G cr{T) and if there exists a sequence (An : n = 
1,2, . . .) of complex numbers in p(T) such that An — > Aq ; then || i^A„ ||-^ oo 
as n — > 00 . 



Proof. If II Rx^ ||— ^ oo does not hold, we may assume (passing to a 
subsequence if necessary) that || R\^ ||< M for some M > 0 and all 
n. Then | An — Aq |< M~^ for n sufficiently large, which implies that 
I Ao — An I <11 Rxrt 11”^- follows now from the theorem above that Aq E p(T), 
contrary to the hypothesis. ■ 

Before discussing further properties of the spectrum it is of some interest 
to observe that lim || (as n — > oo) exists (i.e., the limsup is actually 

a limit), so that therefore the series 

-A"^/- A'^r- A"^T2 (1) 



converges for | A |> lim || and diverges for | A |< lim || 

The existence of the limit follows by observing that the series (1) converges 
certainly for | A |>|| T ||, and so (if n is any natural number) 



J — dnrpin 



( 2 ) 



converges certainly for all complex A satisfying | X^ |>|| ||, i.e., 

I A |>|| T’^ 11^. Multiplying the series (2) by 



we obtain the series (1) and this does not change the convergence, so (1) 
converges certainly for | A |>|| ||^/^. Because this holds for all n = 1 , 2 ,..., 

we see that (1) converges for | A |> inf„ || T'^ Comparing this with the 
result for the radius of convergence for (1), it follows that 

limsup II II inf || ||^/^ . 

n 

This shows that lim^ || exists and 
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lim II T” |p/"=inf || T” H^/” . 

n n 

It is evident from what has been proved so far that the spectrum cr(T) of T is 
a closed and bounded set in the complex plane C. The radius of the smallest 
circle having as its centre the origin and containing the spectrum is called the 
spectral radius of T and is denoted by r(T). Hence 

r(T) = sup(| A 1: A € a{T)) = max(| A |: A G a(T)). 

We shall indicate how to prove that (j{T) is not empty. Hence, if r(T) = 0, 
then <j(T) consists of the number zero only. We shall also indicate (but this 
is a little more difficult) how to prove that the spectral radius satisfies 

r(T) = lim || T” ||^/" . 

n 

Before doing so, we first prove a simple lemma dealing with the behaviour of 

Rx = {T-XI)-K 



Lemma 40.4. 

(i) If the complex numbers A and p are in the resolvent set p{T) of T, 
then 



Rx- R^ = {X- p)R\Rfj, = (A - p)R^Rx. 

(ii) II Rx ||-^ 0 as I A |-> oo. 

Proof, (i) We have Rx = Rx{T — pI)Rfj, and R^ = Rx{T — XI) R^^ so 
Rx-R^. = Rx{{T - pi) - (T - XI)}R^ = 

Rx(XI - pI)R^ = (^ - 

Similarly Rx = Rfj,{T — pI)Rx and = R^{T — XI) Rx, so 

Rx- Rfj, = {X- p)Rfj,Rx^ 

(ii) For I A | sufficiently large (certainly for | A |>|| T ||) we have A e p{T), 
and so it follows for these A from 

II (T-XI)f Ihll Xf-Tf ||>(|A|-||T||)- II /II 

for every f G V that 



IUII>(|A|-||r||)- II Rxg II 

for every g . This shows that || Rx ||< (| A | — || T ||)“^ for | A |>|| T ||. 
Hence || ||^ 0 as | A |— > oo. ■ 

As promised above, we turn our attention to the spectrum and the spectral 
radius of T. For this purpose it is necessary to introduce the integral of a 
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function assuming its values in a Banach space. Let F be a function, defined 
ioT a < t < b and with values in the Banach space V. If F is continuous 
at each t € [a, 6], then F is uniformly continuous on [a, 6] exactly as in the 
familiar case that F assumes real or complex values, i.e., for each € > 0 there 
exists 6 > 0 such that for all ti,t2 in satisfying | — ^2 |< <^ we have 

II F(ti) - F{t2) II < e. Now, let 

{a = to < ti < t 2 < ‘ • ' < tn = b) 

be a partition of [a, b]. If maock{tk — t^-i) < 6 for A: = 1, . . . , n, we shall say 
for convenience that we have a ^-partition. If moreover F- is continuous on 
[a, b] and is a point in [tk-i^tk] for A: = 1, . . . , n, we shall say that 

F{^l){ti — to) + F(^2)(^2 — fi) + • • • + F{^n){tn ~ ^n-l) 
is a ^-sum for F. 



Lemma 40.5. If F is continuous on [a, 6] and e > 0 is given, there exists 
a number 6 > 0 such that the difference between any two 6 -sums is at most 
equal to e in norm. 



Proof. Given e > 0, let 6 > 0 be such that | — ^2 |^ <^ implies 



li F{ti)-F{t2) ||< 



e 

[2(6 -a)]' 



If 5i and S2 are now ^-sums for F such that one of the corresponding 6- 
partitions is a refinement of the other one, then 



Hence, if Si and ^2 are arbitrary <5-sums and S3 is their common refinement, 
then 



||5i-52||<||Si-53|| + ||53-52||<e. 

Therefore, the following definition may be given. 

Definition 40.6. If F, with values in the Banach space V, is continuous on 
[a, 6], the ^-sums for F tend to a limit depending only on F as ^ 0. The 

limit is called the integral of F over [a, 6] and is denoted by F{t)dt. Note 
that the existence of the limit depends on the hypothesis that F is a Banach 
space, i.e., each Cauchy sequence in V has a limit. 

It is easily seen that the integral has the usual linearity properties. Also, if 
F = EF\i on [a, b] and the series converges uniformly on [a, 6], then J Fdt = 
E f Fndt. If F = Gf, where G is complexvalued and continuous and f E V, 
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then / Fdt = (f Gdt) • /. If F is constant on [a, F{t) = f for all 

t G [a, 6], then f Fdt = {b — a) f. Finally, it follows from 

II SF(^k){tk - tk-i) ||< r II F(a) II {tk - tk-i) 

that II jF{t)dt ||< / II F{t) || dt. 

Lemma 40.7. As before, let T he a bounded operator in the Banach space 
V and let fi E p{T), so that therefore all X = p + re^^ (r fixed with 0 < 
r <11 are in p{T), and 

holds for these A (see Theorem 40.2 above). Then 




Proof. Follows from the uniform convergence of the series for R^p on [0, 2ir] 
(so that termwise integration is possible) and from e'^'^^dip = 0 which 
holds for n = 1, 2, ■ 

Corollau*y 40.8. The function || R\ || on the resolvent set p{T) has no 
proper maximum on p{T). Precisely, if p £ p(F) and the sequence (A„ : 
n = 1 , 2 , . . .), converging to p, has the property that || R\^ ||<|| Rfj, || for all 
n = 1 , 2 ,..., then there exists a sequence {vn ’ ^ = 1 ? 2 ,...), also converging 
to p, such that || R,^^ ||>|| || for all n = 1, 2, — 

Proof. Follows from 

p2'n 

II II < (27t)-i / II R^ II d^, 

Jo 

where the integration is over a circle with centre p and radius \ Xn — p \ . ■ 

Theorem 40.9. The spectrum of T is not empty. 

Proof. Assume that T has an empty spectrum, i.e., every complex number 
is in the resolvent set p{T) of T. In particular A = 0 is in p(T), i.e., T has 
a bounded inverse. Hence, T~^ exists and this is then R\ for A = 0, i.e., 
Rq = T~^ maps V onto V. Let || Rq ||= a, so a > 0. Since || R\ ||^ 0 as 
A — > 00 , there exists a number C > 0 such that || R\ 1|< a/2 for | A |> C. 
The function || R\ || is continuous on (A :| A |< C), so || R\ || has a finite 
maximum on (A :| A |< C) which is at least equal to a (since || JRq 11= a). 
The points at which || R\ || attains its maximum j3 are interior points of 
(A :| A |< C) since || R\ ||< a/2 for | A |> C. It follows that there exists at 
least one point Aq in (A :| A |< C) such that || jRao \\ — P II IK for 
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all An in an appropriate sequence (An : n = 1,2,...) converging to Aq. Then, 
in view of the corollary above, there also exists a sequence (z/n-n = 1,2,...) 
converging to Aq such that || \\> P for all n. This is not possible since P 

is the maximal value of || ||- Hence, the spectrum of T is not empty. ■ 

We proceed with a discussion of integrals of Banach space valued functions 
along curves in the complex plane. By definition, a continuous curve (or arc) 7 
in the complex A-plane C is a point set 7 : 7 = (A(t) : a < t < 6) in C, 
where X{t) is continuous on [a, 6]. We shall assume here even that X{t) has a 
continuous derivative A'(t) on [a, 6]. Then, if F = F(A), with values in the 
Banach space F, is defined and continuous on 7, the function F{X{t)}X'{t) is 
continuous on [a, 6] . We define the integral of F along 7 by 

f F{X)dX = j F{X{t)}X\t)dt. 

J'y J a 

The definition may immediately be extended to the case that the derivative 
X{t) is only piecewise continuous. Example: 7 is the perimeter of a rectangle. 
This type of integral is related to the integral of F with respect to arc length, 
which is by definition the integral 



j Fds= f F{X)\dX\= F{X{t)} 

J y J'y J a 



A'(t) I dt. 



For the case that V = C and F{X) = 1 for all A G 7, the integral 






A'(t) I dt 



is the arc length of 7. Let us mention as a well-known example that the length 
of the circle (A : A = Aq + re^*^), for 0 < <^ < 27 t and r > 0 fixed, is 



p2TT p27T 

/ I \ dcp = / rdip = 2 iTr. 

Jo Jo 

We recall that the subset i? of C is said to be a region if i? is open and 
connected^ i.e., i? is open and each pair of points in i? is connected by a 
continuous arc contained in i 7 . Let F, with values in the Banach space F, be 
defined on the region i 7 . As in the familiar case that F is the complex plane 
C, the function F is said to be differentiable at the point Aq G i? if the limit 



F'(Ao) = lim [{F(A) - F(Ao)}/(A - Ao)] 

A — ^•Ao 



exists (i.e., exists in norm) and F'(Aq) is then called the derivative of F at 
Aq. If F is differentiable at each point of the region i 7 , then F is said to be 
analytic on i?. As an example, let T be a bounded operator in the Banach 
space F and let F be the function R\ = {T — XI)~^ in the resolvent set p{T) 
of T. The set (A :| A |> r(T)) is a region f 2 contained in the resolvent set 
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p{T) and R\ is analytic on Q. To see this, note that if A and ji are points in 
i?, then 



{R^ - R\)/{n - A) = Ry,R\ 

by Lemma 40.4(i), so the limit as /i — > A exists and is equal to {R\)^, i-e., 

(il,)' = {R^f. 

Returning to the general case, let F be analytic on the region Q and let 
7 be the perimeter of a rectangle such that 7 and its interior are contained 
in Q. Then FdX = 0 . The proof is almost exactly the same as in the case 
that V = C. This can be extended (as in the case again that V = C) to the 
situation that 7 is a more general closed curve, in particular to the situation 
that 7 is a circle such that both 7 and its interior are contained in i?. Now let 
Ao be a point in i? and let G be analytic on i? except perhaps at Aq. Assume 
that 7 is a circle such that 7 and its interior are contained in i? and such 
that Ao is in the interior of 7. Also, let 71 be another circle with centre Aq 
and radius so small that 71 is contained in the interior of 7. It follows in a 
familiar manner that GdX = GdX. We apply this result to the case that 
G(X) = F(A)/(A — Ao), where F is analytic on i?. It is easy to see that if we 
let the radius of 71 tend to zero, then 

[ [F{X)/{X-Xo)]dX-^2niF{Xo)^ 

Hence, it follows from GdX = GdX that 

27TiF{Xo)= [ G{X)dX= f[F{X)/{X-Xo)]dX. 

This is, therefore, the extension of Cauchy’s integral formula from complex- 
valued functions to Banach space valued functions. The formula will be used 
now to prove the following theorem. 

Theorem 40.10. Let F (with values in the Banach space V ) be analytic 
in the interior of a circle 7 with centre the origin and radius r. Then there 
exists a power series E^a^X^ (with coefficients a-n ^ V ) such that F{X) = 
E^OnX^ for all X in the interior of ^ ( i.e., for all X satisfying | A |< rj. 
The coefficients are uniquely determined. 

Proof. Choose a point A satisfying | A |= p < r and keep A fixed. Then 
choose a number pi such that p < pi < r. Let 71 be the circle with centre the 
origin and radius p\. For any point r on 71 we have 

(r-A)-i=r-i{l-(A/T)}-i = 



= r-i{l + (A/r) + (A/r )2 + ...} = 
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where the series on the right converges uniformly on 71 (because | A/r |< 1). 
Then, since || F || is bounded on 71, the series 

F(r)/(r - A) = S^{F{T)/r^+^}\^ 

likewise converges uniformly on 71. Hence, by means of Cauchy’s integral 
formula and by termwise integration, it follows that 

F(A) = (27r*)-i [ {F{r)/{T-X)}dT = 

J7I 

= Fo°°[(27Ti)-i / {F(T)/r"+i}dr]A" = ro°°a„A”, 

where an is the expression between square brackets. The uniqueness of the 
coefficients is a consequence of the following simple lemma. ■ 

Lemma 40.11. If and E^bnE^ both have a positive radius of 

convergence and their sumfunctions, say F and G respectively, are equal in 
an (open) neighbourhood of the origin, then an = fen for all n. 

Proof. The proof is by induction. Observe first that it follows from the uni- 
form convergence of EanX^ in any (closed) circular disc with radius smaller 
than the radius of convergence (see the remark at the end of the proof of The- 
orem 40.1) that F is continuous. Since F{0) = G{0) it is evident that uq = feo- 
Assume now that it has been proved that = fe^ for k = 0, 1 , . . . ,n — 1. Then 

On + On-\-\X + an-\-2^^ -h • • • = fen + fen+lA + fen+2A^ + • • • 

for all A in a neighbourhood of the origin, except perhaps the origin itself. Let- 
ting A — ^ 0 through an appropriate sequence An / 0, it follows by continuity 
that an — bn’ ■ 

The proof that the spectral radius r(T) of a norm bounded operator T in 
the Banach space V satisfies r(T) = limn || is now relatively easy. 

As before we denote (T — A/)“^ for A in the resolvent set of T by R\ and, 
for convenience of notation, we shall denote limn II T'^ II by a{T). It was 
proved that 

Rx = -X~^I - X~^T - A-^T^ 

for I A |> a{T). Precisely, the power series in A~^ on the right has radius of 
convergence {a(r)}~^ Furthermore, R\ - R^ = {X - fx)R\R^jt, for A and p 
in the resolvent set of T, so the derivative {RxY exists and satisfies {RxY = 
(Rx)^- It follows that Rx is analytic in the region {A :| A |> a{T)}. Therefore, 
since there is at least one point Aq in the spectrum of T such that | Aq |= r(T), 
it is evident that r{T) < a{T). It remains to be proved that a{T) < r{T). 
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Let r = A ^,cr = /i ^ and, for convenience again, denote R\ and by 
Sr and Sa respectively. Then 

= -rl - t^T - , (3) 

Sr- Sa = {-(r - a)SrSa}/{rcr) (4) 

for I r I and | a | not zero and less than {o:(T)}~^. It is evident from (4) that 
Sr (as a function of r) is anal5rtic in the region (r : 0 <| r |< {a(T)}“^). 
Defining now Sr for r = 0 by 5o = 0 (i.e., So is the null operator), it follows 
immediately that Sr is differentiable also at r = 0 (note from (3) that {Sr - 
Sq)/t = Sr/r tends to — / as r 0), so is analytic and equal to the sum of 
the series (3) in the interior of the circle of convergence with radius 
in the r-plane. On the other hand, since Rx is differentiable at each point A 
in the resolvent set and so in particular for [ A |> r(T), it follows that Sr is 
analytic in (r :| r |< {r(T)}“^). Hence, by Theorem 40.10 above, Sr is the 
sum of a power series in r converging in the interior of a circle with centre 
the origin and radius at least {r(T)}~^. By the uniqueness in Theorem 40.10 
this power series must be the same series as the one in (3) with convergence 
radius {a{T)}~^. It follows that {r(T)}~^ < {a(T)}“^, i.e., a{T) < r(T). 
This is the desired result which we now state as a theorem. 

Theorem 40.12. The spectral radius r(T) of the norm bounded operator T 
in the Banach space V satisfies 

r{T) = lim II . 

n 

We mention some terminology. As well-known, the operator T in the Banach 
space V is called nilpotent if there exists a natural number n such that 
is the null operator (equivalently, 1| ||= 0 if T is bounded). The bounded 

operator T is said to be quasi-nilpotent if lim || 0 as n oo, i.e., if 

r(T) = 0. 

To proceed with the present section we recall some elementary facts from 
Banach space theory. Let F be a subset of the Banach space V. According 
to Lemma 14.1 the set F is closed (i.e., norm closed) if and only if it follows 
from fn € F{n = 1,2,...) and /n -^ / in norm that f e F. Now, if F C y 
is arbitrary, we define F“ to be the set of all points in F that are the norm 
limit of some sequence in F. Then every point of F is (trivially) a point of 
F~, but F~ may contain points not in F unless F is closed (because it is 
obvious from Lemma 14.1 as cited above that F = F“ if F is closed). The 
set F~ is closed. To see this, let fn e F~{n = 1,2,...) and fn — > /" in 
norm. For each n there exists fn^F such that || fn-fn ||< so (triangle 
inequality) fn /"' in norm. This shows that f~eF~, and so F~ is closed 
(by Lemma 14.1 again). We may conclude from this that if F = F“, then F 
is closed. Hence, we have F = F“ if and only if F is closed. The set F~ is 
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called the closure of F. Evidently, F is the smallest closed set containing 
F. If F~ = V, then F is said to be norm dense in V. 

We mention some further properties which a subset F of V may possess. 
If F C Ur Or (all Or Open), then the collection of all Or is said to be an open 
cover of F. 

Definition 40.13. (i) The subset F of the Banach space V is called compact 
if every open cover of F has a finite subcover. 

(ii) The subset F of the Banach space V is called sequentially compact if 
every sequence in F has a subsequence converging to a point of F. 

(iii) The subset F of the Banach space V is called relatively compact 
(relatively sequentially compact) if the closure F~ is compact (sequentially 
compact) . 

It can be proved that F is compact if and only if F is sequentially compact. 
Therefore, F is relatively compact if and only if F is relatively sequentially 
compact. We recall here only the proof that compactness of F implies se- 
quential compactness of F. Assume that F is compact but not sequentially 
compact. Then there exists a sequence (/n : n = 1, 2, . . .) in F without any 
subsequence converging to a point of F. This implies that for any g e F 
there exists an open ball Bg with centre g such that Bg contains only finitely 
many of the points /n- The union XJg^pFg is an open cover of F, so there 
exists a finite subcover, say A = Bg^ U ■ • • U Bg^ . Then ADF^soA contains 
all fn- On the other hand A contains only finitely many Contradiction. 
It follows immediately that relative compactness implies relative sequential 
compactness. 

It is easy to see (by means of Lemma 14.1) that any sequentially compact 
set is closed. Hence, any compact set is closed. We prove that any closed 
subset Fi of a compact set F is compact. Let Ur Or be an open cover of Fi. 
Then 



{UrOr) U (V\Fi) 

is an open cover of F (it is even an open cover of F). There is a finite sub- 
cover which of course also covers Fi. The set F\Fi does not contribute to 
the covering of Fi, so Ur Or has a finite subcover for Fi. Hence, F\ is com- 
pact. It is easy to see that every closed subset of a sequentially compact set 
is sequentially compact. It follows that any arbitrary subset of a relatively 
compact set (relatively sequentially compact set) is relatively compact (rel- 
atively sequentially compact). Note that any sequentially compact set F in 
V is norm bounded (if not, there would exist a sequence {fn : n = 1,2, . . .) 
in F satisfying || fn ||— > oo, contradicting the sequential compactness of F). 
Hence, any compact set in F is norm bounded. If V is of finite dimension. 
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then conversely every norm bounded set in V is relatively compact (for a 
simple proof we refer to Exercise 40.15 below). 

Finally, we shall make some remarks about the spectrum of a norm 
bounded operator in the Banach space V, in particular about the spectrum 
of a compact operator in V. As defined above, the resolvent set p{T) of T 
consists of all complex A for which T — XI maps F in a one-one manner onto 
V such that the inverse {T — XI)~^ is norm bounded. All complex A not in 
p{T) form the spectrum of T. The spectrum of T can be decomposed into 
several parts. If there exists an element f ^ 0 in V such that (T — XI) f = 0, 
i.e., if Tf = A/, then A is called an eigenvalue of T and / is a corresponding 
eigenelement. The set of all / satisfying T/ = A/ is a closed subspace of F, 
called the eigenspace corresponding to A. The dimension of the eigenspace 
(finite or not) is called the (geometrical) multiplicity of A. There exist more 
possibilities for A. If the operator T — XI is one-one with range norm dense 
in F but the inverse mapping (defined on the range) is not norm bounded, 
then A is in the continuous spectrum of T. Finally, if the range of T — XI is 
not norm dense in F, then A is said to be in the residual spectrum of T. 

Definition 40.14. The operator T in the Banach space F is called a compact 
operator if T transforms the unit ball (/ :|| / ||< 1) in F into a relatively 
compact set. 

Evidently, T is compact if and only if T transforms any norm bounded set 
in F into a relatively compact set. Since every relatively compact set is norm 
bounded, it follows that any compact operator is norm bounded. Also, since 
compactness and sequential compactness in F are identical, the operator T in 
F is compact if and only if the image under T of any norm bounded sequence 
is a sequence possessing a Cauchy subsequence. 

It can be proved (but we do not include the proofs here; for these we 
refer to any book on functional analysis) that any A ^ 0 in the spectrum of 
the compact operator T is an eigenvalue of finite multiplicity. The number of 
these eigenvalues is finite or countable and, if not finite, they can be written 
in a sequence (An : n = 1,2,...) such that An 0. It follows that each An 
is an isolated point in the spectrum, i.e., A„ is the centre of an open circular 
disc containing only points in the resolvent set except An itself. 

Exercise 40.15. Let F be a norm bounded set in the normed space F of 
finite dimension. Hence, if (ci, C2, • . . , Cn) is a basis in F, each / G F can 
be written uniquely as f — aiei + OnOn with ai, . . . , an complex. For 

abbreviation we write A{f) =| ai | 4 h | an |. Prove that || / ||< M ■ A{f) 

for M = max(|| ei . . . , Cn ||)- Hence, A{fk) 0 implies that || fk 0- 
There also exists a number m > 0 such that A{f) < m || / || for every /. 
If not, there would exist a sequence (/i,/2, •••) such that || fk ||^ 0 but 
A{fk) = 1 for all k. Show that there exists then a subsequence {fki^fk 2 i • • •) 
such that each coordinate converges, say 
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— > Qp for p = 1, . . . , n as j — ^ oo. 

Let g = UiapSp, so A(g) = 1. On the other hand we have A(g — fk.) — > 0, 
so II p — fkj II 0 as proved above. But || fk^ ||--> 0, so p = 0 which implies 
A{g) = 0. Contradiction. It follows that if F is a norm bounded set, then 
each coordinate separately is bounded. Hence, by the Bolzano- Weierstrass 
theorem, each sequence in F has a converging subsequence, i.e., F is relatively 
sequentially compact. 

Exercise 40.16. (i) Let V be the Banach space of all points / = 
(xi,X 2 ,...) with II / 11= Ff® I Xk I finite. Denote, for k = 1,2, ..., by 
the element in V having the A:-th coordinate equal to one and all other coor- 
dinates zero, so 



/ = = rf’XfeCfc, 

and let T be the operator in V defined by 

= Fk Xk^k- 

Show that the range of T is norm dense in V but not equal to the whole of 
V. Show that for each k = 1,2, .. . the element ek is an eigenelement with 
eigenvalue k~^. Show that if A / 0 and X ^ k~^ for A: = 1, 2, . . ., then A is in 
the resolvent set of T. Finally, show that A = 0 is in the continuous spectrum 
of T. 

(ii) Let V and efc(A: = 1, 2, . . .) be the same as in part (i) and let T be the 
operator in V defined by 



TiE^Xkek) = UrxkCk^i. 

Show that A = 0 is in the residual spectrum of T. 

We finally present the following theorem in which some further properties 
of spectra and spectral radii are discussed. 

Theorem 40.17. All operators mentioned here are norm hounded operators 
in the (complex) Banach space V. 

(i) If the operators S and T commute (i.e., ST = TS) and T~^ exists (as 
a bounded operator in V J, then S and T~^ commute. Hence, if S~^ exists 
as well, then S,T,S~^ and T~^ all mutually commute and 

(ST)-^ = = T-^S~\ 

As a simple example, if the complex numbers A and p are in the resolvent 
set p{T) of T, then T, (T — A/)~^ and {T — pl)~^ commute. 

(ii) Let T = T 1 T 2 • ' ‘Tn, where Ti,...,Tn commute. If exists for 
A: = 1, 2, . . ., then T~^ exists and satisfies 
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Conversely, if T~^ exists, then exists for all k and 
T-^ ^T-\Ti---Tk-iTk+i---Tn). 
(in) Let p{X) be the polynomial 



p(A) — OtQ + CtiA 4- • • • 4- Oin^^ 

of degree n > 1 (complex coefficients). For the operator T, let 
p{T) = aol 4- aiT 4 h a-nT^- 

Then the complex number Aq is in the resolvent set p{p{T)} of p{T) if and 
only if all roots of the equation p(A) = Aq are in the resolvent set p{T) of 
T. In other words, if A“ is in the spectrum cr{T) of T, then p(A~) is in the 
spectrum a{p{T)} of p{T) and, conversely, if Aq is in the spectrum of p{T), 
then one at least of the roots of the equation p{X) = Aq is in the spectrum of 
T. Hence 



<P{T)} = {p{\) : A e a{T)}. 

In particular a{T^) = {A^ : A G <t(T)} for k = 1,2, — It follows that the 
spectral radii satisfy r{T^) = {r(T)}^. 

(iv) As before, the Banach adjoint of the operator T in V is denoted 

by T*. We recall that T* is a bounded operator in the adjoint space V*. 
The adjoint of the identity operator I in V is the identity operator in V* 
( for convenience denoted by I as well). If T~~^ exists, then (T*)"^ exists 
and (T*)~^ = Hence, if X € p{T), i.e., if (T — XI)~^ exists, then 

(T* — AJ)"^ exists, so X E p{T*). It follows that the spectral radii satisfy 
r{T*) <r{T). 

(v) If S and T commute, then r{ST) < r{S) • r(T). 

(vi) We have r{ST) = r(TS), also if S and T do not commute. 

(vii) If S is norm bounded and T is compact, then ST and TS are com- 
pact. 

Proof, (i) We have 

T~^S = T-\ST)T~^ = T~^{TS)T-^ = ST~^. 

(ii) The first part is evident from (i). Now assume that T~^ exists. Since 
T commutes with each of Ti, . . . , T^, the same holds for Hence, denoting 

T~\T,---Tk-iTk+i---Tn) 

by Sk, it follows that SkTk = TkSk = I, so Sk = 
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(iii) Let Aq be given and denote by Ai, . . . , the roots of the equation 
p{X) = Aq. Then 



p(A)-Ao = (A-Ai)---(A-AJ, 



so 



p(T)-Ao/ = (r-AiJ)...(T-A,J). 

Hence, in view of (ii), we have Aq € p{p{T)} if and only if A^ € p{T) for 
A: = 1 , . . . , n. 

(iv) Assume that T~^ exists. For all f e V and (p e V* we have 

<p(/) = ip{T-^Tf) = {(T-i)VKT/) = {T*(T-i)>}(/). 

This holds for all / € F, so 99 = {T*{T-'^)*}{ip). This holds for all e V*, 
and so jg the identity operator in V* . Similarly 

ipif) = ¥p(tt-V) = (TV)(r-i/) = {(T-i)*r>}(/) 

for all f eV, so is the identity operator in V . It follows that 

T* (T~^Y 1 'j* 'jp* j 

In other words, (T*)“^ exists and is equal to (T~^)*. 

(v) For ST = TS we have {STY = S'^T^ for n = 1, 2, . . so 

II {STY ||<|| 5- II -II T" II . 

It follows that 

r{ST) = inf II {STY f ^^<|| • || T^ ||^/^ 

n 

for n = 1, 2, . . which implies (n — > oo) that r{ST) < r{S) ■ r{T). 

(vi) We may assume that neither 5 nor T is the null operator, so || 5 ||> 0 
and II T ||> 0. From {STY = S{TSY~^T for n = 2 , 3, . . . it follows that 

II (5T)” ||<||5|M| (T5r-i ll-IITII. 

Note now that || S ||^/’^ and || T ||^/^ tend to one as n — > oo and 
II {TSY~^ tends to r{TS). It follows that r{ST) < r{TS). By sym- 
metry we have r{TS) < r{ST) as well, and so r{ST) = r{TS). 

(vii) The proof is easy if one uses the fact that compactness and sequential 

compactness in V are the same. ■ 
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Assume that E is a, complex Banach lattice. For any norm bounded operator 
T in E the notations p{T)^a{T) and r(T) have the same meaning as before. 
Note that any positive operator in E is norm bounded (Theorem 18.4). 

Lemma 41.1. Let T be a positive operator in E. Then the following holds. 

(i) // I A |> r = r{T), then || (T - A/)- V ||<|| (T- | A | /)-i(| / |) || for 
any f e E. It follows that || (T - A/)-i ||<|| (T- | A | I)~'^ ||. 

(ii) The number r = r(T) is in the spectrum of T, i.e., r{T) € cr{T). 

Proof, (i) Writing 

5fe(A) = + A-^T + • • • + 

for abbreviation, we have Sk{I^)f — > {T — XI)~^f in norm as fc ^ oo for every 
f e E. Furthermore 

I Sk{X)f |<| A- V I + I X-^Tf I + • ■ ■ + I A-('=+i)T*=/ 1< 

< (I A |-i J+ I A |-2 T + • • • I A T'=)(| / I) = -Sk{\ X |)(| / I). 

It follows that II Sk{X)f ||<|| Sk{\ A |)(| / |) ||. Letting k oo, we see that 
II (r-A/)-Vll<ll (T- I A I /)-i(l / 1) II 

Since this holds for every f £ E^ the norms satisfy 

II (T-A7)-i ||<|| (T-|A|/)-i II . 

(ii) Since the spectrum cr(T) is a closed set in the complex plane there is at 
least one point Aq in cr(T) satisfying | Aq |= r. If the spectrum is finite this 
is evident. If the spectrum is infinite the spectrum contains a sequence 
with t ^5 these not necessarily mutually different. The sequence has 

a subsequence for which On converges to some Oq. It follows that is in the 
spectrum. Let A„ Aq such that | A^ |> r for all n and | A„ |i r. All Xn are, 
therefore, in the resolvent set p{T) and, on account of Corollary 40.3, we have 
II (T - An/)~^ ||-^ 00 . Then also || (T- | An | I)~^ ||— > oo in view of part (i) 
above. Since | An |i it is impossible now that r is in the resolvent set (because 
if r were in the resolvent set then || (T — A/)“^ || would be continuous, and 
therefore bounded, in some circular neighbourhood of r, see Theorem 40.2). 
Hence r G cr(T). ■ 

The theorem about positive compact operators which follows was pub- 
lished in 1948; the theorem is due to M.G. Krein and M.A. Rutman. 
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Theorem 41.2. (Krein-Rutman theorem). Let T be a positive and compact 
operator in the Banach lattice E having a strictly positive spectral radius^ so 
r = r(T) > 0. Then there exists a positive element u in E such that Tu = ru, 
i.e., u > 0{u ^ 0) and Tu = ru. In other words, r is an eigenvalue of T with 
a corresponding positive eigenelement. 

Proof. According to the last lemma the number r is in the spectrum of T. 
Let An i T. Then || (T — Xnl)~^ ||— ^ oo by Lemma 40.3. It follows that there 
exists a sequence (/„ : n = 1, 2, . . .) in E such that |1 /n ||< 1 for all n and 
II (T — Xnl)~^fn ||~^ oo. Observe now that 

-(T - = X-^I + A-^T + ■ • ■ + A;'=T'=-i + ■ • • 

is a positive operator, so 

II (T-A„/)-l/n ||<11 (T-XnirHlfn I) || 

for all n. Writing Vn =| /n |j we have Vn >0 and || t^n 11^ 1 for all n and also 
II (T — XnI)~^Vn ||— > oo. Let now 

Un = {-(T - Xniy^Vn}/ || (T - XnI)~W ||, 

SO Un >0 and || Un ||= 1 for all n. Furthermore 

TUfi rUfi = (T Xyil^Uji -f- (An r*)Un — 

II {T An-f) Vyi II +(An r^Un, 

which tends to zero in norm. Note next that since T is (sequentially) compact 
there exists a subsequence {Tun^ • ^ = 1,2,...) converging in norm. Passing 
to the subsequence we may assume that Tun converges to some u € E. All 
Tun are positive, so u is positive, i.e., u > 0. Since Tun — rUn — » 0 and 
Tun u, we have rUn u, and so rTun — > Tu. On the other hand it follows 
from Tun u that rTun — ^ ru. This shows that rTun converges to Tu as 
well as to ru. Hence Tu = ru. Furthermore 

II u 11= lim II rUn ||= r • lim || Un ||= r. 

Since r > 0 by hypothesis it follows that || u ||> 0, so u / 0. This completes 
the proof. The method of proof as presented here is due to F.F. Bonsall 
(1958). ■ 

For an understanding of the example of a compact operator which will 
follow in Theorem 41.6 it is necessary to recall some facts about measure and 
integration. 

The (non-negative and a- additive) measure p in the point set X is said to 
be separable if there exists a finite or countable collection Z of yu-measurable 
sets of finite measure such that for each set A of finite measure and for each 
e > 0 there exists a set B in the collection Z satisfying 
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fx{A\B) + fi{B\A) < e, 

i.e., the measure of the symmetric difference 

A{A,B) = {A\B)U{B\A) 



is less than e. 

Lebesgue measure in MP' is separable. To see this, consider the collection 
5~ of all finite or countable unions of half-open intervals in (open on the 
left, closed on the right). For each measurable set A of finite measure and 
each e > 0 there exists a set C7 = Bn in S" (each Bn a half-open interval) 
such that ACC and fj,{C\A) < e/2, where /x is now Lebesgue measure. 
The same holds if we restrict ourselves to the collection S of all finite or 
countable unions of half-open intervals with rational endpoints. If, with the 
same notations, we then write B = U^Bn, then B C C and fji{C\B) < e/2 for 
k sufficiently large. We thus have 

fi{A\B) < /i(C\B) < 6/2, 
fi{B\A) < ^l{C\A) < 6/2, 

so fji{A{A^B)} < 6. Observe now that the collection Z of all finite unions of 
(half-open) intervals with rational endpoints is a countable collection and the 
set B is a member of Z. The collection Z satisfies, therefore, the conditions 
for separability of /x. 

Let /X be a separable measure in the arbitrary point set X and let Z be the 
finite or countable collection of subsets of X as introduced above. Any finite 
sum EfakXBki where XBk is the characteristic function of the set Bk € Z for 
all k and all ak are rational complex (the real and imaginary parts of are 
therefore rational) is called a rational step function on Z. The collection of all 
these rational step functions on Z is countable. For 1 < p < oo each of these 
step functions is (evidently) a member of the space Lp{X,fi). 

The normed space V is said to be separable if there exists a countable 
subset F of F which is norm dense in V, i.e., to each f £ V and each 6 > 0 
there exists an element g £Y such that || f — g ||< 6. 

Theorem 41.3. If the measure ji in X is a-finite and separable and if 1 < 
p < OQ, then Lp{X,p) is separable. 

Proof. We shall prove that the countable collection Y of all rational step 
functions on Z (where Z is the same collection of sets as above) is dense in 
Lp. Let f £ Lp and 6 > 0 be given. Since there exists an increasing sequence 
Xn T ^5 each Xn of finite measure, we have | / — fxx~ |i 0- Hence, there 
exists a set Xi of finite measure {Xi = Xn for an appropriate n) such that if 
we define /i = fxxi , then || / - /i ||< e/3. 
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The function fi can be written as / = {gi — g2) + i{hi — /i2), where 
9ii92'>hi^h2 are non- negative members of Lp vanishing outside Xi. For gi 
there exists a sequence g^'^^ of rational step functions, non- negative and 
vanishing outside Xi, such that g^^^ T 51- Then | gi - |p| 0, SO 

II — g^^^ II < e /12 for n sufficiently large. Similarly for g2^hi and /12. By 
linear combination we obtain a rational step function /2, vanishing outside 
Xi and such that || f\ — f 2 ||< e/ 3 . 

The function /2 can be written as f 2 = XiajXAj ? where all aj are rational 
complex, all Aj are mutually disjoint and uf Aj = Xi. For each Aj there exists 
a set Bj € Z such that 

fj,{A{Aj,Bj)} < {e/3k | aj |f , 



so 



II - XB, 11 = < e/{3k I a, |). 

Hence, writing /s = XiajXBji we have 

II h -h\\< I a,. I • II - XB, II < e/3. 

It follows that II f — f 3 II < e. Since fs is a member of the countable collection 
Y of rational step functions on Z this shows that Lp is separable. ■ 

Exercise 41 . 4 . In many cases separability of the measure fi implies a- 
finiteness. Show that if ji is separable and has the property that any set of 
(strictly) positive measure has a subset of finite and strictly positive measure, 
then ji is cr- finite. 

Let ghe a. (positive) a- finite separable measure in X and let p be a number 
satisfying 1 < p < 00. Then, if p”^ -f = 1 , we have 1 < g < 00 and both 
Lp = Lp{X,fi) and Lq = Lq{X,ji) are separable Banach spaces. Furthermore, 
for any f E Lp and g e Lg^ the products fg and \ fg \ are p-summable over 
X (by Holder’s inequality, see Exercise 15 . 15 ). 



Lemma 41 . 5 . Let g be a separable measure in X, let 1 < p < 00 and 
p~^ + g“^ = 1 . Furthermore, let A be a norm bounded set of functions in 
Lp = Lp{X,p). Then there exists a sequence {fn : n = 1 , 2 , . . .) in A and a 
function fo 6 Lp such that 



lim 

n 



j fngdg. = J 



fogdfj. 



for every g € Lg = Lg{X,ii). 
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Proof. We may assume that the set ^ is a norm bounded sequence (/in : 
n = 1,2,...) such that || hn ||< a for some a > 0 and all n. The 
spaces Lp and Lq are separable Banach spaces; let {gk : k = 1,2,...) be 
norm dense in Lq. On account of | J hngidfi |< a || g\ || the sequence 
{J hngidg. : n = 1,2,...) is a bounded sequence of complex numbers; it 
follows that there exists a subsequence (/ini) of (/in) such that J hnigidfi con- 
verges. Similarly it is seen that there exists a subsequence (/in2) of (/ini) such 
that also f /in2^2<^M converges, and so on. Then, writing /n = /inn for all n, 
the sequence {J fngkdfi : n = 1,2, .. .) converges for every gk. We shall prove 
that (f fngdfjL : n = 1, 2, . . .) converges for every g ^ Lq. For this purpose, let 
g ^ Lq and c > 0 be given. Choose g* from the sequence {gk : k = 1,2, . . .) 
such that II ^* — ^ ||< e/3a. Then 



j fngdu- j fmgdfj.\<\ J fng*dfl- J fmg*dn 



1 + 



+ I j fnig - g*)dg, \ + \ j fm{g - g*)dg. \ . 

The last two terms are each less than e/3, and the first term on the right is also 
less than e/3 for m and n sufficiently large. Hence, the sequence (/ fuddii : 
n = 1 , 2 ,...) converges for every g £ Lq. Denote the limit by ^{g). Since 
I / fnQdfi \< cx \\ g II for all n and all g € Lq, we see that | (p{g) |< a || p || 
for all g £ Lq, i.e., is a norm bounded linear functional on Lq. As shown 
in Example 29.4, part (ii), there exists a (unique) function /o € Lp such that 
^{g) = f fogdg for every g e Lq. Hence 



lim 

n 



j fngdfj. = J 



fogdg, for every g e L, 



Q- 



The moment has come now to introduce the compact operator that was 
promised above. Let be a cr-finite (positive) measure in X with x g the 
product measure in A x X. If for example g is Lebesgue measure in R, then 
g X g is the Lebesgue measure in M^. Furthermore, let 1 < p < oo and 
= 1. For convenience, the norms in Lp{X,g) and Lq{X,g) will 
be denoted by || ■ ||p and || • ||g respectively. Assume now that the complex 
{g X p)-measurable function T{x,y) on X x X has the property that, for 
almost every x E X, the function T{x,y), as a function of y, is a member of 
Lq, i.e., II T(x, •) II q exists for almost every a; G X as a finite number. Write 
t{x) =11 T(x, •) \\q and assume, finally, that the thus defined function t is a 
member of Lp, so || t ||p< oo or, written out fully, 

\T[pg = [j{J I T{x,y) |9 < oo, 

where we have written dx and dy shortly for dgx and dgy. 

It is easy to see that the operator T, defined by 
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(T/)(x) = f T(x,y)f{y)dy, 

Jx 

maps Lp into Lp because for almost every x and every / € Lp we have (by 
Holder’s inequality) that 

I J T{x,y)f{y)dy |<1| T{x,-) II, • || / ||p€ Lp, 

and so / T{x^y)f{y)dy € Lp. The thus defined operator T in Lp is an exam- 
ple of an integral operator (also called kernel operator) and T{x^y) is said 
to be the kernel of T. The number | T is sometimes called the double 
norm of T (precisely, the p^-double norm) and T itself is sometimes called 
a Hille-Tamarkin operator because this particular example of operators was 
introduced by E. Hille and J.D. Tamarkin, 1934. 

Note that for p = 2 we have q = 2, and so | T is now 

I ^ I22 = [ / { [ I L{x, y) p dy}dxY^‘^ = [[ \ T(x, y) dxdyfL^, 

Jx Jx JXxX 

In this case T maps L 2 into itself and T(x, y) is now called a Hilbert-Schmidt 
kernel 



Theorem 41.6. Let l<p<oo. If T is a Hille-Tamarkin operator in 
Lp{X,fi) and p is separable, then T is compact. 



Proof. We have to show that the image under T of any norm bounded set A 
in Lp contains a norm convergent subsequence. Assume that || / ||p< a for 
all / in A. According to the last lemma there is a sequence (/„ : n = 1, 2, . . .) 
in A and a function /o € Lp such that 



lim 

n 



j Ugdfj. = j 



fogdfj. 



for every g £ Lq (where q is defined byp ^ + q ^ = 1)* Since T{x,-) G Lq for 
almost every x, we may choose g{x) = T(x, •) for these values of x. Hence 



lim(T/„)(x) = lim j T{x,y)fn{y)dy = j T{x,y)fa{y)dy = (T/o)(x), 



which shows that Tfn converges pointwise almost everywhere to T/q. We 
prove that the convergence is with respect to the Lp-norm as well. Note that 



I {Tfn){x) - {Tfo){x) |<|| /„ - /o lip • II T{x, •) |U< ai || T{x, •) ||„ 



where ai = a+ || /o ||p. Since ai || T(x,-) ||gG Lp, we see that the sequence 
I {Tfn){x) — (T/o)(x) 1^ converges pointwise (almost everywhere) to zero and 
is dominated in absolute value by the /i-summable function (ai |1 T(x, •) l|g)^. 
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In view of the dominated convergence theorem in integration theory it follows 
that 

lim j I {Tfn){x) - {Tfo){x) \p dfi = 0, 

i.e., Tfn converges in the Lp -norm to T/q. This is the desired result. ■ 

Assume that T is a Hille-Tamarkin operator in Lp = Lp(A, /x), where fi is 
a (T- finite measure in X and p is a number satisfying 1 < p < oo. It is evident 
that if the kernel T{x,y) of T is non-negative for almost every (x,y) e X x X , 
then T is a positive operator. As before, let q be defined by p~^ + = 1- 

Since Lp is a Banach lattice the order adjoint space Lp and the Banach adjoint 
space Lp are identical, i.e., Lp = L* (see Theorem 25.8). The norm in Lp is 
order continuous which implies that every order bounded linear functional 
in Lp is order continuous, i.e., Lp = {Lp)n- Hence L* = Lp = {Lp)n, see 
Theorem 25.10. According to Example 28.4 we have (p € L* = {Lp)n if and 
only if there exists a function g ^ Lq such that <p(/) = / fgdfi holds for all 
f £ Lp and, in this case, g is uniquely determined and || (p || = || g ||g. The 
space L* may be identified thus (with respect to the ordering as well) with the 
space Lq. It follows that the norm adjoint T* : Lq Lq of the given operator 
T may be identified with the order adjoint T". We determine T*. 

Theorem 41.7. Let T be a Hille-Tamarkin operator in Lp = Lp{X^p), 
where 1 < p < oo. Then, for p~^ + q~^ = 1, the adjoint operator T* in Lq 
is given by 

[T*g)[y) = j T{x,y)g{x)dg.^ 

for every g £ Lq. 

Proof. For f E Lp and g e Lq we have 

j j I T{x,y)f{y)g{x) \ d{fi x /x) < oo, 

SO the fimction 

Ky) = J I T{x,y)g{x) \ dy.^^ 

is a /x-measurable function on X with the property that f h(y) | f(y) | dfiy is 
finite for every f e Lp. Writing 

‘Pif) = j h{y)f{y)dyy for / e Lp, 

it is evident that (p is a positive linear functional on Lp. It follows therefore 
from what has been shown in Example 28.4(ii) that h e Lq. Then, writing 
T'^{x,y) = T{y,x), the function 
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J T*{y,x)g{x)diix = J T{x,y)g{x)dnx 

is likewise a member of Lg for every g £ Lg, i.e., T*{x,y) is the kernel of an 
integral operator T* in Lq. We show that T* = T*. For this purpose, choose 
f E Lp and g e Lq, and observe that 

(T*5)(/) = g{Tf) = I ( J T{x,y)f{y)d,My)g{x)dfix = 

= I T{x,y)g{x)dfix)f{y)diJ.y = {T*g){f), 

SO T*g = T*g. This holds for every g e Lq, so T* = T* . ■ 




CHAPTER 22 

Spectral Theory of Positive Operators 



42. Irreducible Operators 

We present a definition. 

Definition 42.1. The order bounded operator T in the Archimedean Riesz 
space E is called band irreducible if T does not leave any band invariant 
except E itself and the band {0} consisting of the null element, i.e., any band 
B in E such that Tf G B for every f E B satisfies either B = E oi B = {0}. 

If E is Dedekind complete, the set of all order boimded operators in E 
is a Dedekind complete Riesz space Ch{E)^ see Theorem 20.2. In this case T 
leaves the band B invariant if and only if and T~ do so. In other words, T 
leaves B invariant if and only if | T | does so. For the proof, assume first that 
T leaves B invariant. For any u > 0 in B we have T'^u = sup{Tv : 0 < v < u). 
All V are in B, so all Tv are in B. Therefore, T~^u E B (since R is a band). 
It follows that leaves B invariant. The same holds then for T~ and \T \ . 
Conversely, if | T | leaves the band B invariant, it follows immediately from 
0 < :^| T I and 0 < T~ <\ T \ that T*^ and T~ (and, therefore, also T) 

leave B invariant. 

For Banach lattices there exists the similar notion of an ideal irreducible 
operator. 

Definition 42.2. The positive operator T in the Banach lattice E is called 
ideal irreducible if T does not leave any norm closed ideal invariant except 
E itself and {0}. 

Since any band in a Banach lattice is norm closed it is evident that if the 
positive operator T in £* is ideal irreducible, then T is band irreducible. If E 
has order continuous norm it follows for any upwards directed set D in E'^ 
satisfying sup(ifc : u E D) = uq that {\\ uq — u \\: u E D) I 0 which implies 
that any norm closed ideal in E is now a band. In this case, therefore, any 
band irreducible positive operator is also ideal irreducible. 

If the norm in E is not order continuous there may exist a band irreducible 
operator that is not ideal irreducible, as the following example in the space 
too of all bounded sequences shows. Let T : £qo — ^ ^cx) be given by 
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where = n~^E^k~'^Xk for n = 1,2, Note that T is positive and if 

X > 0 has at least one of its coordinates strictly positive, then y = Tx has all 
of its coordinates strictly positive. It follows that ioo and {0} are the only T- 
invariant bands, so T is band irreducible. For each x E i^o the image y = Tx 
is a null sequence, i.e., Tx e (cq). Therefore, the norm closed ideal cq in ioo is 
T-invariant, and so T is not ideal irreducible. We continue with a necessary 
and sufficient condition for an integral operator to be irreducible. 



Example 42.3. As in earlier examples, let fjihe a, cr-finite (positive) measure 
in the point set X and let E be an ideal in the Riesz space Lq of all /i- 
measurable (real or complex) functions on X. Furthermore, let the y x /jl- 
measurable and non-negative function T{x,y) on X x X have the property 
that 

[ T{x,y)f{y)dny 

Jx 

is a member of E for any f E E. Then the operator T : E E, defined by 

{Tf){x)= [ T{x,y)f{y)diiy 
Jx 

for / € E, is a positive integral operator in E. Note that E is not necessarily 
equipped with a norm here. Without loss of generality it may be assumed 
that X is the carrier of E. 



The thus defined operator T is band irreducible if and only if 




T{x,y)dijLy}d/j.x > 0 



( 1 ) 



holds for every subset Y of X satisfying >0 and /j.{X\Y) > 0, where it 
is possible that the repeated integral assumes the value +oo. 

For the proof, observe first that T is order continuous because if D is a set 
in E~^ such that {f : f E D) I 0^ then D contains a sequence /n i 0 (because 
Lq is super Dedekind complete, see Theorem 17.6 and the remark attached 
to this theorem). This implies that J T{x^y)fn{y)djiy | 0. Assume now that 
T is band irreducible and at the same time there exists a subset Y of X such 
that /i(y) > 0 as well as fi{X\Y) > 0 and the integral (1) above is equal to 
zero. Then, for any subset Z of Y such that E E, we have 




= 0 , 



which implies that {Txz){x) = 0 for almost every x E X\Y. Since any non- 
negative f E E vanishing on X\Y can be approximated (pointwise) from 
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below by finite linear combinations of such functions Xz, it follows now from 
the order continuity of T that (T/)(x) = 0 almost everywhere on X\Y for any 
f ^ E satisfying f{x) =0 on X\Y. This shows that the band B of all f £ E 
vanishing on X\Y is T-invariant. But fi{Y) and ii{X\Y) are strictly positive, 
so B ^ E as well as B ^ {0}. Contradiction since T is band irreducible. 

Conversely, assume that the integral in (1) is strictly positive for all Y 
satisfying /x(T) > 0 and fj,{X\Y) > 0. Let B he aT -invariant band and let 
X\Y be the carrier of B, so any f £ B vanishes almost everywhere on Y. 
Since Tf £ B for any / € B, it follows that Tf vanishes almost everywhere 
on Y. Now, let Zn | X\Y such that xZrt ^ ^ ^ Theorem 29.1 

and the remarks preceding it to understand that the characteristic function of 
X\Y is not necessarily a member of B). Then TxZn ^ ^ ^or all n, so TxZn 
vanishes almost everjnvhere on T, i.e., T{x, y)dfjLy = 0 almost everjrwhere 
on Y for every n. Since Zn T X\Y, it follows that Jx\y 

f { f 'Y{x,y)dfj^^}d/j.x = 0. 

Jy Jx\y 

Hence, by our present assunption, we must have either fJ^{Y) = 0 or fi{X\Y) = 
0, i.e., B = E OT B = {0}. But then T is band irreducible. 

As a simple special case note that if T{x,y) > 0 almost everywhere on 
X X X, then T is band irreducible. 

Exercise 42.4. As above, let T with kernel T{x,y) > 0 be a positive integral 
operator in the ideal E of Lq. We may assume again that X is the carrier of 
E. Let X be the disjoint union of sets Xk{k = 1, 2, . . . , n) of positive measure 
such that T(x, y) = 0 on Xk x Xk{k = 1, 2, . . . , n) and T{x, y) > 0 elsewhere 
on A X X. Show that T is band irreducible. Show also that if T{x^y) > 0 on 
each Xk x Xk{k = 1, 2, . . . , n) and zero elsewhere, then for each A: = 1, . . . , n 
the band having Xk as carrier is T-invariant. 

Exercise 42.5. In the Riesz space W^{n > 2) with coordinatewise ordering 
let ek{k = l,...,n) be the element with the A:-th coordinate one and all 
other coordinates zero. Choose a subset from ci, . . . , and after renumbering 
denote the subset by di, . . . , dp. Show that the set of all linear combinations 
of di, ..., dp is a band in and, conversely, each band in is of this type. 
Note that ideals and bands are the same. Assume now that, for example, the 
band generated by ei, ... ,6^(1 < q < n) is invariant under the operator T. 
Show that in the matrix of T the first q columns have the first q numbers 
possibly nonzero and the last (n — q) numbers zero. 

Note that if T\ and T 2 are positive operators in the Archimedean Riesz 
space E such that T\ < T 2 and T\ is band irreducible, then so is T 2 (because 
any T 2 -invariant band will be T\ -invariant as well). Furthermore, if T is 
positive (not the null operator), <7-order continuous and band irreducible, 
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then /o > 0 (i.e., /o > 0,/o ^ 0) implies T/o > 0. To see this, assume that 
/o > 0, but T/o = 0. Then Tf = 0 for any / in the ideal generatrd by /o- 
If > 0 is an element in the band [/o] generated by /o, then (as shown in 
Corollary 11.6) we have 



(p An/o : n = 1,2,...) T P, 

and so Tg = 0 {by the cr-order continuity of T). It follows that the band 
[/o] is T~ invariant. Then [/o] = {0} or [/o] = E. The first is impossible 
since fo > 0. Hence [/o] = E, which implies that T is the null operator. 
Contradiction. Hence, /o > 0 implies T/o > 0. 

Similarly, if T is positive (not the null operator) and ideal irreducible in 
the Banach lattice jE, then /o > 0 implies T/o > 0. 

In our next example we assume again that T is positive (not the null 
operator), cr-order continuous and band irreducible. Let fo>0 and let the 
band [T/o] be a subset of the band [fo]. Note that T/o > 0 (as proved above), 
so [T/o] does not consist of the null element only. As above it follows that 
g G [fo] implies Tg e [T/o]. In particular, since [T/o] is a subset of [/o], 
it follows from g € [T/o] that Tg € [T/o]. The band [T/o] is, therefore, T- 
invariant. Then [T/o] = E, and so [fo] = E. In other words, [T/o] C [fo] 
occurs if and only if fo is a weak order unit in T, and in this case T/o is 
likewise a weak order unit. 

Similarly, if T is positive (not the null operator) and ideal irreducible in the 
Banach lattice E and if fo > 0, then the norm closed ideal {T/o} generated 
by T/o is a subset of the norm closed ideal {fo} if and only if (T/o) = T, 
and so {fo} = E holds then as well in this case. 

If T is a Banach lattice and there exists a positive irreducible operator 
in T, then there also exist operators in E having the stronger property of 
transforming any positive non-zero element in E into a weak order unit. 
Details are contained in the following theorem. 

Theorem 42.6. (i) Let E be a (real or complex) Banach lattice and let T 
be a positive and a -order continuous operator in E (not the null operator). 
Furthermore, let A > r{T), where r(T) is the spectral radius of T. Then T 
is band irreducible if and only if S = {XI — T)~^ is band irreducible and in 
this case Sf is a weak unit in E for any / > 0 in E. 

(a) Similarly, if T is positive (not the null operator), then T is ideal 
irreducible if and only if S = {XI — T)~^ is ideal irreducible and in this case, 
for any f > 0 in E, the norm closed ideal generated by Sf is the space E 
itself. 
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Proof, (i) Assume that T is band irreducible. Choose an arbitrary / > 0 in 
E. Then T/ > 0, as proved above. For abbreviation, denote 5/ = {XI —T)~^ f 
by g. Then 

g = (XI- T)-^f = + A-^r + X~^T^ + ■ ■ ■)/, 

as proved in the first part of section 40. The series converges in norm and 
all terms are positive; the partial sums form therefore an increasing sequence. 
The norm limit is then also the order limit (see Theorem 15.3), i.e., g = Sf 
is the supremum of the sequence (s^ ^ ^ = 1,2, . . .) of partial sums, that is 
to say, we have Sn t 9- Note that g = Sf > A~^/, so g > 0. Furthermore, 
Tsn converges in norm to Tg (since T, being positive, is norm bounded, see 
Theorem 18.4). It follows similarly as for Sn^ g that Tsn t Tg, i.e., 

Tg = sup(A-^r + A-^T^ + • ■ • + X~^T'^)f = 

n 

= A sup(A-^r + A-^T^ + • • • + A“"T"“^)/ < XSf = Xg. 

n 

This shows that is a member of the band [g]. Since T is cr-order continuous, 
it follows easily that The [^f] for any he [g], i.e., [g] is T-invariant. We have 
now that g > 0 and T is band irreducible, so we must have [g] = E, i.e., 
g = Sf is a weak order unit in J5. It is trivial to conclude then that S is band 
irreducible. 

Conversely, assume that S = {XI — T)~^ is band irreducible. From the 
formula for S it follows that any T-invariant band B is 5-invariant. Then 
B = E oi B = {Q}, and so T is band irreducible. 

(ii) The proof is similar. Note that cr-order continuity of T is not needed 
here. ■ 

For abbreviation we shall say that a positive operator T with the property 
that T/ is a weak order unit for any / > 0 is strongly irreducible. For an inte- 
gral operator T we have now the following necessary and sufficient condition 
to be strongly irreducible. 

Theorem 42.7. As before, let be a a-finite measure in the point set X 
and let Lq be the Riesz space of all pi-measurable (real or complex) functions 
on X. Furthermore, let E be an ideal in Lq and let T{x, y) be the kernel of 
a positive integral operator in E. By A we shall denote the set of all points 
{x,y) for which T{x,y) = 0. The following conditions are now equivalent. 

(i) A does not contain a rectangle of positive measure, i.e., A does not 
have a subset Ax B, where A and B are subsets of X of positive measure 
(all this modulo sets of measure zero). 

(a) T is strongly band irreducible. 

Observe already that the operator in Exercise 4.2.4 is irreducible but not 
strongly irreducible. 
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Proof. {i)=> (ii) Assume that (i) holds and that for some f > 0 in E the 
image Tf fails to be a weak unit. Then A = {x : (Tf){x) = 0) is of positive 
measure. The set B = {y : f{y) > 0) is also of positive measure. For any 
X e A we have 

0=^{Tf){x)= [ T{x,y)f{y)dny = f T{x,y)f{y)diiy. 

Jx Jb 

This shows that T{x^y) = 0 for almost every y G i.e., for every x G A 
we have T{x^y) = 0 for almost every y G B. Hence T{x^y) = 0 almost 
everywhere on Ax B. This contradicts our hypothesis (i). 

(ii)=^(i) Assume that T is strongly band irreducible and that A and B are 
subsets of X of positive measure such that Ax B is a, subset of A (except for 
a set of measure zero). The set B has a subset S of positive measure such that 
Xs ^ E. Therefore, T%5 is a weak unit by hypothesis. On the other hand, for 
X G Awe have 

{Txs){x) = [ T{x,y)dy.y < f T{x,y)dy.y = 0, 

Js Jb 

which shows that Txs vanishes on a set of positive measure. Contradiction. ■ 

As a particular case we get the result that if T(x, y) > 0 on X x 
then T is strongly irreducible. It can be proved (for example if /x is Lebesgue 
measure) that it is possible that the set A on which T{x^y) = 0 is of positive 
measure but A does not contain a rectangle of positive measure. 

Let us say now a few words about products of irreducible operators. The 
first point to observe is that the product of two positive irreducible operators 
is not necessarily irreducible. As an example, let E = with coordinatewise 
ordering and let ei = (1,0), 62 = (O^l)- The operator T in E, defined by 
Tei = 62 and Tc2 = ei, is irreducible and = I (the identity operator) 
is not irreducible. It is true, however, in any Archimedean Riesz space, that 
the product of a finite number of (positive and cr-order continuous) band 
irreducible operators, one at least of which is strongly irreducible, is strongly 
irreducible. To see this, recall that if T is band irreducible and / > 0, then 
Tf > 0 and if / is a weak order unit, then Tf is a weak order unit. 

The question arises whether the adjoint operator of a positive irreducible 
operator is likewise irreducible. For an answer we recall several definitions and 
notations. Let E,F be Riesz spaces with E Archimedean and F Dedekind 
complete and let F" be their order duals, i.e., E'^ is the Dedekind complete 
Riesz space of all order bounded linear functionals on E (and similarly for 
F~), see section 25. The set E^ of all order continuous linear functionals on 
E is a band in E". Similarly for The set Cb{E,F) of all order bounded 
operators from E into F is a Dedekind complete Riesz space and for any 
T G Cb{E, F) the order adjoint T" : F" ^ E" is defined by 
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(T~'0)(/) = '0(T/) for all / € £* and all '0 € F", 

see section 26. The operator T" is called the order adjoint of T and it was 
proved in Theorem 26.1 that is order boimded and order continuous. The 
restriction of T~ to F„ is denoted by T'. If T is order continuous, then T' 
maps Fn into , i.e., T' is then order continuous and satisfies T' : 

(see Theorem 26.6). These last remarks are of interest only if F^ ^ {0}, i.e., 
if there exist order continuous linear functionals on F which are not the null 
functional. This will hold in particular if %Fn) = {0}, that is to say, if F^ 
separates the points of F, i.e., = 0 for all ip E Fn implies ^ = 0 in F. 

Note that if °(F^ ) = {0} holds and T is not the null operator, then T' is not 
the null operator. Indeed, if T't/? = 0 for all i/;, then 'ip{Tf) = (T''tp){f) = 0 
for all so Tf = 0 for all / (on account of °(Fn) = {0}), which shows 
that T = 0. 

Lemma 42.8. Let E and F be Riesz spaces such that E is Archimedean, F 
is Dedekind complete and %Fn) = {0}. 

(i) If D is an upwards directed set of positive and order continuous opera- 
tors from E into F such that (T : T G F) | Tq, then Tq is order continuous. 
Furthermore, the corresponding set of adjoints {T' : T e D) is upwards di- 
rected and satisfies (T' : T € F) t Tq. Similarly for a -order continuous 
operators. 

(ii) If T : E F is positive and order continuous and T transforms 
every u > 0 in E into a weak order unit Tu in F, then T'^ip is a weak order 
unit in E^ for every 'ip > 0 in Fn- 

Proof, (i) As observed above, the set Ci{E, F) of all order bounded operators 
from E into F is a Dedekind complete Riesz space. The order continuous 
operators in Cb{E,F) form a band, see Theorem 22.2. Hence, if F is an 
upwards directed set of positive and order continuous operators from E into 
F such that (T : T G F) t To, then To is order continuous. 

To see that (T' : T G F) t Tq, choose 0 < 'ip E F^ and 0 < u E E 
arbitrarily and observe that 

{(TV)(u) :TeD} = {i;{Tu) : T G F} T ^(Tou) = {T'^){u). 

(ii) Assume that 'ip{Tu) =0 for some 0 < u G F and some 0 < G F„. Then 
'ip(g) = 0 for all g in the ideal generated by Tu. Since 'ip is order continuous 
it is eyen so that 'ip{g) = 0 for all g in the band generated by Tu. By our 
special hypothesis Tu is a weak unit in F, so the band generated by Tu is 
the space F itself. Hence 'ip(g) = 0 for all g E F, i.e., ^ = 0. It has been 
shown thus that 'ip{Tu) = 0 only if '0 = 0. It follows that if 0 < u G F and 
0 < %p E Fn are given, then 'ip{Tu) > 0, i.e., {T''^){u) > 0. In other words, 
the linear functional = T'^p in Epl is strictly positive, i.e., the null ideal 




284 CHAPTER 22 Spectral Theory of Positive Operators 



= (/ C -E : <^(| / I) = 0) satisfies N^p — {0}. Therefore, the carrier 
C^p = {Nip)^ of if satisfies C^p = E. Now recall that for ip and in it was 
proved in Theorem 24.6 that ip 1. ip \ ii and only Cp X Cp^. In the present 
situation, therefore, it follows from ip L ipi for some ip\ G En that Cp^ X Cp. 
But Cp = E, so Cp^ = {0}. This implies that the null ideal Np^ satisfies 
Np^ = jE, i.e., ipi = 0. We have proved thus that in E^ the only element 
disjoint to ip = T'^jj is the null element. Therefore, ip = is a weak order 
unit in E^- ■ 

We specialize to the case that F = E. Assume, therefore, that jE is a 
Dedekind complete Riesz space such that E^ {0} and let T be a posi- 
tive and order continuous operator in E. Then T' is a positive and order 
continuous operator in The powers T'^{n = 1,2, . . .) are positive order 
continuous operators in E, so for every n the operator (T”)' is positive and 
order continuous in En^ Since it is easy to see that (T 1 T 2 )' = holds 

generally, it is true in particular that (T^)' = (T'Y' for n = 1,2, 

Theorem 42.9. Let E be a Dedekind complete Banach lattice such that 
%En) = {0} and let T be a positive and order continuous operator in E, 
not the null operator. Then, if T is band irreducible, T' is also band irre- 
ducible. 

Proof. Assume that T is band irreducible. Choose a positive number A > 
r(T), where r(T) is the spectral radius of T. Then in view of Theorem 42.6 
in the present section, 5 = {XI — T)~^ is strongly band irreducible. Writing 

Sn = X-^I + A-^t + • • • + A“^T^-1 

for n = 1, 2, . . ., we have Snf T Sf for any / > 0, i.e., Sn T S, and all Sn are 
positive and order continuous. Therefore, S!^ t *5" by part (i) of the preceding 
lemma. Using now that (T^)' = (T')^ for A: = 1, 2, . . ., we see that 

S'^ = + A" V + • • • + A-^(T'r~^ 

Note also that the series EX~^{T')^~^ converges in norm since the terms are 
majorized in norm by the terms of E\~^ || T (in view of || T' ||<|| T ||< 
A). Hence, 5^ converges to 5' in norm as well as in order, so 

5' = rf A“”(T')^~^ = {XI - T')"^ 

Since, as shown above, S is strongly band irreducible, it follows from part (ii) 
of the preceding lemma that 5' = {XI — T')~^ is strongly band irreducible, 
and therefore (from Theorem 42.6 again) that T' is band irreducible. ■ 

As observed earlier, ideal irreducibility of a positive operator T in a Ba- 
nach lattice implies band irreducibility, but the converse does not always hold. 
If T is positive, cr-order continuous and compact, then band irreducibility of 
T nearly implies ideal irreducibility in the sense explained in the following 
theorem. 
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Theorem 42.10. (i) Let T be a positive, a -order continuous and band irre- 
ducible operator in the Banach lattice E, not the null operator. Then every 
norm closed T -invariant ideal A ^ {0} contains a weak order unit of E. 

(a) Assume in addition that the operator T in part (i) is compact and 
denote by M the norm closed ideal generated by the range T{E) of T. Then 
the restriction Tm of T to M is ideal irreducible in M. 

Proof, (i) This is a variant upon the result in part (i) of Theorem 42.6. Let 
A / {0} be a norm closed T-invariant ideal. Choose f > 0 in A and choose 
A > r(T), where r(T) is the spectral radius of T. Then 

g = {XI- T)-^f = EX-^T^-^f 

converges in norm as well as in order, so As in Theorem 42.6 it 

follows that the band generated by g is equal to E, i.e., is a weak order unit 
contained in A. Note that the band generated by A is now also equal to E, 
i.e., A is order dense in E (see Theorem 23.6). 

(ii) We have to prove that any norm closed Tm -invariant ideal A / {0} 
in M is equal to M. Let A / {0} be a norm closed and Tm -invariant ideal 
in M. Then A is a T-invariant norm closed ideal in E, so by part (i) A 
contains a weak order unit g > 0 of E. Now choose 0 < u e E arbitrarily 
and denote u A ng fox n = 1,2,... by We have T tt, which implies that 
Tun T Tu (since T is cr-order continuous). Since T is compact, the sequence 
{Tun : n = 1,2,...) has a subsequence converging in norm. The sequence is 
monotone, so the sequence itself converges, i.e., Tun — > Tu in norm. All 
are in A, so all Tun are in A, and therefore Tu £ A (since A is norm closed). 
Since u is arbitrary, this shows that the range T{E) is a subset of A, and so 
the norm closed ideal M generated by T(£') is a subset of A. Conversely, A 
is a subset of M by definition. Hence A = M. m 

Remark 42.11. Let M and Tm be as in part (ii) above. Then the following 
holds. 

(i) M is a norm closed ideal in E, so M is a Banach lattice by itself. 

(ii) Since the range T{E) is a subset of M, the set T{E) is also a subset of 
the band [M] generated by M, i.e., Tf e [M] for every f ^ E. Then Tf € [M] 
for every / G [M], so [M] is a T -invariant band in E. Since M ^ {0} and T 
is band irreducible, we must have [M] = E, i.e., M is order dense in E. 

(iii) The operator Tm in the Banach lattice M is positive, cr-order contin- 
uous, compact and ideal irreducible. 
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43. The Spectrum of a Compact Irreducible Operator 

One of the main results in the present section will be the theorem that if E 
is a Dedekind a-complete Banach lattice and T is a positive ideal irreducible 
compact operator in E (not the null operator), then the spectral radius r(T) 
of T satisfies r(T) > 0. The Dedekind cr-completeness of E may be omitted 
from the hypotheses, but we shall restrict ourselves here to the result as 
stated above. The theorem is due to B. de Pagter (1986), extending earlier 
less general results. We first prove some simple lemmas. 

The operator T in the Archimedean Riesz space E is said to be band 
preserving if for each band B in E it is true that f e B implies Tf e B 
(see the proof of Lemma 34.2 where such a band preserving operator already 
occurs). Similarly, T is ideal preserving if for every ideal A in E it is true 
that f e A implies Tf e A. 

Lemma 43.1. For an operator T in an Archimedean Riesz space E the 
following conditions are equivalent. 

(i) T is band preserving. 

(ii) u Av = 0 in E implies Tu ± v. 

(Hi) f ± g in E implies Tf ± g. 

(iv) Tf e {f}^^ holds for every f € E. 

If these conditions are satisfied, then | Tf |=1 T(| / |) | holds for every 
feE. 

Proof, (i) => (ii) If it At; = 0, then u G {v}^. Hence Tu G {v}^ since {v}^ is 
a band and T is band preserving. This shows that Tu ± v. 

(ii) (Hi) Prom f ± g it follows that f'*'A I o 1= 0 and f~ A \ g \= 0. 
Then T/+ J. g and Tf~ X g, and so Tf = (Tf^ -Tf~) ± g. 

(Hi) (iv) If f e E is arbitrary and g is any element in {/}^, then f ± g 
and so Tf X g. This shows that Tf X {/}^, i.e., Tf G {/}^^. 

(iv) =» (i) Let B be a band in E. For any f e B we have Tf G {/}^^ C B. 
This shows that T is band preserving. 

Finally, assume that (i) until (iv) are satisfied and let f £ E be given. It 
follows from X /“ that T/+ X /“, and so T/+ X Tf~ . Then 

I Tf 1=1 T/+ - Tf- 1=1 Tf+ + Tf- 1=1 T(| / I) I . 

Any order bounded operator in E which is band preserving is called an or- 
thomorphism. Since positive operators are order bounded it is evident that if 
7T is a positive operator in E, then tt is an orthomorphism in E if and only if 
li A i; = 0 in £* implies ttu Av = 0. The set of all orthomorphisms in £* is a 
linear subspace of the space Cb(E) of all order bounded operators in E. With 
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respect to the ordering inherited from Ch{E) the space of all orthomorphisms 
is an ordered vector space. Note that if 0 < tti < 7T2 in Ch{E) and 7T2 is an 
orthomorphism, then so is tti. In the case that E is Dedekind complete, the 
space Cb{E) is a Dedekind complete Riesz space (Theorem 20 . 2 ). In this case 
the order bounded operator tt in E is an orthomorphism if and only if tt’’" and 
7T~ are so. To see that 7t~^ is band preserving if tt is so, observe that 

tt'^u = sup(7Ttt; : 0 < w < u) ioT u > 0. 

It follows now that tt is an orthomorphism if and only if | tt | is so. Hence, the 
space of orthomorphisms is an ideal in Cb{E); it is even a band in Cb{E). 

If TT is an operator in E for which there exists a number A > 0 such that 
I tt/ |< A I / I holds for all f e E, then tt is obviously order bounded and 
ideal preserving, so tt is an orthomorphism. The set H of all orthomorphisms 
TT possessing this special property (A depending on tt but not on /) is a linear 
subspace of the space of orthomorphisms. Let tt € so | tt/ |< A | / | for all 
f £ E. Then, if / > 0, we have tt/ <| tt/ |< A/, and similarly tt/ > —A/, so 

—A/ <tt/< a/, i.e., — XI < TT < A/, 

where I is the identity operator in E. In the special case that tt is positive, we 
have, therefore, that 0 < tt < XL In the converse direction, if it is given that 
— A/ < 7T < A/, then | tt/ |< A/ for / > 0, and so for / arbitrary we have 

I tt/ 1<| 7t/+ I + I wf - |< A(/+ + /") = A I / I . 

Any TT £ 7i can be written as tt = tti — 7T2 with 0 < tti £ H and 0 < tt2 £ H. 
To see this, observe that if —XI < tt < A/, then tt = XI — {XI — tt) with both 
XI and {XI — tt) positive. 

We assume now further that E has the principal projection property (so 
that, therefore, E is Archimedean). Let be disjoint projection 

bands in E with corresponding band projections Pi, . . . , Then the alge- 
braic sum Pi H + P„ is a direct sum Pi 0 • ■ ■ 0 P^ and this is likewise 

a projection band with band projection Pi + • • • 0 P^ (see Theorem 32.3). 
We assume that Pi 0 • ■ • 0 P^ = P, so Pi + • • • P„ = /, the identity oper- 
ator. Concerning this, observe that if Pi 0 • • - 0 P^ 7 ^ P, then the disjoint 
complement Pn+i = (Pi 0 • ■ ■ 0 Pn)*^ is likewise a projection band such that 
Pi 0 • • • 0 Pn+i = P holds. Hence, in view of what follows, it is no restriction 
of the generality to assume that Pi 0 • • • 0 P„ = P holds. Given the real 
numbers a\ < 0 L 2 < ■ " < an, let tt = Pfa^P^. Then tt < Pf a„Pfc = ani, 
and similarly tt > ail. Hence -XI < tt < AJ for A = max(| ai |, | |). This 

shows that tt £7i and | tt/ |< A | / | for every f £ E. 

We have seen orthomorphisms of the special form EakPk before, where in 
the sections 32 and 33 Preudenthal’s spectral theorem was discussed. Given 
e 6 P*^, any element 7re, where tt = EakPk with disjoint band projections 




288 CHAPTER 22 Spectral Theory of Positive Operators 



Pk{k = 1, . . . ,n) is called an e-step element (see section 32); it was proved 
in section 33 that any / in the ideal generated by e can be approximated 
e-uniformly by a sequence of e-step elements 7Tje{j = 1,2,...), see the proof 
of Freudenthal’s spectral theorem in Theorem 33.2. For each of these itj it 
may be assumed that the sum of the in iTj occurring Pk satisfies EPk = I 
by adding if necessary an extra term with coefficient zero. If 0 < / < e and 
TTje f holds e-uniformly, then (for j sufficiently large) all coefficients ak in 
the approximating ttj may be assumed to satisfy 0 < < 1, so 0 < TTj < 

/. Finally, if one looks at how the terms akPk in the approximating e-step 
elements in the spectral theorem are defined, then one sees that if g ± e, then 
= 0 for all fc, and so TTjg = 0 for all the approximating operators ttj. 

In the main theorem which follows later we shall be interested in the 
situation that 0 < tx <| / |< e, where e is a weak imit. Then / = f~^ — f~ and 
I / 1= /+ 4- / with /+ and / positive and disjoint. It follows that u can 
be written as u = ui + U 2 with 0 < ui < and 0 < U 2 < /“, so ui X U 2 - 
As seen above, there exists a sequence 7Ti„(n = 1,2, . . .) with 0 < tti^ G H 
such that TTinf^ ui holds -uniformly, and so TTin/"*" — > u\ holds e- 
uniformly (since /*^ < e). Note that 'K\nf~ = 0 for all n (because /“ X Z"^). 
Similarly, there exists a sequence 'K 2 niP' = l^^,. . .) with 0 < 7T2n C such 
that 7T2n/~ ^2 holds e-uniformly and 7T2n/'^ = 0 for all n. It follows that 

TTin/ ui and 7T2n/ — > — ^2 hold 6- Uniformly. Writing now tt^ = TTin — 7T2n, 
we have iTn for all n and 



TTn/ = TTin/ ~ TT2nf Ul + U 2 = U aS n — > OO 

holds e-uniformly. 

We add two more observations. The first is that if P is a normed Riesz 
space then the e-uniform convergence of tt^/ to u implies norm convergence 
of TTn/ to u. Secondly, if E is normed and e G has the property that the 
norm closure {A^)~ of the ideal generated by e satisfies {Ae)~ = P, then 
the band Be generated by e is also equal to P(since Be is norm closed), i.e., e 
is now a weak order unit. Collecting all these results, we obtain the following 
lemma. 

Lemma 43.2. Let E he a normed Riesz space with the principal projection 
property and let e G P"^ have the property that the norm closure {Ae)~ of 
the ideal Ae generated by e satisfies {Ae)~ = E. Then, if 0 < u <\ f \ in 
E, there exists a sequence (7Tn : n = 1,2,...) of orthomorphisms such that 
TTn, G TL for all n and 'Knf u in norm. 

Proof. We may assume that | / | < e since if necessary we may replace e by 
I / I Ve. ■ 

We turn to the theorem that if P is a Dedekind cr-complete Banach lattice 
and T is a positive operator in P (not the null operator) such that T is compact 
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and ideal irreducible, then r(T) > 0. The proof follows immediately from the 
following theorem which is of independent interest. Actually, the theorems are 
reformulations of each other. 

Theorem 43.3. If E is a (complex) Dedekind a -complete Banach lattice 
and T is a positive operator in E (not the null operator) which is compact 
and has spectral radius equal to zero, then there exists a norm closed T- 
invariant non-trivial ideal in E (non-trivial means that the ideal is neither 
equal to E nor to {0}). 

Proof, (i) For each n = 1,2,... the value of || || depends only on the 

behaviour of T on the real part of the space E (see Lemma 36.2(i)). For the 
proof we may assume, therefore, that the space E is real and T is a non-zero 
compact positive operator in E with || > 0 as n ^ oo. Choose an 

arbitrary u > 0 in and define e by 

e = II T ir^ T^u, 

where the series obviously converges in norm (and, therefore, e is the supre- 
mum of the partial sums). It is evident that the ideal generated by e is 
T-invariant, and so the norm closure {Ae)~ is T-invariant. If (Ae)~ ^ E, 
then {Ae)~ is a norm closed non-trivial T-invariant ideal, so in this case the 
theorem has been proved. We now assume, therefore, that (Ae)“ = E. This 
will enable us to apply the preceding lemma somewhat later in the proof. 

(ii) Some notations will be useful. Let £{E) be the space of all norm 
bounded operators in E and note that every positive operator in is a member 
of C{E), see Theorem 18.4. Furthermore, let 

= {i? : 0 < H € C{E) : RT = TR], 

= {S : Q < S < R ioi some R G 

S = {S = Si-S 2 with Si e cS+, 5s e 5+}. 

It is easy to see that 5 is a linear subspace of £{E). Furthermore TR € 
for every R e and so TS e S~^ for every S G S'^. It follows that TS G S 
for every S e S. Note that is a subset of S~^ and the identity operator 
/ is a member of Finally we show that if 5 G «S, then irS G S for any 
orthomorphism tt such that tt e H. For the proof, assume that S = Si — S 2 
with 



0 < 5i < i?i G and 0 < 52 < i ?2 C 
7T = 7Ti — 7T2 with 0 < 7Ti < XI, 0 < 7T2 < XL 

Then nS = {ttiSi -f 7T252) — (7 Ti52 + 7T25i) with each bracket positive and 
majorized by X{Ri -h R 2 ) G . Hence irS G 5. 

We fix / G T temporarily and define 
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S{f) = {Sf:Se S). 

By what has been observed above, S{f) is a linear subspace of E such that 
/ € S{f). We shall prove now that the norm closure («S(/))" is an ideal in 
E. First, let 0 < u <1 5/ I for some S e S. By the preceding lemma there 
exists a sequence of orthomorphisms (tt^ : n = 1,2,...) such that tt^ C 
for all n and nn{Sf) — > u in norm. We have UnS e S, and so TTnSf € S{f) 
for all n. It follows that u e {S{f))~. Now let {S{f)} be the ideal generated 
by S{f) and choose u > 0 in this ideal. There exist 5i, . . . 5n in such that 
0 < V < El \ Skf I, so u = EiVk with 0 < <| Skf | for A: = 1, . . . , n. It 

follows that Vk C (5(/))“ for each k, so v e (S{f))~ . It has been shown thus 
that 



S{f) C {<S(/)} C (5(/))-, 

which implies that {S{f))~ = ^ Since the norm closure of an ideal is 

an ideal (see Theorem 15.19), we see now that {S{f))~ is an ideal. As seen 
above, we have TS € for 5 € 5, so S{f) is T-invariant. Then (5(/))“ is 
T-invariant. If {S{fo))~ ^ E for at least one /o / 0 in E, then {S{fo))~ 
is a norm closed and non-trivial T-invariant ideal in E, so the proof is then 
complete. It will be sufficient, therefore, to show that the assumption that 
(5(/))“ = E for all / ^ 0 in T leads to a contradiction. 

(iii) The compactness of T will now be of major importance. Assume that 
(5(/))“ = E for all / 7^ 0 in and choose u > 0 in such that Tu > 0. 
Let B be an open ball in E with centre u such that the null element is neither 
contained in the closure B~ nor in (T(B))“, where T{B) = (T/ : f e B) 
is the image of B under T. Every / € {T{B))~ satisfies / 7^ 0 so that, by 
hypothesis, (<S(/))~ = E. In particular, u G (tS(/))“, so there exists an 
operator 5/ G 5 such that Sff G B. It is even so that, by continuity, there 
exists an open neighbourhood Uf oi f such that Sf{Uf) C B. Observe now 
that the sets {Uf : f G {T{B))~} form an open cover of the compact set 
{T{B))~, so there exist /i,...,/n in {T{B))~ with corresponding Sj = Sf. 
and Uj = Uf. (j = 1, . . . , n) such that 

(T(B))- CUiU...UUn. 

Since Tu G (T(B))“ , there exists an index ji G {1, . . . , n} such that Tu e Uj.^ , 
so Sj^Tu G B which implies that TSj^Tu G (T(B))~. Repeating the argument 
it follows that there exists a sequence (jm ’■ m = 1,2,...) in {l,...,n} such 
that 

Qm = ' ’ ‘ TSj.^Tu G B 

for all m = 1 , 2 ,.... We shall now estimate the norm \\ gm II of 9m- To do this, 
we first make a general remark concerning an element of the form h = Sg^ 
where g e E is arbitrary and S = Si — S 2 with Si and S 2 positive. Then 
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I h i=| Sig - 829 |<| -Sig I + I 829 1 = 

I - 819- I + I 829^ - S29- \< 

819'^ + 8\9 + 829~^ + 829 = (-Si + 52 )(| 9 I ). 
Now, in the formula for above, let Sj = Sj^i — Sj^2 with 

0 < Sj^i < Rj^i € and 0 < 5^-, 2 < Rja € 
for j = 1, . . . , n and 



a = max(|| Rj^i ||, || i ?,,2 ||;j = 1, . . . ,n). 



Then 



I 9m | — I ^jm'^ ■ ■ ■ I — 

^Rjm “b Rj^^TU — 

{Rjm “h ^jm) ‘ ' ‘ i^jl "I" Rji)T^U^ 

SO II gjn II < {2a)^ || II ■ II ||, which implies that 

II 9m 2a- II T™ II V- . II u II 1/- . 

For m — > oo we have || ||^/^— > 0 since the spectral radius of T is zero. 

Hence || g-m 0 which easily implies that || gm ||-^ 0. All gm are 

contained in so it follows from || gm ||-^ 0 that the null element is in B~ . 
This contradicts our choice of B. The final result is, therefore, that it is not so 
that {S{f))~~ = E holds for all / G In other words, there exists an element 
f E E such that the norm closed (and non-zero) ideal {S{f))~ is T-invariant 
and non- trivial. ■ 



Theorem 43.4. If E is a complex Dedekind a -complete Banach lattice and 
T is a positive ideal irreducible and compact operator in E(not the null op- 
erator), then the spectral radius r{T) of T satisfies r{T) > 0. 

Proof. If r(T) would be zero, then (by the preceding theorem) there would 
exist a non-trivial T-invariant norm closed ideal. This is not so here since T 
is ideal irreducible. Hence r(T) >0. ■ 

As observed above, the theorem is due to B. de Pagter (1986). The last 
part of the proof (part (iii) in the proof of Theorem 43.3) is similar to one of 
the proofs of the theorem that if T is a compact operator in the Banach space 
V, then there exists a non-trivial T-invariant norm closed subspace of V. 

There is an analogous theorem for band irreducible operators, as follows. 
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Theorem 43.5. Let E be a Dedekind a -complete complex Banach lattice 
and let T be a positive operator in E (not the null operator) such that T is 
a -order continuous , band irreducible and compact. Then the spectral radius 
r{T) of T satisfies r{T) > 0. 

Proof. We may assume that E* is a real space. As in Theorem 42.10, let 
M be the norm closed ideal generated by the range T{E) of T. Denote the 
restriction of T to M by Tm- Observe first that M is a Dedekind cr-complete 
Banach lattice by itself and obviously Tm is a positive operator mapping M 
into itself. Since / > 0 in E implies Tf > 0 (because T is band irreducible; see 
the remarks that precede Theorem 42.6), it follows that Tm(T/) = T{Tf) > 
0, which shows that Tm is not the null operator. Furthermore, in view of 
Theorem 42.10(ii), Tm is ideal irreducible. We can now apply the preceding 
theorem to conclude that r{TM) > 0. The operator Tm is a restriction of T, 
so II {TmY" ||<|| T'^ II for n = 1,2,..., which implies that r{TM) ^ ^(2^)- 
Hence r{T) >0. ■ 

There is also a result about the adjoint operator of T. 

Theorem 43.6. Let E be a Dedekind complete Banach lattice such that 
°(En) = {0} and let T be an order bounded and order continuous opera- 
tor in E. The restriction of T~ = T* to E^ = E* is denoted by T' (as 
before). Then T' is order continuous and maps En into itself (see Theorem 
26.6). If T is not the null operator, then T' is not the null operator (see 
the remark preceding Lemma J^2.8). If T is positive (not the null operator), 
order continuous, compact and band irreducible, then T' is positive (not the 
null operator), compact and band irreducible. Furthermore r(T) > 0 as well 
as r{T') > 0. 

Proof. It was proved in the preceding theorem that r(T) > 0. It is easy 
to see that T' is a positive operator and, as observed already, T' is not the 
null operator. The compactness of T implies the compactness of T* (this is 
a general theorem in Banach space theory). Since T' is a restriction of T*, 
the operator T' is compact as well. It follows from Theorem 42.9 that T' 
is band irreducible. Applying the preceding theorem now to T', we see that 
r(T') >0. ■ 

Under the same hypotheses for E and T we can prove more about the 
spectrum of T. 

Theorem 43.7. (generalized Perron- Jentzsch theorem). Let E be a Dedekind 
complete Banach lattice such that °(E„) = {0} and let T be a positive oper- 
ator in E (not the null operator) such that T is order continuous, compact 
and band irreducible. Then the spectral radius r{T) is an eigenvalue of T 
of multiplicity one, i.e., the corresponding eigenspace is of dimension one. 
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Furthermore, each element ^ 0 in the eigenspace is a weak order unit in E. 
Finally, we have r{T') = r(T). 

Proof. As proved above, we have r{T) > 0 and r(T') > 0. Hence, since T is 
positive and compact with r(T) > 0, the Krein-Rutman theorem (Theorem 
41.2) holds for T. Thus, r(T) is an eigenvalue of T and there exists an element 
u > 0 such that Tu = r{T)u. Evidently Tu G {u}^^ and so, for any / in the 
ideal generated by u, the image T/ is an element in Since T is order 

continuous, the same holds for any / in the band generated by u, i.e., it 
follows from / G that Tf G This shows that the band {u}^^ is 

T- invariant. The operator T is band irreducible, so it follows that {u}^^ = E, 
i.e., u is a weak order unit in E. 

Let / 7 ^ 0 be any other eigenelement belonging to the eigenvalue r(T), so 
Tf = r{T)f. If f = g + ih{g and h real), then Tg = r{T)g and Th = r{T)h. 
For the proof that / is a real or complex multiple of u we may assume, 
therefore, that / is real. From T/ = r{T)f it follows that 

r(T). I / 1=1 r/|<r(| /I); 

we shall prove now first that there is equality in this inequality. To this end 
we apply the Krein-Rutman theorem to T' to conclude that there exists a 
positive weak order unit (p in E^ satisfying TV = r{T')ip. Since every g >0 
in E acts as an order continuous linear functional on E^ (see the remarks 
which precede Lemma 31.2), it follows from Lp{g) = 0 for some ^ > 0 that 
'i/j{g) = 0 for all -0 in the band generated by p in E^. This band is equal to 
En (since ip is a weak order unit). Hence, ip{g) = 0 for some > 0 implies 
g = 0. In other words, g > 0 implies that p{g) > 0, i.e., (p is a strictly 
positive linear functional. Observing now that r(T') <r{T) and returning to 
the eigenelement /, we see that 

0 < <p{T{\ f I) - r(T). I / 1} = (TV)(| / I) - r(T) • ^(| / |) = 

{r(T0 - r(T)M\ / |) < 0. 

Hence, p being strictly positive, it follows that r(T') = r(T) and T(| / |) = 
r(T)- I / |. It has been proved thus that the eigenspace Eq of T belonging to 
the eigenvalue r(T) has the property that f E Eq implies \ f \e Eq- Hence, if 
/ and g are in Eq, then 



f'^9 = {f + 9+\f-9 l)/2 

is in Eq. Similarly for f A g. This shows that Eq is a Riesz subspace of E. 
Furthermore, Eq has the property that any u > 0 in Eq is a weak order unit 
in E, which implies that if vi and V2 are elements in Eq such that viAv2 = 0, 
then = 0 or = 0 (or both). Now let fi and /2 be given in Eq. Then, for 
m = fi A / 2 , we have 
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(/i -m)A (/2 - m) = 0, 

SO /i — m = 0 or /2 — m = 0. In other words, fi < f 2 or /2 < /i, i-e., Eq 
is linearly ordered. For the proof that Eq is of dimension one it remains to 
be shown that if 0 < t; < tx in FJo, then v = a^u for some positive constant 
ao. Since atx j 0 as a | 0, it is impossible that v < au for all a > 0. 
Let ao = inf(a : t; < au), so ao > 0 and v < aou. For any a satisfying 
0 < a < ao we have 0 < (u — au)^ € Eq^ so (u — au)"*" is a weak unit in E. 
Then (v — au)~ = 0, so u > au. Letting now a | it follows that v > aou. 
Hence v = aou. This concludes the proof. ■ 

The thus proved theorem has applications in the special case that we have 
to deal with integral operators. Let /x be a a-finite (positive) measure in the 
point set X (such as for example Lebesgue measure in M) and let E be an ideal 
in the Riesz space Lq of all /x-measurable complex functions on X. Without 
loss of generality we may assume that the carrier of E is X itself. Assume 
furthermore that E is equipped with a Riesz norm such that F* is a Banach 
lattice with respect to this norm and such that %En) = %E^) = {0}. Let 
T : E E he sl positive integral operator with kernel T(x, y) > 0 such that T 
is compact and band irreducible. For an operator satisfying these conditions 
the following theorem, known as Jentzsch’s theorem, holds. 



Theorem 43.8. (Jentzsch’ s theorem). Let T : E E be an integral opera- 
tor with kernel T{x^y) > 0 satisfying the conditions mentioned above. Then 
the spectral radius r{T) of T is positive and r{T) is an eigenvalue of T with 
corresponding eigenfunction u{x) such that u{x) > 0 almost everywhere on 
X. Any other eigenfunction belonging to r{T) is a constant multiple of u{x). 

The theorem goes back to R. Jentzsch (1910) for the case that p is 
Lebesgue measure in an interval X = [a, 6] with T{x,y) continuous and 
strictly positive on X x X. The theorem generalizes a result about operators 
in having matrices with strictly positive entries, due to O. Perron (1907), 
see Exercise 43.9 at the end of the present section. Some final remarks. 

(i) The assumption that %En) = {0} is equivalent to assuming that the 
carrier of En is X; see the remarks which follow after Theorem 31.3. 



(ii) The assumption that T is band irreducible is equivalent to assuming 
that 




T{x,y)dpy}d/ix > 0 



for , every subset y of X satisfying p{Y) > 0 and fji{X\Y) > 0, see Example 
42.3. This holds in particular if T{x^y) > 0 almost everywhere on AT x X. 

(iii) If T is a Hille-Tamarkin operator in Lp(X, p) as in Theorem 42.6 with 
/X separable and T{x,y) > 0 and if T satisfies the irreducibility condition as 
in (ii), then Jentzsch’s theorem holds for T. 
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Exercise 43.9. Let the point set X consist of n points, each point of measure 
one. The Riesz space E consists of all complex functions on X with pointwise 
ordering for the real functions, i.e., E = The subset A 

of is an ideal if and only A = Ar + iAr^ where Ar is an ideal in 
(see Theorem 13.8). As in the real case, ideals and bands are the same. Let 
{ijk : i, A: = 1, . . . , n) be the matrix of the operator T in E. Observe that T is 
positive if and only if all tjk are non-negative. Show that the positive operator 
T is irreducible if and only if 



^jesA^keS2tjk) > 0 

for every decomposition of X into non-empty subsets Si and S 2 such that 
SiU S 2 = X. Furthermore, show that if T is positive and irreducible, then 
r(T) > 0 and r(T) is an eigenvalue of T with an eigenvector u having all its 
coordinates strictly positive. Each further eigenvector belonging to r{T) is a 
constant multiple of u. For all tjk >0 this is Perron’s theorem. 



44. The Peripheral Spectrum of a Positive Operator 

In Theorem 13.4 it was proved that if the Riesz space E is Archimedean and 
uniformly complete, then 

I h 1= sup(/cos^ 4-^sin^ : 0 < ^ < 27 t) = 

sup(| / cos ^ + p sin ^ 0 < ^ < 2tt) 

exists in E for all / and in E. This supremum is then by definition the 
absolute value \ h \ of the element h = f + ig in the complexification E + iE 
of E. We shall prove now first that in any Archimedean Riesz space E the 
infimum 



inf (I fsinO — gcosO |: 0 < ^ < 27t) 

exists for all f^g in E and is equal to the null element. This will lead then 
to the result that if E is Dedekind cr-complete with a multiplication having 
a strong order unit as multiplicative unit, then | h f^+g^ for every 
h = f + ig in E + iE, and so 

(/ + w)if - ig) = f +g'^ =\h\'^ . 

We shall use this result in the further investigation of the spectrum of a 
positive, compact and irreducible operator. 
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Lemma 44.1. Let /i, . . . ,/n he a finite sequence in the Riesz space E and 
let u G be such that 

ft) I fk - /fc +1 \<ufork = l,...,n-l, 

(ii) inf(/i, . ..,fn)<u and inf(-/i, . . . , -/„) < u. 

Then inf(| /i . . . , | < u. 



Proof. By making use of the distributive laws repeatedly, we can write 
inf (I fi I,..., I fn I) as the supremum of 2^ terms, one of which is 
inf(/i, . . . , /n) and another one is inf(-/i, . . . , -/n). All other terms have 
the form 



/ji A ■ • • A A ) A • • • A (1) 

It is sufficient to show that each of the terms is majorized by u. This holds 
for inf(/i, . . . , fn) and for inf(— /i, . . . , ~fn) by hypothesis. For the term in 
(1) there exist two consecutive indices in (1, . . . ,n) such that one of these is 
contained in (ji, ■ . . ,ife) and the other one in {jk+u - — ijn)- For example, let 
P C (ji, . . . Jk) and p+1 e (j/b+i, ■ • • , in)- Then, denoting the term in (1) by 
t, we have 



t<fpA (-/p+i) < ifp - /p+i)/2 < u/2 < u. 
Similarly if p 4- 1 G (ji, . . . Jk) and p G ■ ■ - ,jn)- 

Theorem 44.2. For all f and g in the Archimedean space E we have 
inf (I fsinO - geos 6 |: 0 < 6 < 2tt) = 0. 



Proof. Choose a natural number n >2 and define 

hk = fsin{7rk/n) — gcos{'Kk/n) 
for A: = 0, 1, ... , 2n. Since 

I sin{7r(A: + l)/n} — sm.{Tik/n) |< 7r/n 

by the mean value theorem in calculus, and since we have a similar inequality 
for the cosine, it follows that 

I hk - hk+i |< (7r/n)(| / | + | p |) for A: = 0, 1, . . . , 2n - 1. 
Furthermore 

ho A • ■ ■ A /i 2 n < ho A /in = - I P |< (7r/n)(| / | + | p |), 

and similarly for (— ho) A • ■ • A (— h2n)- The conditions of the preceding lemma 
are satisfied, therefore. It follows that if we define Wn for n = 1,2,... by 
Wn = inf(| hi I, . . . , I h 2 n I), then 
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0<Wn< (7r/’^)(l / I + I 5 D- 

Since (7r/n)(| / | + | ^ |) | 0 as n oo because E is Archimedean, we have 
infn Wn = 0, and so 



inf (I fsinO — gcosO |: 0 < ^ < 2tt) = 0. ■ 

Assume now that E is Dedekind cr-complete. Let e > 0 be given in E. 
Then it is possible to introduce a commutative multiplication in the principal 
ideal Ae having e as multiplicative unit, so fg = gf and fe = ef = f for all 
/, g in Ae (see section 35). We recall that if /, g and h are in Ae, then gh = 0 
if and only g ± h, so =| / p (since /“*"/“ = 0) and /^ = 0 if and only 

f = o. 

Lemma 44.3. (i) If u and v are elements in A'f , then v? < if and only 
if u <v. Hence v? = v‘^ if and only u = v. It follows that if 0 < p e Ae and 
p has a positive square root q, i.e., q>Q and q^ = p, then this square root 
is unique. 

(ii) If 0 < uo e Ae and D is a subset of Af, then sup(u : u £ D) = uq 
if and only if sup(u^ : u e D) = Uq. Similarly for the infimum. 

Proof, (i) If 0 < u < u, then 0 < < uu < Conversely, let 

Then 



0 < = (u H- u){v ~ u) = 

{v + u){v — u)'^ — (t? + u){v — u)~ , 

where the last two terms are positive and disjoint. Hence, by Theorem 5.6, 
{v -h u){v — u)~ is the negative part of But is positive, so 

{v + u){v — u)~ = 0. Then {v — u)~ ± (u + u), i.e. {u — v)'^ ± (u + v). This 
shows that {u — v)~^ is disjoint to as well as majorized by {u + v). It follows 
that {u — v)~^ = 0, i.e., u < v. 

(ii) Assume first that sup(u : u G D) = uq, i.e., inf(uo — u : u e D) = 0. 
For any u £ D we have 

0 < Uq — u^ = {uq + u){uq — u) < 2uo{uo — u). 

But 2uo < ae for some number a > 0, so 

2uo(uo — u) < ae{uQ — u) = a(uo — u). 

It follows that inf(i6o — u^) = 0, so sup(u^ : u £ D) = u^. 

Conversely, let sup(u^ : u G D) = Uq- Prom < Uq it follows first that 

u < Uo for all u G D. Assume now that uq — u > w fox some u; > 0 and all 
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u e D. Then u + w < uq, so < {u + w)"^ < Uq, i.e., w‘^ < Uq — v? for 

all u e D. It follows that 

< inf(uQ — : u e D) = 0. 

Hence w‘^ = 0, so w = 0. Then sup(tz : u e D) = uq. m 

Theorem 44.4. Once more, let e > 0 be given in the Dedekind a-complete 
Riesz space E and let the commutative multiplication in Ae with e as unit 
element be introduced as explained, above. The multiplication is extended to 
the complexification + iAg in the natural manner, i.e., 

{f + i9)iP + iq) = {fp-9q)+i{f<l + 9P)- 
Then, for any h = f -h ig £ A^ -h iA^ we have 

\h\^= f + 

i.e., \ h \ is the (unique) positive square root of f^ + g‘^. 

Proof. Combining the preceding theorem and lemma, we see that 
inf{(/sin^ - gcosd)'^ ‘ 0 < 9 < 27t} = 0 
for all / and g in Ae- Note now that 

p - inf{q : q e D) = sup(p - q : u £ D) 
holds generally for arbitrary p, q and D. Choose 

p = f^ + g^ and q = {fsin9~ geos 6)^. 

This gives 

f^+g^ = (/^ + g^) - inf{fsin9 - gcos9)‘^ ' 0 < 0 < 27t} = 

sup{/^ + - (/ sin ^ - p cos : 0 < ^ < 27 t} = 

sup{(/ cos ^ sin 6)‘^ : 0 < 0 < 27t} = 

sup{| /cos^ + ^fsin^ 1^: 0 < ^ < 27 t} =| /i p, 

where sup(| f cos9 gsinO |; 0 < 6 < 2n) is the absolute value \ h \ of 
h = f ig according to the definition in Chapter 13. ■ 
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Corollary 44.5. The multiplication in Ae + iAe is commutative with e as 
unit element and with the following further properties. 

(i) I h\h 2 1=1 hi \ • \ h 2 \ for all hi and /12 in Ae 4- iAe. 

(a) hih 2 =0 if and only if 1 hi |±| /i 2 |. 

(Hi) I hi |±| /12 I implies that | / 13/11 |±| /12 | for any /13 G Ag 4- iAe. 

(iv) h^ = 0 for some natural number k implies that h = 0. 

(v) If {hn : n = 1 , 2 , . . .) and k are in Ae 4- iAe /i„ converges to ho in 
order, then kh^ — > kh^ in order. 

Proof. Note first that iox h = f + ig we have \ f \<\ h \ and \ g \<\ h \ 
by Theorem 13.5. Hence, if | h |= 0, then | / |=| |z= 0, which implies that 

f = g z=0 and so /i = 0 . 

(i) It is easy to see by means of the last theorem that 

I hih2 f=\ hi f ■ \ /i2 i\ hi \ ’ \ h2 1)^, 

so 1 hih 2 1=1 hi 1 • 1 h 2 1 by the uniqueness of the square root. 

(ii) hih 2 = 0 if and only if 1 /ii 1 • 1 /i 2 1=1 hih 2 \= 0, i.e., if and only if 
1 hi 1±1 /i2 1- 

(iii) From 1 hi 1±1 /12 1 it follows that (1 /13 1 • 1 /ii 1) J-1 /i 2 b i-e., 

1 hshi 1±1 /i2 1 . 

(iv) If = 0, then 1 h \‘^=\ h^ 1= 0, so \ h 1±1 h 1, i.e., \ h \= 0, which 
implies that h = 0. If h^ = 0 and k = 2^ for some natural number n, it follows 
easily that /i = 0. If 2”“^ <k <2^ and h^ = 0, then = 0, and so h = 0. 

(v) We have \ k \< I3e for some p > 0 and \ Hq — hn 1< Pn i 0 for some 
sequence {pn : n = 1, 2, . . .) in Af. Hence 

I khn - kh \ = \ k \ - \ hn - h \< {pe)pn = PPn i 0. ■ 

For f e Ae + iAe multiplication by / is a (linear) operator in Ae 4- iAe. 
If f E Af, then 0 < / < ae for some number a > 0 , so 0 < /p < aeg = ag 
for all p > 0 in Ae. This shows that multiplication by / is a positive and 
order continuous operator in Ae 4- iAe. Now denote by Be the principal band 
generated by e in If 0 < p € He is given and pn = P A ne for n = 1, 2, . . ., 
we have gn E Ae for all n and 0 < pn T S'- Lot 0 < f E Ae he as above, so 
multiplication by / is an order continuous positive operator in Ae majorized 
by a/, where I is the identity operator. Note that /pn ^odgn = ocgn < ap for 
all n. Hence, since E is Dedekind cr-complete, the sequence {fgn : n = 1, 2, . . .) 
has an order limit (the supremum of the sequence) which we shall denote 
by fg. It is easy to see that the limit depends on / and p but not on the 
approximating sequence. The domain of the multiplication operator has thus 
been extended to H/ and it is obvious how to extend the domain to Be + iBe. 
More generally, proceeding step by step, we define hk for any h E Ae -h iAe 
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and any k E Be +iBe‘ The extended multiplication, as defined in this manner, 
is order continuous and coincides on Ae +iAe (i.e., both h and k in Ae -\-iAe) 
with the already existing multiplication. 

Lemma 44.6. Properties (i) and (ii) in the preceding corollary remain true 
for the extended multiplication, i.e., if h e Ae + iAe and k E Be + iBe, then 
I /lA: 1=1 /i I • I A: I and hk = 0 if and only if | /i |±| A: |. 

Proof, (i) It was observed in section 21 (in connection with Definition 21.5) 
that if in a (real) Riesz space the positive operator T is cr-order continuous, 
then fn — ^ 0(in order) implies T/„ 0 (in order). Of course, the same holds 

if T is a difference of two cr-order continuous positive operators. The extension 
to the complex case is evident. In the present case multiplication in Be + iBe 
by an element h E Ae -h iAe is cr-order continuous. Let now h E Ae + iAe 
and k E Be iBe be given. There exists a sequence {kn : n = 1,2, . . .) in 
Ae + iAe converging in order to k. Then hkn converges to hk in order, and 
so I hkn I converges to \ hk \ in order. But | hkn |=| ^ I • I I by part (i) 
in the preceding corollary, so | /i | • | A;n |^| /lA: | in order. Prom kn k (in 
order) we derive that | kn |— >| k | in order, and so | /i | • | A;„ \—>\ /i | • | A: | in 
order. It has thus been shown that \ h \ ■ \ kn \ converges in order to \ hk \ as 
well as to I h I • I A: I . Hence | /lA: |=| /i | • | A; |. 

(ii) Let h E Ae + iAe and k E Be iBe be given and let {kn : n = 1, 2, . . .) 
be a sequence in A J such that 0 < A:^ T I A: | . Then 

\ hk \= 0 <^\ h \ ' \ k \= 0 h \ -kn = 0 ioT all n <=^ 

\ h \± kn for all n <^=»| /i |±| A; | . ■ 

Every order bounded operator T in the Dedekind complete space E has 
an absolute value, defined for any u > 0 by 

I r I (w) = sup(| Tf |:| / |< u). 

This holds if E is real (see Theorem 20.4) as well as if E is complex (see 
Theoem 36.4). We shall be interested now in the case that e > 0 is a weak order 
unit in the Dedekind complete space E. Then the ideal Ae is, therefore, order 
dense in E and the band Be is the space E itself. Any h E Ae + iAe acts as 
an order bounded (cr-order continuous) multiplication operator in Be + iBe = 
E -h iE. To make a distinction between the element h and the corresponding 
multiplication operator we shall denote the operator by tt/^. The element h 
and the operator have the absolute values | h | and | Tth 1 respectively. Are 
these the same? The answer is affirmative, i.e., | | (A:) =| h | -k for every 

k E E iE. It is sufficient to prove this for the case that k = u > 0 in E. 
Then 



I nh I (u) = sup(| TThf |:| f \<u)= sup(| hf |:| / |< u) = 
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sup(| I • I / |:| / 1< w) =1 /i I -(u), 
which shows that | tt/i | is multiplication by | /i |. 

Assume once more that e is a weak unit in the Dedekind complete space 
E and let h = f + ig E E-\-iE satisfy \h\= e. This implies that h G Ag + 
where (as above)Ag is the ideal generated in E by e. The conjugate complex 
element f — ig will be denoted by h* and multiplication in E -h iE hj h and 
h* is denoted by nh and respectively. As long as h is fixed we shall simply 
write 7T and tt*. Note that both tttt* and 7r*7r are multiplication by 

hh* = h*h = g‘^ =\ h p= = e, 

so TTTT* = 7r*7T = I. Equivaleutly, nh* = 7T*h = e. As observed above, the 
operator | tt | is multiplication by \ h \. Some further remarks follow. 

(i) For any order bounded operator T in E + iE we have | ttT |=1 T | and 
I 7 t*T 1 = 1 T |. This follows from 

I ttT I (k) = sup(| 7 tT/ |:| / |< u) = sup(| hTf |:1 / |< u) = 
sup(| h \ ■ \ Tf \:\ f \<u) = sup(| Tf |:| / |< u) =| T | (u) 
for any u > 0. Similarly for | 7 t*T |. 

(ii) The equalities \ Ttt \ = \ T \ and | Ttt* |=| T | hold as well. This follows 
from the observation that for any u>0 the sets (/ :| / |< u) and (tt/ :| / |< 
u) are identical. To see this, note that | / |< u implies | tt/ |=| / |< u and 
conversely, if | ^ [< u, then g = nf foi f = 7r*g with | / |=| 7T*g | = | g |< u. 
It follows that 

I Ttt I (u) = sup(| Ttt/ |;| /!<«) = sup(| Tg |;1 5 |< u) =| T | (u). 
Similarly for | Ttt* |. 

(hi) It follows now from (i) and (ii) that | ttTtt* |=| 7t*Ttt | = | T |. 



(ttTtt*)'' = and (7r*T7r)'= = 

Therefore, for A any complex number, we have 

[ttT-k* - A/)'' = {7r(T - A/)7r*}*' = 7r(T - A/)'' 7 t* 

for k = 1,2, It follows that if E is a Dedekind complete Banach lattice 

and T is norm bounded as well as order bounded, then (T — AJ)^ has a norm 
bounded inverse if and only if (ttTtt* — XI)^ has a norm bounded inverse. 
To prove this, note first that tt and tt* are norm bounded (simply because 
I 7T 1=1 7T* 1= I). Furthermore, if the inverse 5 of (T— A/)^ exists, then ttStt* is 
the inverse of (ttTtt* — AJ)^. Similarly, if the inverse of (ttTtt* — A/)^ exists, 
then 7T*Si7T is the inverse of (T — XI)^. It follows in particular {k = 1 ) that T 
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and ttTtt* have the same spectrum. Hence, if T is compact, the operators T and 
have the same non-zero eigenvalues, i.e., A 0 is an eigenvalue of T if 
and only if A is an eigenvalue of ttTtt*. Furthermore, if (/i, . . . , is a linearly 
independent basis for the corresponding eigenspace of T, then (tt/i, . . . , tt/^) 
is a linearly independent basis for the corresponding eigenspace of ttTtt*. 
Conversely, if (^fi, . . . , is a linearly independent basis for the eigenspace of 
ttTtt*, then (tt*^i, . . . , tt*^„) is a linearly independent basis for the eigenspace 
of T. 

Before presenting the main results in the present section we prove another 
lemma. 

Lemma 44.7. (i) Let E be an Archimedean and uniformly complete Riesz 
space and let h = f ig E E + iE have the property that | h |=| / |. Then 
g = 0, i.e., h = f. 

(ii) Let G he a set of n mutually different complex numbers {n > 1), all 
of these numbers of absolute value one, and let G have the property that if 
a e G and P £ G, then G G. Then G consists of the n roots of the 

equation a'^ — 1 = 0. 

Proof, (i) It follows from parts (ii) and (iii) in Theorem 13.6 that 

I / 1=1 h 1= sup(| / I cos^+ 1 g I sin^ : 0 < ^ < tt/2). 

Hence | g | sin^ <| / I (1 — cos^) for all 9 satisfying 0 < ^ < tt/ 2. Since 

sin^ = 2sin(^/2) cos(^/ 2) and 1 — cos^ = 2sin^(^/2), 

it follows that [ g \ cos(^/2) <| / | sin(^/2), i.e., | ^ |<| / | tg{9j2). Letting 
9 IQ, it is seen that g = Q. 

(ii) Choose a = (3 in G. Then a(3~^ € G, i.e., 1 G G. Hence, for an 
arbitrary a G G and /3 = 1 we have oT^ = G G. Finally, for any a e G 

and P e G we have e G, so aP = a{P~^)~^ G G. This together shows 
that G is a commutative group with respect to multiplication as the group 
operation and with the number 1 as unit element. The group G is a finite 
group consisting of n distinct elements. The number n is called the order 
of the group. For n = 1 the group consists of the unit element only. It is a 
fundamental result in elementary group theory that if a is an arbitrary element 
in a (multiplicative) group of order n, then equals the unit element, so 

= 1 in the present case. For an indication of the proof we refer to Exercise 
44. i 2 at the end of the section. Since G has n different elements and each 
a e G satisfies = 1, it is evident now that G consists of the n different 
roots of the equation — 1 = 0. ■ 




44. The Peripheral Spectrum of a Positive Operator 303 



Theorem 44.8. As in the generalized Perron- Jentzsch theorem (Theorem 
43 . 7 ), let E be a Dedekind complete Banach lattice such that %En) = {0} 
and let T be a positive operator in E such that T is order continuous, compact 
and band irreducible. Then, as proved already, the spectral radius r = r{T) of 
T is strictly positive, r = r(T) is an eigenvalue of T of multiplicity one and 
there exists a corresponding eigenelement which is a weak unit in E. Let A be 
any eigenvalue of T satisfying | A |= r = r(T) and let h = f + ig £ E + iE be 
a corresponding non-zero eigenelement, so Th = \h with h ^ 0. Then | h | 
is a weak order unit in E. Assume now that multiplication with \ h \ as unit 
element is introduced ( as explained above ) and denote by rch the multiplication 
by h. For brevity, write tt instead of Tih as long as h is kept fixed. Similarly, 
denote by (or n* for brevity) the multiplication by h* = f — ig. Then 

T = Ar-^TrTTr*. 



Proof. Prom Th = Xh it follows that 

r I h 1=1 Xh 1=1 Th |<T(| h |). 

As before (see Theorem 43.6), let T' be the restriction of T~ = T* to E(l = E*. 
Then T' is a positive operator in En and r(T') = r(T) by the generalized 
Jentzsch’s theorem (Theorem 43.7). As shown in the proof of that theorem, 
there exists a strictly positive linear functional iponE such that T'ip = r{T')ip, 
so T'if = rif. Then 

0 < if{T{\ h\)-r\h\} = (TV -np)\h |= 0, 

which implies that T{\ h \) = r \ h \. Prom the generalized Jentzsch’s the- 
orem it follows now that | /i j is a weak order unit in E. Since | h | is the 
multiplicative unit, we have tt{\ h \) = h- \ h \= h and 

7T*h = h*h = f + g‘^=^\hf=\h\. 

Now consider the operator S = A*r“^7r*T7r, where A* is the complex conjugate 
of A. We have 

5(1 h\) = A*r“V*T7r(| h\) = A*r~ V*T/i = AAV" V*/i = r | h | . 

Writing 5 = 5i + iS 2 (with Si and S 2 real operators), it follows that 5i(l h 1 
) = r \ h\. Since 

1 5 1=1 tt^Ttt 1=1 T 1= T and 5i <| 5i 1<1 5 |= T, 

the operator T — Si is positive and also order continuous (since 0 < T — 5i < 
T + 5i < 2T). As proved already, we have T(1 h \) = r \ h \ as well as 
5i(l h \) = r \ h \. It follows that (T - 5i)(l h \) = 0. Since 1 /i 1 is a 
weak unit, this implies similarly as before that T — 5i is the null operator. 
Hence 5i = T =1 5 1, i.e., the real part Si of S satisfies 5i =1 5 |. Then, 
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by part (i) of Lemma 44.7 above, we have S 2 = 0, and so 5 = 5i = T, i.e., 
T = X*r~^'K*T7T. It follows that ttTtt* = X*r~^T. Since A* = r^A“^, this 
implies that ttTtt* = X~^rT^ and so 

T = Ar~^7rT7T*. ■ 

We continue with the discussion of the spectral properties of the positive 
operator introduced in the last theorem. The result which follows is a gener- 
alization of results due to G. Frobenius (1912) for the matrix case. The proof 
is based upon the method of proof of H. Wielandt (1950) for the matrix case. 

Theorem 44.9. (generalized Frobenius theorem). Assume that the Banach 
lattice E and the operator T in E are the same as in the last theorem. As 
before, denote by r the spectral radius r(T) of T. If the peripheral spectrum 
of T {i.e., the set of eigenvalues of T of absolute value r) consists of n 
different numbers Ai,...,An, then these numbers are exactly the n roots of 
the equation X^ — r"^ =0. Furthermore, the spectrum cr{T) of T is invariant 
under rotation over an angle 2'K/n {multiplicities of the eigenvalues included). 
This implies in particular that the eigenvalues in the peripheral spectrum are 
of multiplicity one. 

Proof. Replacing T by r~^T, we may assume without loss of generality that 
r = r(T) = 1 . Let a and f3 be points in the peripheral spectrum of T (so 
\ a \ = \ p \= 1) and let ha and hjs be corresponding non-zero eigenelements. 
Denote the corresponding multiplication operators by tt^ and tt /3 respectively. 
Applying the last theorem for X = a and A = P, we see that 

T = OTTc^TTr* and T = 

Since = 1 (i.e., = P~^) and = -^5 it follows from 

T = p'Kf 3 T'K*^ that T = P*'k*^T'K( 3 . Substituting this in T = anaTTr"^, we get 

T = ap*TTa7TlTTT07rl, 

which implies that 



T - aP^I = aP*TTa7T}{T - J)7r^<. 

As in remark (iv) which precedes Lemma 44.7 it follows that the null spaces 
of T — ap""! and T — I have the same dimension. Since the null space of T — / 
is of dimension one (in view of Jentzsch’s theorem), the same holds for the 
null space of T — ap*I. In other words, aP* = ap~^ is an eigenvalue of T 
of multiplicity one. It has been shown in this manner that if a and p are 
members of the peripheral spectrum, then aP~^ is also a member. As proved 
in part (ii) of Lemma 44.7 it follows that the peripheral spectrum consists 
exactly of the n roots Ai, . . . , An of the equation A^ — 1 =0. For a = Ai it 
follows from T = aTraTn"^ that the spectrum satisfies 
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o-(T) = a{a'KocTTxD = aa{7TaT7r^) = acj(T), 

where we refer again to remark (iv) preceding Lemma 44.7. Hence, the spec- 
trum of T is invariant under rotation by Ai, i.e., rotation over an angle of 
27r/n (multiplicities included). ■ 

In some cases the peripheral spectrum of T consists of the number r{T) 
only. This occurs for example if T is strongly irreducible. We recall (see the 
remark following upon Theorem 43.7) that a product of irreducible operators, 
one of which is strongly irreducible, is strongly irreducible. 

Theorem 44.10. Let E and T be as in the preceding theorems. If T is now 
strongly irreducible, then the only eigenvalue of T having absolute value r{T) 
is the number r(T) itself. In other words, any non-zero eigenvalue A ^ r(T) 
satisfies I A |< r(T). 

Proof. Assume that there exists an eigenvalue A ^ r{T) satisfying | A |= 
r(T). Let f he a corresponding eigenelement, so Tf = A/. As shown in the 
proof of the preceding theorem we have 

r(l/l)=|A/|=r(r)-|/|. 

Since A ^ r(T), the elements / and | / | are linearly independent. Once 
more by the preceding theorem, there exists a natural number n such that 
A^i _ The positive operator T'^ is order continuous, compact and 

irreducible (even strongly irreducible since T is strongly irreducible), so T’^ 
satisfies all conditions for Jentzsch’s theorem. The spectral radius of is 
{r(T)}^ as shown in Theorem 40.15(iii). The eigenspace of T'^ belonging to 
{r(T)}” is, therefore, of dimension one. This contradicts the fact that both 
/ and I / I are elements in this eigenspace. Hence, the only eigenvalue of T 
having absolute value r(T) is r(T) itself. ■ 

Exercise 44.11. (i) In C^^(n > 2), let for A; = 1, . . . , n the vector e^ have its 
^-th coordinare equal to one and all other coordinates zero. Let the positive 
operator T in be given by Tei = C 2 ,Te 2 = es, . . . ,Ten = ei. Show that 
T is irreducible but not strongly irreducible and the eigenvalues of T are the 
roots Ai, . . . , Ayi of A’^ — 1 =0. Show that the eigenspace corresponding to Xk 
consists of all (complex) multiples of 

fin + A/cCn-l + A|en-2 + * ’ ‘ + A^ ^e\. 

(ii) Show that if in C’^(n > 2) the matrix of T has tjk = 1 for all j and k, 
then T is strongly irreducible and has eigenvalues Ai = n and A 2 = • • • = 

Xn = 0 with eigenvector ei~\ h Cn for Ai = n and independent eigenvectors 

^1 ~ ^ 2 , C 2 — cs, . . . , Cn-i — Cn for A = 0. Note that r{T) = n. 

(iii) Show that if in C^{n > 2) the matrix of Ti has tjk =0 for j = k and 
tjk = 1 for j ^ k, then Ti is irreducible but not strongly irreducible and T\ has 
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eigenvalues Ai = n — 1 and A2 = • • • = A„ = — 1 with eigenvector ei H h 

for Ai = n — 1 and independent eigenvectors Ci — 62, 62 — 63, . . . , Cn-i - Cn for 
A = — 1. Note that r(Ti) = n — 1. Consider in particular the case that n = 2 . 

Hint: For (ii) note that the determinant of the matrix of T — A/ has the 
factor n — A. To see this, add to the first column all the other columns. After 
dividing by n — A subtract the remaining first column from the other columns. 
For (iii) note that Ti = T — where T is the operator in (ii). 

Exercise 44 . 12 . Assume that G is a non-empty set and r is a mapping from 
GxG into G. Elements of G will be denoted by a, 6, . . . and r(a, b) will simply 
be written as ab. The mapping is called a multiplication and ab is called the 
product of a and b. We assume here that the multiplication is commutative, 
i.e., ab = ba for all a and b in G. Some further assumptions are made, as 
follows. 

(i) The multiplication is associative, i.e., {ab)c = a{bc) for all a, 6, c in G. 

(ii) There exists an element e in G such that ae = a for all a e G. The 
element e is called a unit element in G. Note that the unit element is unique 
(if aei = as2 for all a, then ei = 6162 = 62). 

(iii) For any a e G there exists an element b e G satisfying ab = e. The 
element b is called an inverse of a. The inverse of a is unique (if abi = a62, 
multiply by an inverse c of a, so {ca)bi = {ca)b2^ i.e., eb\ = 662, so b\ = 62). 
The inverse of a is denoted by a~^. 

The set G with multiplication satisfying (i),(ii),(iii) is called a commutative 
group. The product of n factors a is written as a^. It is easy to see that 
{ab)~^ = and so (a~^)'^ = (a'^)~^ for n = 1 , 2 , — This is written as 

a"’". 

The non-empty subset if of G is called a subgroup if a G if , 6 € implies 
ab £ H and a G H implies a~^ £ H. For any a E G, the set 

is a subgroup, called the subgroup generated by a. If G is a finite group, 
the elements a, a^,... are not all distinct, so there exist natural numbers 
PiQ(p > q) such that a^ = oP . Then = e. The smallest positive number 
m (in a finite group) satisfying aP^ = e is called the order of a. The number 
of elements in G is called the order of G. 

For any subgroup if and any a e G the set aif = {ah : h e H) is called 
the coset determined by a. Note that a € aif and eif = if. If the order 
of if is m, then each coset aif consists of m distinct elements {hi 7^ /12 
implies ahi ^ a/12 because ah\ = a/12 implies a~^ah\ = a a/12). If the cosets 
aif and bH have an element in common, then they coincide. For the proof, 
assume that ah\ = 6/12. Then a = 6(/i2/ijf^), so any ahs G aif satisfies 
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ahs = b{h 2 hi^hs) e bH. This shows that aH C bH. Similarly bH C aH. 
Hence, any two cosets either coincide or they do not have any element in 
common. It follows that if if is a subgroup of order m in the group G of 
order n, then G is the disjoint union of if and a finite number of cosets where 
if and each of these cosets has m elements. This shows that n is an entire 
multiple of m. In the particular case that if is the subgroup generated by an 
element a e G of order m, we have = e (as shown above). The order n of 
G is an entire multiple of m, so = e. This is the result needed in Lemma 
44.7(ii). 

As promised in the preface we end with a list of some other books on 
Riesz spaces. 

(1) W.A.J. Luxemburg- A. C. Zaanen, Riesz spaces I, 1971, North Holland 
Publishing Company. 

(2) H.H. Schaefer, Banach lattices and positive operators, 1974, Springer- 
Verlag. 

(3) E. de Jonge-A.C.M. van Rooij, Introduction to Riesz spaces, 1977, 
Mathematical Centre (Amsterdam). 

(4) A.C. Zaanen, Riesz spaces II, 1983, North Holland Publishing Com- 
pany. 

(5) H.U. Schwarz, Banach lattices, 1984, Teubner Verlag. 

(6) C.D. Aliprantis-0. Burkinshaw, Positive operators, 1985, Academic 
Press. 

(7) P. Meyer-Nieberg, Banach lattices, 1991, Springer- Verlag. 

(8) D.H. Premlin, Topological Riesz spaces and measure theory, 1974, Cam- 
bridge University Press. 

(9) C.D. Aliprantis - O. Burkinshaw. Locally solid Riesz spaces, 1978, Aca- 
demic Press. 

The books 3 and 5 are (at least in the first half) somewhat more elemen- 
tary. The books 8 and 9 are more general in the sense that they also deal with 
topological Riesz spaces. 
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- ideal 286 
Principal 

- band 30 

- ideal 30 
Projection 

- band 57 

- element 212 
Property 

- principal projection 60 

- projection 60 

- Riesz-Fischer 99 

- weak Riesz-Fischer 101 

Quasi-nilpotent operator 263 
Quotient Riesz space 128 

Radius 

- of Convergence 254 

- spectral 257 
Radon-Nikodym Theorem 189 
Reflexive 1 

Regularly 

- closed 43 

- open 42 
Relation 

- equality 1 

- equivalence 1 
Representation 

- full 214 

- standard 213 
Resolvent set 253 
Riesz 

- norm 85 

- space 13 

- subspace 27 
Ring of sets 9 

Separable, order 106 
Set 

- closed 83 

- open 83 

- resolvent 253 
Sets, disjoint 34 
Singular 

- component 152 

- operator 152 
Smallest element 3 
Solid 27 

Space 

- Banach 83 
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- measure 9 

- normed vector 83 

- ordered vector 13 

- Riesz 13 
Spectral radius 257 
Spectrum 253 

Standard representation 213 
Step function 209 
Sum, algebraic 30 
Supremum 2 
Symmetric 1 

- difference 9 
Synnatzschke’s Theorem 179 



Transitive 1 
Triangle inequality 19 

Unit 

- element 6 

- strong 51 

- weak 163 

Value, absolute value of an element 17 
Vector lattice 13 

Zero element 6 
Zorn’s Lemma 239 




